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Foreword 

Aerospace vehicle design decisions and performance assessments are frequently tied to predictions of both skin friction drag and 
pressure drag associated with boundary layer separation. These predictions of drag are, in essence, related to the state of the 
boundary layer, laminar or turbulent, and to when this transition in state occurs in flight. 

An essential part of predicting transition in boundary layers is the understanding of the different mechanisms that drive the 
dynamics of transition to turbulence. Recent workshops and symposia have surfaced many of the important ideas of transition 
modelling. The purpose of this course is to tie together these recent developments into a coherent package that will be of use to 
the researcher and designer. 

Avant-Propos 

Les dkcisions concernant la conception des vkhicules akrospatiaux et I’kvaluation des performances sont souvent likes i la 
prkvision de la trainke de frottement de paroi et de celle de la trainke de pression associke au dkcollement de la couche limite. 
Ces prBvisions dkpendent essentiellement de I’ktat de la couche limite, laminaire ou tourbillonnaire, et du moment oh cette 
transition se produit en vol. 

La comprkhension des diffkrents mkcanismes de la dynamique de la transition vers la turbulence est un Clkment essentiel dans la 
prkvision de la transition au niveau des couches limites. Les diffkrents ateliers et symposia organisks dernibrement sur ce sujet 
ont engendrk des idees importantes sur la modklisation de la transition. L’objet de ce cours est de regrouper ces dkveloppements 
rkcents en un ensemble cohkrent i I’intention des chercheurs et des concepteurs. 
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PHYSICAL DESCRIPTION OF BOUNDARY-LAYER TRANSITION: 

EXPERIMENTAL EVIDENCE 

William S. Saric 

Mechanical and Aerospace Engineering 
Arizona State University 

Tempe, AZ 85287-6106 USA 

NOMENCLATURE 

A 

43 

CP 
C 

C.C. 

D 

I F  I f 

h 

k 

k, 
ki 
L 

N 

P 

P' 

Q 
Q' 

I R 

RO 

RX 

R d  

norm of disturbance amplitude 

amplitude at R = &. usually Branch I 

pressure coefficient 

= c, + icc complex wave speed; c, is phase 

denotes complex conjugate 

= d/dy 
= o/R = 2mf/U,2 : dimensionless frequency 

dimensional frequency [hz] 

Two-dimensional roughness height 

= k, + 114 : complex wavenumber vector, (k = a 

(a, j3,) wavenumber vector 

(q, Pi) spatial growth-rate vector 

length scale, chord 

= ln(A/AJ : amplification factor 

basic-state pressure 

speed; aci is temporal growth rate 

for 2-D) 

disturbance-state pressure 

basic-state dependent variable 

disturbance-state dependent variable (i.e. U', v', 

= (Rx)lD = U,& /v : boundary-layer Reynolds 

initial boundary-layer Reynolds number, 

= U d * h  : x-Reynolds number or chord 

= Wm&l$v : crossflow Reynolds number 

w', or P3 

number 

usually Branch I 

Reynolds number 

Rob 

Rh 

R based on b.1. edge velocity and roughness 

R based on local roughness velocity and height, 

height, = U,$ / v. 

Rh = U(y=h)h / V = 0.332 h& / 6, 
U basic-state chordwise boundary-layer velocity 

U, freestream velocity, [m/s], (normalizing 

Ut component parallel to inviscid flow over swept 

U,, inviscid flow velocity over swept wing [m/s] 
U', v', w'disturbance velocity field normalized by U, 

normalized by U, 

velocity) 

wing [m/Sl 

rms of U' 

basic-state, normal-to-the-wall velocity 
normalized by U, 

blowing or suction velocity at the wall [m/sl 
basic-state spanwise boundary-layer velocity 

crossflow velocity, [m/sl, (perpendicular to Ut) 

maximum of crossflow velocity [ds] 
chordwise, normal-to-thewall, and spanwise 

normalized by U, 

coordinates normalized by '6, 

x*, y*, Z* dimensional coordinates [m] 

x,, z, 

y+ 

coordinates tangent to and perpendicular to the 

Roughness height expressed in wall units for 

inviscid velocity vector 

Blasius boundary layer, 

y' = h(0.332 ud = Rhln 
I 

a = q + iq:  chordwise complex wavenumber 
normalized by 6, 

a, = 2 d &  

Presented at an AGARD-VKI Special Course on 'Progress in Transition Modelling', March-April 1993. 
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P 

Pr 

6, 

6* 

610 

E 

11 
e 
9 

A 

4 x  
&z 

c1 

V 

P 

Q 

Q* 

0 

1. 

= P, + $6 spanwise complex wavenumber 
normalized by 6, 

= 2n4& 

= (vx*/Uod)ln : boundary-layer reference 

displacement thickness [m] 

largest thickness where W,/W,, = 10% [ml 
= 1/R : small viscous scale 

= y*/6, = y : boundary-layer coordinate 

= (adx + fh - wat) : phase hnction 

momentum thickness [m] 

dimensionless spanwise wavelength, 
G(27r43J1R, a constant 

chordwise wavelength [m] 
spanwise wavelength [m] 
dynamic viscosity [Ns/m21 

kinematic viscosity [m*/s] 

density W m 3 ]  
eigenfunction of the Orr-Sommerfeld equation, 
Eq. (15). Q = My; k, F, R) 

eigenfunction of the adjoinr Orr-Sommerfeld 
equation, Eq. (17) 

= 27cf6flm = FR : dimensionless circular 

length, [m], (normalizing length) 

frequency 

INTRODUCTION 

The problems of understanding the origins of turbulent 
flow and transition to turbulent flow are the most 
important unsolved problems of fluid mechanics and 
aerodynamics. There is no dearth of applications for 

of the subsequent turbulent flow. A few examples can 
be given here. (1) Nose cone and heat shield 
requirements on reentry vehicles and the "National 
Aerospace Plane" are critical functions of transition 
altitude. (2) Vehicle dynamics and "observables" are 
modulated by the Occurrence of laminar-turbulent 
transition. (3) Should transition be delayed with 
Laminar Flow Control on the wings of large transport 
aircraft, a 25% savings in fuel will result. (4) Lack of a 
reliable transition prediction scheme hampers efforts to 
accurately predict airfoil surface heat transfer and to cool 
the blades and vanes in gas turbine engines. ( 5 )  The 
performance and detection of submarines and torpedoes 
are significantly influenced by turbulent boundary-layer 
flows and efforts directed toward drag reduction require 

~ 

information regarding transition location and the details 

the details of the thulent processes. (6) Separation and 
stall on low-Reynolds-number airfoils and turbine blades 
strongly depends on whether the boundary layer is 
laminar, transitional, or turbulent. 

The common thread connecting each of these 
applications is the fact that they all deal with bounded 
shear flows (boundary layers) in open systems (with 
different upstream or initial amplitude conditions). It is 
well known that the stability, transition, and turbulent 
characteristics of bounded shear layers are 
fundamenrally different f" those of free shear layers 
(Morkovin. 1969,1978, 1983, 1991; Tani, 1969; 
Reshotko, 1976, Bayley et al. 1988). Likewise, the 
stability, transition, and turbulent characteristics of open 
systems are fundamentally different from those of closed 
systems (Tatsumi, 1984). The distinctions are vital. 
Because of the influence of indigenous disturbances, 
surface geometry and roughness, sound, heat transfer, 
and ablation, it is not possible to develop general 
prediction schemes for transition location and the nature 
of turbulent structures in boundary-layer flows. 

Amal(1992) and Saric (19%) review the literatm and 
discuss the importance of this work as it relates to 
aircraft skin friction reduction, so much of this material 
is not repeated here. With the maturation of linear- 
stability methods and the conclusions that breakdown 
mechanisms are initial-condition dependent (Saric and 
Thomas, 1984; Singer et al.1986, 1989; Corke, 1990). 
more emphasis is now placed on phe understanding of the 
receptivity problem than on the details of the latter stages 
of transition. 

At the present time no mathematical model exists that 
can predict the transition Reynolds number on a flat 
plate. One obvious reason for this lack is the variety of 
influences such as freestream turbulence, surface 
roughness, sound, etc. which are incompletely 
understood, yet may trigger transition through a forced 
response of the flow as a nonlinear oscillator. A second 
reason, of course, is the p r  understanding of the fixe 
response of this nonlinear oscillator, i.e.. of the 
fundamental mechanisms which lead initially small 
disturbances to transition. The recent progress in this 
area, summarized in Kerschen et al. (2990) is 
encouraging, in that a number of distinct transition 
mechanisms have been found experimentally. The 
theoretical work finds them to be amplitude and 
Reynolds-number dependent. It appears as though the 
possibility exists for developing a transition criterion 
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based on more rational ideas than the f l  method. 

However, the theory remains rather incomplete with 
regard to predicting transition. Amplitude and spectral 
characteristics of the disturbances inside the laminar 
viscous layer strongly influence which type of transition 
occurs. The major need in this area is to understand how 
freestream disturbances are entrained into the boundary 
layer, i.e., to answer the question of receptivity. In all of 
what we discuss, receptivity will refer to the 
mechanism(s) that cause freestream disturbances to enter 
the boundary layer and create the initial amplitudes for 
unstable waves. 

The pessimist will note that for a constant density, 
constant temperatwe, zero-pressure-gradient flow over a 
smooth flat plate, the location of transition to turbulence 
cannot be predicted. On the other hand, the optimist will 
describe the efforts made in the last 10 years in certain 
areas of modelling and predicting msition and be 
overjoyed at the progress. 

An important source of information regarding 
aerodynamic applications of transition are found in 
various AGARD Special Courses. The most recent 
courses that are relevant to this problem are: Stability 
and Transition of Laminar Flow (AGARD Report No. 
709, 1984); Aircrdt Drag Prediction and Reduction 
(AGARD Report No. 723. 1985); Skin Friction Drag 
Reduction (AGARD Report No. 786. 1992);and the 
present course: Progress in Transition Modelling 
(AGARD Report No. 793, 1993). In the first of these 
courses, the written lectures by Arnal (1984), Mack 
(1984b), Reshotko (1984a.b). Poll (1984b). and Herbert 
(1984b,c) cover vast amounts of detail and represent the 
stateof-of-art in 1984 on the fundamentals of stability 
and transition. The stability and transition material of 
AGARD Report 786 more or less replaces the earlier 
material of AGARD Report 723. 

1.1 The process of transition for boundary layers in 

I external flows 
In fluids, turbulent motion is usually observed rather 
than laminar motion because the Reynolds-number range 
of laminar motion is generally limited. The transition 
from laminar to turbulent flow occurs because of an 
incipient instability of the basic flow field This 
instability intimately depemds on subtle, and sometimes 
obscure, details of the flow. The process of transition for 
boundary layers in externalflavs can be qualitatively 
described using the following (albeit, oversimplified) 

scenario. 

Disturbances in the freestream, such as sound or 
vorticity, enter the boundary layer as steady and/or 
unsteady fluctuations of the basic state. This part of the 
process is called receptivity (Morkovin, 1969) and 
although it is still not well understood, it provides the 
vital initial conditions of amplitude, frequency, and 
phase for the breakdown of laminar flow. Initially these 
disturbances may be too small to measure and they are 
observed only after the onset of an instability. A variety 
of different instabilities can occur independently or 
together and the appearance of any particular type of 
instability depends on Reynolds number. wall curvature, 
sweep, roughness, and initial conditions. The initial 
growth of these disturbances is described by linear 
stability theory (i.e. linearhed. unsteady, Navier-Stokes). 
This growth is weak, occurs over a viscous length scale, 
and can be modulated by pressure gradients, surface 
mass transfer, temperature gradients, etc. As the 
amplitude grows, three-dimensional and nonlinear 
interactions occur in the form of secondary instabilities. 
Disturbance growth is very rapid in this case (now over a 
convective length scale) and breakdown to turbulence 
occurs. 

Since the linear stability behavior can be calculated, 
transition prediction schemes are usually based on linear 
theory. However, since the initial conditions 
(receptivity) are not generally known, only comlations 
are possible and, most importantly, these comlations 
must be between two systems with similar environmental 
conditions. 

At times, the initial instability can be so strong that the 
growth of linear disturbances is b y - p s e d  (Morkovin, 
1969) and turbulent spots or secondary instabilities occur 
and the flow quickly becomes turbulent This 
phenomenon is not well understood but has been 
documented in cases of roughness and high freesaeam 
turbulence (Reshotko, 1986). In this case, transition 
prediction schemes based on linear theory fail 
completely. 

1.2 Control of transition 

The control of turbulent skin friction has two modes. 
'Ihe fmt prevents the boundary layer from becoming 
turbulent by limiting the growth of linear disturbances in 
order to keep the amplitude below a critical level. Thus, 
one uses weak wall suction, heating in water. cooling in 
gases, or certain pressure distributions that predictably 
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affect the linear stability problem. This is known as 
Laminar Flow Control (LFC) and is recently reviewed 
by CousteiX (1992). Saric (1992a) and Arnal (1992). 
Much of the early wmk is summarized by Pfenninger 
(1965, 1977) and Reshotko (1984b. 1985). Obviously, 
LFC can be effective only in lowdisturbance 
environments. The second method attacks a turbulent 
boundary layer and controls and manipulates the 
turbulence structure in order to reduce skin friction. This 
is recently reviewed by Bushnell (1992). Blackwelder 
(1992). Cousteix (1992), Coustols and Savill (1992). 
Kim (1992). and Robert (1992). Much of the early 
literature is contained in Bushnell and Tuttle (1979) and 
Bushnell(l985). Control in all of these cases is limited 
to passive control i.e. static manipulation of the 
boundaries or flow field. 

The idea of transition control through active feedback 
systems is an area that has received considerable recent 
attention experimentally (Liepmann and Nosenchuck, 
1982; Thomas, 1983; Pupator and Saric, 1989) and 
computationally (Kleiser and Laurien, 1984, 1985; 
Metcalfe et al., 1985; Kral and Fasel, 1990. Kim, 1992). 
The technique consists of first sensing the amplitude and 
phase of an unstable disturbance and then introducing an 
appropriate outsf-phase disturbance that cancels the 
original disturbance. In spite of some early success. this 
method is no panacea for the transition problem. Besides 
the technical problems of the implementation of such a 
system on an aircraft, the issue of three-dimensional 
wave cancellation must be addressed. As Thomas 
(1983) showed, when the 2-D wave is canceled. all of the 
features of the 3-D disturbances remain to cause 
transition at yet another location. Some clear advantage 
over passive systems have yet to be demonstrated for this 
technique. 

13  Outline of the course 

The plnpose of this first lecture is just to provide some 
physical ideas for the remaining speakers to address. 
The other lectures are arranged to cover different aspects 
of transition prediction and modelling. The lead speaker 
covers linear theory (Arnal 1993) which is followed by 
asymptotic techniques and weakly nonlinear theory 
(Cowley 1993). The new ideas of parabolized Stability 
equations are covered next (Herbert 1993) which is 
followed by two contributions of Direct Numerical 
Simulations (Kleiser 1993; Reed 1993). The modelling 
work is concluded with empirical methods and closure of 
the Reynolds‘ averaged equations (Singer 1993). 

The description of the experiments concentrates on four 
specific areas given by their respective Chaptea numbers. 
Chapter 2. Transition in 2-D boundary-layer flows that 
are dominated by Tollmien-Schlichting type instabilities. 
Here, some introductory remarks on linear stability 
theory are presented in d e r  to provide the theoretical 
background for the work that follows. After describing 
the T-S type breakdown, details on the evaluation and 
execution of stability experiments are given. Chapter 3. 
Receptivity of 2-D boundary layers to freestream 
disturbances. This work concentrates on the initiation of 
T-S waves with freestream sound and freestream 
turbulence. The roles of roughness elements and leading 
edges are discussed. Chapter 4. Transition in crossflow 
dominated 3-D boundary layers. The important aspects 
of swept-wing transition are discussed here. Chapter 5. 
Receptivity with roughness in 3-D boundary layers. 
Crossflow dominated flows have different sensitivities to 
roughness. 

The report concent” on low-disturbance 
environments and whereas byjmss mechanisms are 
briefly discussed, they have not yet been successfully 
modelled. Moreover, G6rtler instabilities are not 
discussed here. The reader is directed to Saric (1994) for 
the review of theory and experiments in this area. 

There have been a number of recent advances in the 
mathematical theory of chaos that have been applied to 
closed systems. Sreenivasan and Strykowski (1984), 
among others, discuss the extension of these ideas to 
open systems and conclude that the relationship is still 
uncertain. At the time of a workshop and panel 
discussion on Chaos and Turbulence (Liepmann et al. 
1986), it appeared that the direct application of chaos 
theory to open systems may be some distance away. 
However, the prospect of incorporating some of the 
mathematical ideas of chaos into open system problems 
and of encouraging the transfer of data to the 
mathematicians was good. Progress has been slow and 
there is still little progress in the direct application of 
chaos theory to transition in boundary layers. Two 
recent conferences held at Arizona State University in 
1991 and 1993 on the topic of Chaos in Fluidr 
demonstrated that chaos theory is not yet ready to tackle 
open shear flows. Whereas it was originally planned to 
include a discussion of chaos in these notes, no further 
coverage of this will be given here. 
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2. TRANSITION DUE TO STREAMWISE 

INSTABILITIES (TOLLMIEN- 

SCHLICHTINC WAVES) 

2.1 Linear stability analysis 

In ordex to provide the mathematical framework for the 
experimental work that is described below, the stability 
analysis of three-dimensional disturbances in an 
incompressible parallel boundary-layer flow, without 
curvature, is presented. These assumptions are 
introduced initially to simplify the exposition of basic 
stability ideas. The ideas here is abstracted from the 
report of Saric (1992). The foundation reference is Mack 
(1984b) which is actually a monograph on stability 
theory and should be considered required reading for 
those interested in all aspects of the subject. 

The basic-state velocity vector, V = (U, V, W), is 
defined by the following onedimensional (1-D) flow: 

U=U(y), v=o, W=W(y) (1) 

where U is the chordwise velocity component, W is the 
spanwise velocity component, and y is the coofdinate 
normal to the wall. 

It is, of course, an incongruity to speak of a parallel 
boundary-layer flow since no such thing can exist except 
under very special circumstances. However, the parallel- 
flow assumption is an important first approximation to 
the actual two-dimensional basic-state problem because 
the Reynolds number is very large. It is beyond the 
scope of this lecture to discuss non-parallel stability 
effects so the reader is referred to Mack (1984b) and 
Saric (1990) for a summary. Likewise, the role of 
compressibility in subsonic flows is minor and all of the 
essential physical ideas are represented in the flow of Eq. 
(1). 

The stability equations are obtained by superposing 
small disturbances onto the basic state: 

u*/u, = U + U’(X,YJ,t) (24 
V*N, = v’(x,y,z,t) (2b) 

w*/u, = w + W’(X,YJ,t) (W 
P*/PU2 = p + P’(X,YJ,t) (24 
where U*, v*, w*, and p* satisfy the complete 
dimensional Naviey-Stokes equations, ( ’ ) denotes 
dimensionless disturbance quantities, and capital letters 
denote dimensionless basic-state quantities. Equation (2) 
is substituted into the unsteady Navier-Stokes equations 

which are made dimensionless by introducing the length 
scale L. The basic-state velocity components also satisfy 
the usual Navier-Stokes equations so that the basic-state 
solution drops out Thus, equations in terms of the 
disturbance velocities result. These equations are further 
simplified by making the approximation that products of 
disturbance quantities are neglected (i.e. u’ui a U;, etc.). 
This results in the following set of linear disturbance 
equations: 

(3) 

(4) 

(5 )  

(6) 
where subscripts denote partial differentiation and the 
Reynolds number is given by R = U&/v for the time 
being. The question of srabiliry is one of whether the 
solution set of Eqs. (3) - (6) contain disturbances that 
grow or decay in space (or time). 

U’, + v; +w’, = 0 

U; + Vu’, + WU’, + uyv‘ + p‘, - vzu‘/R = 0 

v; + UV‘, + wv‘, + p’y - vzv’/R = 0 

w’, + UW’, + WW’, + wyv‘ + p’, - vzW’/R = 0 

2.1 . I .  Normal modes and the On-Sommefleld equation 

The disturbance equations are linear and the coefficients 
are only functions of y. This suggests a solution in terms 
of separation of variables using normal modes (i.e. 
exponential solutions in terms of the independent 
variables x, z, t) that would reduce Eqs. (3) - (6) to 
ordinary differential equations. One possible normal 
mode is the single wave: 

(7) 
where C.C. stands for complex conjugate, q’ represents 
any of the disturbance quantities of Eq. (2). a is the 
chordwise wavenmber, p is the spanwise wavenumber, 
and a is the fkequency. Here, a and p are, in general, 
complex and are given by a = a, + i q  and p =  p, + ipi 
and o is real. The amplitude function q(y) is complex 
and q’ is real. Equation (7) is strictly valid only for a 
parallel jlm. 

In a real boundary-layer flow, U, W, and R vary with the 
chord position, x*, and thus the problem changes at each 
location. In practice therefore, the parallel-flow 
assumption is essentially a local one in that, at each 
chord location, U and W are reevaluated and L is 
chosen to be the boundary-layer reference length L = 6, 
= (vx*&,)~~.  In this case, a, p, and R depend on the 
chordwise position, x*. Therefore, the use of Eq. (7) is 
not rigorously correct and the phase function. €3, must be 
introduced to define the normal mode as: 

q‘(x,yj,t) = q(y) exp[i(ax + pz - at)] + C.C. 
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q’(x,yj,t) = q(y) exp(ie) + C.C. (8) 

where 8 = 8(x,z,t) and 

&3/ax = a  (9a) 

ae/az =p  (9b) 

ae/at = - o (9c) 

This step produces the zeroth-order approximation 
(quasi-parallel) and can be rigorously justified using a 
non-parallel analysis (e.g. Gaster, 1974; Saric and 
Nayfeh, 1977). Substitution of Eqs. (8) - (9) into Eqs. 
(3) - (6) gives 

iau + ipw + Dv= 0 

i(aU + pW - o)v + Dp - (D2- k2)v/R = 0 

(10) 

i(aU + pW - o)u + VDU+ icq- (D2- k2)u/R = 0 (11) 

(12) 

i(aU + pW - O)W + vDW + ipp - (D2 - k2)w/R = 0 (13) 

where D = Wdy. 

k2 = a2 + p2 (14) 

and the usual no-slip boundary condition applies at the 
Wall. 

Although Eqs. (10) - (13) look like a 6th-order system of 
equations, they can be easily combined into a single 4th- 
order equation called the Ow-Sommerfeld equation. 

@$ - 2k2@$ + k4$ - iR[(aU + pW - a)@% - k2$) - 
o w  - WWI = 0 (15a) 

where the customary definition of v = $ is used and the 
boundary conditions are: 

MO) = DMO) = 0, My + -) + 0 (15b) 

The boundary conditions of U = w = 0 at the wall give 
D@ = 0 [Dv = 0 from Eq. (lo)] and we have assumed a 
boundary-layer type flow where the disturbances must 
die out far from the boundary. When the definition, 
kU = aU + pW is used, Eq. (15) immediately resembles 
the familiar 2-D form of the Orr-Sommerfeld equation. 
Thus, all of the 3-D stability characteristics for the class 
of flows defined by Eq. (1). can be found by solving Eq. 
(15). 

Equation (15). represented by the differential operator 41 
= 0 and boundary conditions B$ = 0, is linear and 
homogeneous and, as such, forms an eigenvalue 
problem. Given the basic-state velocities, U(y) and 
W(y), solutions of Eq. (15) exist for only a specific 
combination of parameters of the equation such as F(a, 
p, O, R) = 0. Thus the eigenvalue problem is expressed 

as: 

a=o, q = o  (15) 

F(a, p, o, R) = 0, for a given U(y) and W(y) (16) 

In a well-posed eigenvalue problem such as plane 
Poiseuille flow, Eq. (16) represents an infinite discrete 
set of eigenvalues and a corresponding infinite discrete 
set of eigenfunctions. For boundary layers, there is a 
finite discrete set of eigenvalues and a continuous 
spectrum. That is to say, for each (p, O, R) combination. 
there exists a number of (a, (x3 combinations that 
satisfy Eq. (15). The eigenfunctions are called modes 
and are superposed to construct an arbitrary disturbance 
profile. For the incompressible cases we will consider, 
the least stable mode is called the fmt mode. For 
incompressible streamwise instabilities, there is no more 
than one unstable mode so not much attention is paid to 
higher modes. 

Since the Reynolds number is large, Eq. (15) is stiff and 
care must be taken during its integration. If finite 
differences or spectral methods are used, accuracy is 
obtained by the appropriate mesh. With these methods, 
Eq. (16) is solved as an algebraic matrix problem. If 
shooting techniques are used, orthonormalization works 
best and Eq. (16) is an iteration solution with boundary 
conditions. The algebraic solution has advantages in that 
all of the eigenvalues are obtained at once. The 
disadvantage is that it is awkward to obtain the 
eigenfunctions and to do spatial stability. Finite 
differences seem to be the most popular these days. An 
excellent review of current methods of solving the Orr- 
Sommerfeld equation is given by Malik et al. (1982) who 
emphasizes finite difference and spectral methods. 
Mack (1984b) gives a good summary of shooting 
techniques. An incompressible design code, SALLY 
(Srokowski and Orszag, 1977). and a compressible 
design code COSAL (Malik and Orszag, 1981; Malik, 
1982, 1988). are generally available. They use as input, 
tabulated velocity profiles such as those generated by a 
Kaups and Cebeci (1977) boundary-layer code. 

2.1.2. The adjoint operator 

It is convenient to define the aa‘joint eigenvalue problem 
given by: 

L*$* = @2 - k2)%* - iR[(aU + pW - U)@%* - k%*) 
(17a) + 2a@u)$* + 2P@W)W*l= 0 

with boundary conditions 
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B$* = 0: $*(O) = D$*(O) = 0, $*(y 4 =) + 0 (17b) 

The adjoint eigensolution $* from Eq. (17) is an 
integrating factor for the Orr-Sommerfeld equation (15) 
and will be useful later in the calculation of the group 
velocity. Since the eigenvalues of Eq. (17) are identical 
to those of Eq. (15), a check on F ( a ,  p, a, R) = 0 is 
possible. Moreover, some eigenvalue iteration schemes 
seem to converge quicker with Eq. (17) since D% is not 
calculated directly. 

2.1.3. Temporal and spatial stability: Gaster’s 

tTMsformatwn 

For the purposes of discussion, let us consider 2-D 
disturbances and the 2-D form of the Orr-Sommerfeld 
equation i.e. W = 0, p = 0, k = a, given by Eq. (18): 

@2 - a2)2$ - iaR[(U - o/a)@2 - a2) - @U+ = 0 (18) 

SDatial Stabilitv, The local normal mode is given by 
Eq. (7). With a = a, + i q  and w real, it can be rewritten 
as 

q’(x,y,t) = q(y) exp(-qx) exp[i(ap - wt)] + C.C. (19) 

The spatial growth rate is given by -q for obvious 
reasons. 

q c 0 gives amplified disturbances: unstable (20a) 

(mb) 

(W 
q = 0 is no change in space: neutral 

q > 0 gives damped disturbances: stable 

The eigenvalue problem of Eq. (16) is expressed as a = f 
(U, R) where f is a complex map. The phase speed in 
this case is given by c = 01% Instead of solving for a, 
one could specify R and 

TemDoral stabilitv, In this case, the local normal mode 
is still given by Eq. (7). except that a is real and positive 
while w is complex. It is customary to introduce the 
complex phase speed, c = w/a = c, + ici, and write the 
normal mode as 

= 0 and find a, and o. 

q’(x,y,t) = q(y) exp[ia(x - ct)] + C.C. (2W 

where one can easily see the wave form of the 
disturbance. The growth rate can be found by splitting 
Eq. (21a) into real and imaginary parts. 

q’(x,y,t) = q(y) exp(acit) exp[ia(x - c&)] + C.C. 

The temporal growth rate is given by acb 

(21b) 

ci > 0 gives amplified disturbances: unstable 

ci = 0 is no change in time: neutral 

(22a) 

(22b) 

ci c 0 gives damped disturbances: stable (224 

The 0 - S  equation is identical to Eq. (18) except c 
replaces ala. The eigenvalue problem is expressed as c 
= f (a, R) where f is  a complex map. The phase speed is 
c, Because the eigenvalue, c, appears linearly in the 
temporal form of the differential equation, much of the 
early stability calculations concentrated on this case. 
However, the spatial theory corresponds more closely to 
certain physical situations such as boundary layers. 

Conversion from temDoral to SD && In order to 
convert from temporal to spatial, one uses the now 
familiar Gaster transformation (Gaster, 1982). In a 
region where the disturbance growth rate is small, the 
weakly-dispersive wave-evolution equation can be 
written as: 

(23) aNat + (dw1da)aNlx + ga) = o 
where A is a complex wave amplitude, S; is a complex 
function that is zero for parallel flow, and cg = doIda is 
the group Velocity. Since an explicit equation for the 
dispersion relationship, o = w(a), is not generally 
known for shear layers, cg can be given locally by 
differentiating Eq. (18) with respect to a and using the 
Fredholm altemative theorem: 

(N) 

B1=U-4ia/R ( a d )  

B2 = 2 m  - 3Ua2 - @U + 4ia3/R (%e) 

Note that Saric (1992a) had a slight misprint in the 
equation for B2. For the case of a 2-D wave, the 
approximate temporal growth rate is the product of the 
spatial growth rate and the real part of the group 
velocity. The case of both temporal and spatial growth 
can apply to a wave packet. For other cases, see Nayfeh 
and Padhye (1979) for a complete review. 

2.2 Streamwise Instabilities 

Streamwise instabilities are characterized by streamwise 
travelling waves that appear in 2-D boundary layers and 
in the mid-chord region of swept wings. For tutorial 
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purposes. the disturbance state is restricted to two 
dimensions with W = 0, f3 = 0, and k = a = a, + iq. 
This will be sufficient to describe the basic streamwise 
instability mechanisms. 

22.1. Inviscid instability mechanism 

In the absence of viscosity, the Orr-Sommerfeld 
Equation, for temporal stability, reduces to the Rayleigh 
Equation given by: 

(25) KJ - c)@2 - a% - @we = 0 

It can be shown (Drazin and Reid, 1981) that a necessury 
condition for an instability of any inviscid shear flow is 
that (1) D% must have a zero in the flow and (2) the 
extremum of vorticity, DU, associated with DW = 0, 
must be a maximum. The first part is the well-known 
inflection-point instability of Rayleigh and the second 
part is the extension by Fjartoft. Lin @razin and Reid, 
1981) showed that this condition is sufficient for 
bounded shear flows. The instability associated with an 
inflection point is a streamwise travelling wave called a 
Rayleigh wave whose wave speed. c, is bounded 
between the maximum and minimum values of the basic- 
state velocity, i.e. 0 S c, 5 1 for a bounded shear layer. 
The growth rate, aq S maxlDUD = O(1) in this case. 
Since this inviscid instability is strong, the appearance of 
inflectional profiles usually implies a rapid breakdown to 
turbulence. 

2.22 Viscous instability mechanism: T-S waves 

Consideration of a wide class of instability mechanisms 
can give the general impression that viscosity can only 
stabilize a flow. A boundary-layer velocity profile is. 
however, known to exhibit an instability and yet it has no 
inflection point. 

F’randtl first developed the fundamental ideas of a 
viscous instability mechanism and laid the groundwork 
for the understanding of bounded-shear-layer 
instabilities. The instability is called viscous because the 
boundary-layer velocity profile is stable in the inviscid 
limit and thus, an increase in viscosity (a decrease in 
Reynolds number) causes the instability to occur. 
F’randtl‘s basic idea is that the distribution of the 
Reynolds’ stress through the shear layer is changed by 
viscosity in such a way as to destabilize the flow. In 
fact, a general energy analysis shows that the Reynolds’ 
stress is the production term for instabilities (Mack, 
1984b). 

All of this is contained within the framework of E.q. (15). 

This mechanism is inappropriately called the Tollmien- 
Schlichting (T-S) instability after two of its very early 
investigators. The historical development of this work is 
given in Mack (1984b). It should be mentioned that not 
all shear-layer instabilities are T-S instabilities. We 
reserve the T-S appellation for the viscous instability. 

Equation (15) is linear and homogeneous and forms an 
eigenvalue problem which consists of determining a (= 
k) as a function of frequency. a, Reynolds number, R, 
and the basic state, UO). The Reynolds number is 
usually defined as 

R = U&h = @,)In (26) 

and is used to repsent distance along the surface. In 
general, 6, = (vx*AJ,,,)1n is the most straightforward 
reference length to use because of the simple form of Eq. 
(26) and because the Blasius variable, q = yfi, in 2fqm 
+ ff,,,, = 0, is the same as y in the Orr-Sommerfeld 
equation. The reader will still find the archaic use of 6r 
and 0 as reference lengths, so m e  must taken in 
comparing data since, in using these lengths, additional 
constants must be carried around. 

When comparing the solutions of Eq. (15) with 
experiments, the dimensionless frequency, F, is 
introduced as 

F = o/R = 21tfV/u,2 (27) 

where f is the frequency in Hertz and is conserved for 
single frequency waves. The parameter F is a constant 
for a given flow condition. 

Experiments of naturally occuning transition in low 
disturbance environments always show 2-D T-S waves 
as harbingers of the transition process. These are 
streamwise travelling waves with a phase speed, 0.3 < c, 
< 0.4 whose amplitude and phase vary according to the 
freest” environment. In order to conduct detailed 
measurements, controlled (phase-locked) disturbances 
are introduced into the boundary layer. It is worthwhile 
to describe such an experiment and in doing so. permit 
the reader to understand the nature of a T-S wave. 

Saric (1990) presents the requirements for conducting a 
stability experiment. Usually, an experiment designed to 
observe T-S waves and to verify the 2-D theory is 
conducted in a low-turbulence wind tunnel ou’(/uw = 
0.02% to 0.06%) on a flat plate with zero pressure 
gradient (determined from H = S*/e = 2.59 and not from 
pressure measurements) where the virtual-leadingedge 
effect is taken into account by carefully controlled 



1-9 

boundary-layer measurements. Disturbances are 
introduced by means of a 2-D vibrating ribbon using 
single-frequency, multiplefrequency, step-function, or 
random inputs (pupator and Saric. 1989) taking into 
account finite-span effects (Mack, 1984a). Hot Wires 
measure the U + U’ component of velocity in the 
boundary layer and d-c coupling separates the mean from 
the fluctuating part. In comparing with the theory, Q in 
Eq. (15) is proportional to the disturbance 
“ f u n c t i o n  so that U‘ is proportional to &)/ay. 

Figure 1 shows the data of the mean flow and 
disturbance flow measurements h m  a routine single- 
frequency experiment (Saric, 1990). These data are 
compared with the Blasius solution and a solution of the 
Orr-Sommerfeld equation (15) as shown with the solid 
lines. In comparing the disturbance measurements (of 
rms U’) and theay (of I &$/ay I), both profiles are 
normalized by their respective maximum values. The 
agreement between theory and experiment is quite good 
and illustrates that the 2-D problem is well understood. 
The fact that the wave amplitude is 1.5%U, while still 
remaining linear and 2-D is due to the short fetch of the 
wave. The disturbance signature of Fig. 1 is a 
recognizable characteristic of T-S waves. The sharp zero 
and second maximum of lu’l occur because of a 1800 
phase shift in the region of the critical layer (where U(y) 
= c = w/a,., the phase speed). This shape is quite unlike a 
turbulence distribution or even a 3-D, T-S wave. The 
data of Fig. 1 show a first-mode eigenfunction of Eq. 
(15). The higher modes are highly damped and are gone 
within a few boundary-layer thicknesses downstream of 
the disturbance source. 

When the measurements of Fig. 1 are repeated along a 
series of chordwise stations. the maximum amplitude 
varies as shown in the schematic of Fig. 2. At constant 
frequency, the disturbance amplitude initially decays 
until the Reynolds number at which the flow first 
becomes unstable is reached. This point is called the 
Brunch Z neutral stability point and is given by RI. The 
amplitude grows exponentially until the Brunch Zf 
neutral stability point is reached which is given by Rm 
The locus of RI and Rn points as a function of frequency 
gives the neutral stability curve shown in Fig. 3. In 
order to compare the stability behavior of Fig. 2 with 
theory, Eq. (8) is interpreted locally to have the form of 
4. (7) and is rewritten in the following form: 

q’(x,y,t) = q ( y ) [ e x p ( ~ ~ ) l e x ~ [ i ~ ~  - WI + C.C. (28) 

which shows -q as the spatial growth rate. Depending 

on the sign of this term, the flow is said to be stable or 
unstable, i.e. if -ai > 0, the disturbances grow 
exponentially in the streamwise direction and the neutral 
points are determined by finding the R at which = 0. 
From the eigenvalues of Eq. (15). Fig. 3 is q(R, F) = 0. 
The hard data for this curve is given in Fig. 4. Gaster 
(1974) using asymptotic theory; Herbert and Bermlotti 
(1987) and Bermlotti et al. (1992) using PSE 
calculations; Fasel and Konzelmann (1990) using spatial 
DNS. all show that the parallel neutral curve is 
essentially the same as the nonparallel neuttal curve. 
See Herbert (1993) and Reed (1993) for the details. For 
R > 600 the theory and experiment agree very well for 
Blasius flow. For R < 600 the agreement is not as good 
because the experiment is influenced by a number of 
factors (Saric. 1990). However, this has been recently 
cleared up by Klingmann et al. (1993) who used the 
conjecture from Saric (1990) that previous stability 
measurements near the minimum critical Reynolds 
number were influenced by leading-edge pressure 
gradients and showed that the parallel theory is good to 
the minimum critical Reynolds number. See section 2.7 
for furrher derails. With the recent experiments of 
Klingmann et al. (1993) and the PSE and DNS work, 
one can say the linear parallel theory is on its fmest 
footing in the case of 2-D T-S waves. 

2.23. The Smith-Van Ingen f l  method 

One of the conjectures regarding the prediction of 
transition is that there exists a critical amplitude of the 
T-S wave at transition. One means for predicting this is 
to assume that the exponential growth between Branch I 
and Branch Il (predicted by linear theory) is largely 
responsible for achieving this critical amplitude. 
However, the best that linear theory can do is calculate 
an amplitude ratio, AII/AI, which is consistently called 
A/& in the literature (the elusive ingredient, A, the 
initial disturbance amplitude, is the soul of the 
receptivity process described in Chapter 3). 
Nevertheless, the calculation of A/A, is an important 
process for many different reasons and the method is 
described forthwith. 

In order to calculate the amplitude ratio (within the 
quasi-parallel flow approximation) when a = a,@, F), 
Eq. (8) is used ditectly. The ratio of the disturbances 
q(x,y,t) and q(x,,y,t), at x and x,, respectively, is 
proportional to expi[e(x,y,t) - t3(xo,y,t)l. 

In this case, Eq. (9) is integrated along the steam 
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direction to give: x* may be more convenient. Mack (1984b) suggests: 

e(x,t) - e ( q , t ) =  [&-"t (29) 

Since x and R am related through Eq. (26). Eq. (29) can 
be written as 

(30) 

where & is the starting point of the integration. 
Quation (30) is used in Eq. (8) in order to see how much 
the disturbance has changed from R, to R. The real part 
of 8 in Eq. (34) is just the phase and does not contribute 
to amplitude growth. Thus the change in amplitude of 
the disturb0nce is carried by the imaginary part of 8. 
"lis is shown in Eq. (31). 

exp[i(8 - e,,)] + C.C. = 

- at)]) + C.C. 

(3 1) 

Assume that the disturbances at x and at xg each have a 
nom given by A and A,,, respectively. This norm could 
be the maximum amplitude of lu'l or J Ju'Jdy (Saric, 
1990). In order to determine the relative amplitude ratio, 
A/&, or as most commonly done, the ampljficatwn 
factor, N = ln(A/AJ, the absolute value of Eq. (31) is 
used to obtain: 

P 

where q = q(F, R). & is the Reynolds number at 
which the constant-frequency disturbance fmt becomes 
unstable (Branch I of the neutral stability curve), and A 
and A,, are the disturbance amplitudes at R and R,. The 
values of N from branch I to Branch 11 are tabulated in 
Fig. 4. Another typical calculation of Eq. (32) is shown 
in Fig. 5. It illustmtes the constant frequency growth of 
a disturbance and the envelope of maximum N at any R 
for a Blasius flow. 

If the flow is not self similar, integration with respect to 

N = ln(A/%) = (33) 

where kL = U&. U, is the local edge velocity 
normalized with U, , R = (U$*/v)ln is the local 
boundary-layer Reynolds number, and all lengths are 
made dimensionless with reference length L. 

The basic design tool is the correlation of N with 
transition Reynolds number, RT, , for a variety of 
observations. Equation (32) or (33) is integrated with 
respect to the known basic state, The known transition 
Reynolds number is the upper limit of the integration. 
The correlation will produce a number for N (say 9). For 
cases in which experimental data are not available, N is 
chosen to be 9 and Eqs. (32) or (33) are used to solve for 

method of Smith and Van Ingen (e.g. Amal, 1984 1992, 
Mack, 1977, 1984b). As a transition prediction device, 
the eN method is certainly the most popular technique 
used today. It works within some e m r  limits only if 
comparisons are made with experiments with identical 
disturbance environments. For example, if in a given 
flight test or experiment, transition is observed to occur 
at N = 9 in the absence of suction, one then recalculates 
the problem with suction and solves for RT, with the 
same N. This is the most reliable application of this 
method. Since no account can be made of the initial 
disturbance amplitude, this method wil l  always be 
suspect to large errors and should be used with extreme 
care in the case of prediction without data. When 
bypasses occur, this method does not work at all. 

The basic transition control technique endeavors to 
change the physical parameters and flow conditions in 
order to keep N within reasonable limits which in turn 
prevents transition. As long as laminar flow is 
maintained and the disturbances remain linear, this 
method contains all of the necessary physics to 
accurately predict disturbance behavior. 

Mack (1984b) and Amal(1984, 1992, 1993) give 
examples of growth-rate and eN calculations showing the 
effects of pressure gradients, Mach number, wall 
tempemm, and three dimensionality for a wide variety 
of flows. However, before using this method, one should 
be cautioned by Morkovin and Reshotko (1990). 
Moreover, Arnal (1993) indicates that whereas the eN 
method works well in the case of streamwise travelling 

the R T ~  that produces N = 9. This is the celebrared eN 
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instabilities, it does not work well in the case of 
crossflow dominated transition problems. This is 
discussed further in Chapter 5. 

2 3  Role of initial conditions on transition 

23.1. 2-0  initial disturbances 

First, transition on an airfoil is described in both steady 
and quasi-steady conditions using the video of Reda 
(1991). An airfoil is placed in a wind tunnel that has a 
moderate turbulence level (lu'l = 0.5% UJ. Shear- 
sensitive liquid crystals are used to visualize flow 
separation and transition location as shown in the 
sequence of frames in Fig. 8. The freestream is 
relatively noisy and at low angles of attack (Fig. 8a is a 
= Oo), transition is occurring in the free-shear-layer 
region of the separation bubble and we see a clear 2-D 
turbulent reattachment. As the angle-of-attack is slowly 
increased the reattachment moves forward but is still 2- 
D. Under these conditions, the breakdown is clearly 2-D 
and predictable. If all transition problems were like this 
free-shear-layer problem, boundary-layer transition 
prediction would be like predicting bansition of ordinary 
d h w  in a pipe. However, when transition occurs ahead 
of the separation bubble at a = 6' (Fig. 8b) it is a 
boundary-layer transition. The visualization of the 
actual transition line is enhanced and is strongly 3-D. 
RTr is a function of span location. 

The next example we consider is the incompressible. 
isothermal flow over a flat plate with zem pressure 
gradient. This is a Blasius boundary layer where the 
dominant instability is of the Tollmien-Schlichting (T-S) 
type. The breakdown of the Blasius boundary layer is 
described for a low-turbulence environment with the 
video of Knapp and Roache (1968) which uses upstream- 
generated smoke-filament streaklines on an ogive 
cylinder. Figure 9 contains two snap-shots of what the 
video shows to be a spatially and temporally random 
occurrence of breakdown to turbulence. This is typical 
of breakdown in low-disturbance environments. 
Because transition in this case is influenced by the weak 
(and spatially and temporally random) freestream 
disturbances, the location of transition at any one time 
cannot be determined. 

The sensitivity to initial conditions is shown in Figs. 10 
and 11 from Saric (1986). Here, smoke-wire 
visualization is used to show the evolution of T-S waves 
from linear 2-D waves to interacting 3-D waves. It is 
shown that initial amplitude is critical to whether one 

observes the high-frequency breakdown of Klebanoff et 
al. (1962) or whether one observes a subharmonic type 
breakdown described by Craik (1972). Herbert (1985). or 
Zelman and Maslennikova (1990). Figure 10 shows (a) 
2-D T-S waves where lu'l= 0.2% U, at Branch I1 (170 
cm), (b) a staggered 3-D structure with large spanwise 
wavelength where lu'l = 0.3% U,, (c) a staggered 
structure with small spanwise wavelength'where lu'l= 
0.4% U,, (d) an ordered peak-valley structure where lu'l 
= 1% U,. It is easy to see that remarkably different 
patterns appear depending on initial amplitude. 

These three examples illustrate the challenges of 
ultimately predicting transition. Whereas the first two 
examples illustrate the frustrations of "natural" 
transition, the last example from Saric (1986) had 
sufficient control of the initial amplitudes to permit 
theoretical modeling of the breakdown process. This is 
discussed in Section 1.4. 

2.3.2. 3 - 0  point-source disturbances 

Another important class of experiments deals with the 
point source within the boundary layer as a generator of 
3-D disturbances. The classical experiment in this area 
is that of Gaster and Grant (1975). In this work, wave 
packets are created by impulse disturbances that are 
introduced at the wall. The initial impulse excites many 
different modes which are selectively amplified and can 
undergo interference within the boundary layer. Thus 
one sees a 3-D packet of waves that grows and spreads in 
the flow direction. The idea is that this is a model of 
"~tural" disturbance generation within the boundary 
layer with which many common features are shared. 
Figure 12 from Gaster and Grant (1975) shows a series 
of hot-wire traces at different downstream distances 
along the center line. One can see the convection, 
spreading, and enrichment of the wave packet. The 
shape of the disturbed region is shown in the contour 
plots of Fig. 13. Wavenumber-Erequency data are also 
given with enough derail as to provide the grist for the 
theoretician's mill. See Konzelmann and Fasel (1991) 
for recent efforts (the DNS comparisons are reviewed by 
Reed, 1993). 

The Gaster and Grant (1975) work provided the 
foundation paper for looking at stability and transition 
phenomena that was not initiated by 2-D waves (and 
their subsequent interaction with 3-D) and as such, it is 
one of the important breakdown mechanisms that must 
be considered. It should be pointed out that one cannot 
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iank the importance of different initial conditions that 
lead to transition because experience has shown that 
almost anything can happen. The work on impulsive 

source within the boundary layer. Gilov et al. (1981) and 
Kachanov (1985) show considerable detail in mapping 
out the evolution of the 3-D source with periodic forcing. 
The spreading rate seems to be similar to the impulsive 
source. Gaster (1984) carried the work on periodic 
sources all the way to transition. He noted spectral 
broadening due the presence of a subharmonic. 

Tso et al. (1990) conducted impulse type experiments 
and showed that for weak disturbances, the Gaster-type 
wave packet development occurred. In the case of 
moderate initial amplitude, a mixture of a typical wave 
packet and another disturbance having characteristics of 
a turbulent spot. At strong initial amplitudes, turbulent 
spot behavior occurred. 

Breuer and Haritonidis (1990) and Breuer and Landahl 
(1990) did linear experiments along with linear theory 
and temporal DNS for large disturbances in the case of 
an impulsive point disturbance. The linear results look 
classical although no direct comparison between theory 
and experiment is given. The nonlinear calculations, are 
useful in that they illuserate the presence of strongly 
inflected velocity profiles that could give rise to 
secondary instabilities. 

, sources was followed by the use of a time-periodic point 

2.4 Secondary instabilities and transition 

mechanisms 

There are different possible scenarios for the transition 
process, but it is generally accepted that transition is the 
result of the uncontrolled growth of unstable three- 
dimensional waves. This growth of 3-D disturbances 
comes as a result of an instability of basic state ma& up 
as the sum of the original mean flow and the 2-D 
disturbance flow. This instability is generally referred to 
as a secondary instability and is first discussed by Orszag 
and Patera (1980). Secondary instabilities with T-S 
waves are reviewed in some detail by Orszag and Patera 
(1981, 1983). Herbert (1984a,b, 1985. 1988), Saric and 
Thomas (1984) and Saric et al.(1984). Therefore, only a 
brief outline is given here in order to give the reader 
some perspective of the different types of breakdown. 

2.4.1. Fundomental mode breakdown 

The occurrence of three-dimensional phenomena in an 
otherwise two-dimensional flow is a necessary 

prerequisite for transition ("ani, 1981). Such 
phenomena were observed in detail by Klebanoff et al. 
(1962) and were attributed to a spanwise differential 
amplification of T-S waves through corrugations of the 
boundary layer. The process leads rapidly to spanwise 
alternating "peaks" and "valleys", i.e., regions of 
enhanced and reduced wave amplitude, and an associated 
system of streamwise vortices. The peak-valley 
structure evolves at a rate much faster than the (viscous) 
amplification rates of T-S waves. The schematic of the 
smoke-streakline photograph in Figs. 10 and 11 are Fig. 
14. The fundamenfaf instability of Fig. 14 shows the 
sequence of events after the onset of "peak-valley 
splitting" in Fig. 1Od. This represents the path to 
transition under conditions similar to Klebanoff et al. 
(1962) and is called a K-type breakdown. The lambda- 
shaped (Hama and Nutant, 1963) spanwise corrugations 
of streaklines, which correspond to the peak-valley 
structure of amplitude variation, are a result of weak 3-D 
displacements of fluid particles across the critical layer 
and precede the appearance of Klebanoffs "hair-pin" 
vortices. This has been supported by hot-wire 
measurements and Lagrangian-type streakline prediction 
codes (Saric et aL.1981; Herbext et al. 1987). Note that 
the lambda vortices are ordered in that peaks follow 
peaks and valleys follow valleys. 

Since the pioneering work of Nishioka et al. (1975. 
1980). it is accepted that the basic transition phenomena 
observed in plane channel flow are the Same as those 
observed in boundary layers. Therefore, little distinction 
will be given here as to whether wok was done in a 
channel or a boundary layer. From the theoretical and 
computational viewpoint, the plane channel is 
particularly convenient since the Reynolds number is 
constant, the mean flow is strictly parallel, certain 
symmetry conditions apply, and one is able to do 
temporal theory. Thus progress was first made with the 
channel-flow problem. 

2.4.2. Subharmonic mode breakdown 

Different types of three-dimensional transition 
phenomena recently observed (e.g. Kachanov et al. 1977; 
Thomas and Saric. 1981; Kachanov and Levchenko, 
1984; Saric and Thomas, 1984; Saric et al. 1984, Kozlov 
and Ramazanov, 1984) are characterized by staggered 
patterns of peaks and valleys (see Figs. 10b,c and the 
subharmonic schematic of Fig.14) and by their 
occurrence at very low amplitudes of the fundamental T- 
S wave. This pattern also evolves rapidly into transition. 
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Hot-wire measurements in these experiments showed 
that the subharmonic of the fundamental wave (a 
necessary feature of the staggered pattem) was excited in 
the boundary layer and produced either the resonant 
wave interaction predicted by Craik (1971) (called the C- 
ope) or the secondary instability of Herbert (1983) 
(called the H-type). Spectral broadening to turbulence 
with self-excited subharmonics has been observed in 
acoustics. convection. and free shear layers and was not 
identified in boundary layers until the preliminary results 
of Kachanov et al. (1977). This paper re-initiated the 
interest in subharmonics and prompted the simultaneous 
verification of C-type resonance (Thomas and Saric, 
1981; Kachanov and Levchenko, 1984). Subharmonics 
have also been conf'iied for channel flows (Kozlov and 
Ramazanov, 1984) and by direct integration of the 
Navier-Stokes equations (Spalart, 1984; Spalart and 
Yang, 1987). There is visual evidence of subharmonic 
breakdown before Kachanov et al. (1977) in the work of 
Hama (1959) and Knapp and Roache (1968) which was 
not recognized as such at the time of their publication. 

The important issues that have come out of the 
subharmonic research is that the secondary instability 
depends not only on disturbance amplitude. but on phase 
and fetch as well. Fetch means here the distance over 
which the T-S wave grows in the presence of the 3-D 
background disturbances. If T-S waves are permitted to 
grow for long distances at low amplitudes, subharmonic 
secondary instabilities are initiated at disturbance 
amplitudes of less than 0.3% U,. Whereas, if larger 
amplitudes are introduced, the breakdown occurs as K- 
type at amplitudes of 1% U,. Thus, there no longer 
exists a "magic" amplitude criterion for breakdown. 

A consequence of this requirement of a long enough 
fetch for the subharmonic to be entrained from the 
background disturbances is that the subharmonic 
interaction will occur at or to the right of the Branch I1 
neutral stability point (see Fig. 10). Since this is in the 
stable region of the fundamental wave, it was not likely 
to be observed because the experimenters quite naturally 
concentrated their attention of measurements between 
Branch I and Branch 11. 

The surprise that results from the analytical model of 
Herbert (1986a,b) and the Navier-Stokes computations 
of Singer, Reed, and Feniger (1986,1989), is that under 
amplitude conditions of the experimentally observed K- 
Type breakdown, the subharmonic H-Type is still 
calculated to be the dominant breakdown mechanism 

instead of the fundamental mode. This is in contrast to 
Klebanoffs experiment, conf'iied by Nishioka et al. 
(1975,1980), Kachanov et al. (1977). Saric and Thomas 
(1984). Saric et al. (1984). and Kozlov and Ramazanov 
(1984) where only the breakdown of the fundamental 
into higher harmonics was observed. Only Kozlov and 
Ramazanov (1984) observed the H-type in their channel 
experiments and only when they artificially introduced 
the subharmonic. 

This apparent contradiction was resolved by Singer et al. 
(1989). Here the full three-dimensional, timedependent 
incompressible Navier-Stokes equations are solved with 
no-slip and impermeability conditions at the walls. 
Periodicity was assumed in both the streamwise and 
spanwise directions. The implementation of the method 
and its validation are described by Reed (1993). Initial 
conditions include a two-dimensional T-S wave, random 
noise, and streamwise vortices. No shape assumptions 
are necessary, the spectrum is larger, and random 
disturbances whether freestream or already in the 
boundary layer can be introduced and monitored for 
growth and interactions. Other advantages realized by 
computations are 1) the inclusion of boundary-layer 
growth, neglected in linear theory but important to the 
growth of secondary instabilities, 2) the generation of 
ensemble averages, 3) the visualization of flow 
phenomena for comparison with experiments (advanced 
graphics capability), and 4) the calculation of vorticity 
and energy spectra, often unavailable from experiments. 

The streamwise vortices can alter the relative importance 
of the subharmonic and fundamental modes. Stteamwise 
vortices of approximately the strength of those that 
might be found in transition experiments can explain the 
difficulty in experimentally identifying the subharmonic 
route to turbulence. 

The corresponding computational visualizations of 
Singer et al. (1989) are shown in Figs. 15 and 16; flow is 
from lower right to upper left. Figure 15 shows the 
vortex structures, commonly seen in the transition 
process, under the conditions of a forced 2-D T-S wave 
and random noise as initial conditions. The subharmonic 
mode is present as predicted by theory but not seen 
experimentally. Other views of the vortical structure are 
given by Herbert (1986a). However, when streamwise 
vorticity (as is present in the flow from the turbulence 
screens upstream of the nozzle) is also included, the 
subharmonic mode is overshadowed by the fundamental 
mode (as in the experiments!). The resulting pattem. 
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ordered peak-valley s m n u e ,  is seen in Fig. 16. Here is 
a case in which the computations have explained 
discrepancies between theory and experiments. 

In the presence of streamwise vorticity, the fundamental 
mode is preferred over the subharmonic; this agrees 
with experimental observations, but not with theory 
(which does not account for this presence). Without 
streamwise vorticity, the subharmonic modes dominate 
as predicted by theory and confirmed by computational 
simulations. In the presence of streamwise vorticity 
characteristic of wind-tunnel experiments, the K-type 
instability dominates and the numerical simulations 
predict the experimental results. 

Direct numerical simulations are playing an increasingly 
important role in the investigation of transition; the 
literahue is growing, especially recently. This trend is 
likely to continue as considerable progress is expected 
towards the development of new. extremely powerful 
supercomputers. In such simulations, the full Navier- 
Stokes equations are solved directly by employing 
numerical methods, such as finite-difference or spectral 
methods. The direct simulation approach is widely 
applicable since it avoids many of the restrictions that 
usually have to be imposed in theoretical models. The 
Navier-Stokes solutions are taken hand-in-hand with the 
wind tunnel experiments in a complementary manner. 
The next step in the simulations will be to predict the 
growing body of detailed data being developed by 
Nishioka et al. (1980, 1981, 1984, 1985) on the latter 
stages of the breakdown process. 

2.43. Subharmonic interactions 

One of the major limitations to the early subharmonic 
work was that the experimenters relied on the 
background 3-D to interact with an excited 2-D wave. 
Initially one uses a disturbance source to produce phase 
correlated measurements and by controlling the 
amplitude, fm the spatial location of a particular event. 
This eliminates the random element of Fig. 9. When the 
random background 3-D is used for the interaction, one 
returns to the random behavior of Fig. 9. As a simple 
example, there are two subharmonics (out of phase by n) 
that can be exactly tuned to the fundamental. AS they 
compete. for resonance, the signal is detuned and the 
measured spectrum is artificially broadened. Under 
these conditions. it is impossible to conduct detailed 
measurements. Both the Saric and Thomas (1984) and 
Kachanov and Levchenko (1984) experiments had this 

limitation. The Saric, Kozlov, and Levchenko (1984) 
experiments tried to overcome this by superposing a 2-D 
subharmonic onto the vibrating ribbon but this was not 
enough. 

It remained for Corke and Mangano (1989) and Coke 
(1990) to introduce controlled 3-D subharmonics 
alongside the 2-D fundamental. Only then could detailed 
measurements be made of the disturbance flow field. By 
using segmented heating elements, it is possible to phase 
shift a signal to each element and create an oblique wave 
at any angle or frequency. Then the 2-D fundamental 
and the 3-D subharmonic area simple electronic 
superposition. 

As a result, the Corke subharmonic experiments contain 
the most complete set of data on subharmonic 
breakdown. An example is shown in Fig. 17 which are 
the v’-w’ disturbance streamlines that are reconstructed 
from numerous profiles. These measurements are taken 
at a different chord locations but at the same point in the 
oscillation cycle. One sees an increase in intensity 
toward the wall as the measurements move downstream. 
This is the sort of data that is needed to challenge the 
DNS work. 

Extensive auto-bicohemce and cross-bicoherence 
spectra show the nonlinear detuning process and the 
richness of the interactions. The nonlinear detuning 
obviate the need for perfectly tuned interactions. 
“Spikes” are not observed in the breakdown process and 
spectral broadening occurs gradually through the 
interaction of difference components in the spectrum. 
This is in contrast to the high-frequency content of the 
more violent Klebanoff-type breakdown. Thus, the 
subharmonic interaction process is an important feature 
of transition process. 

2.5 Interpretation and critique of visualization 

techniques 

In order for the theoretician to understand the nature of 
the reported observations, it is important to appreciate 
the good and bad sides of any experimental technique. 

25.1.  Liquid crystals 

In low-speed environments without significant heat 
transfer, shear-sensitive liquid crystals give a 
visualization of transition. The principal documentation 
comes from Reda (1988,1991) and Reda and Mumore 
(1994). It appears that this technique is useful for speeds 
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in excess of 30 m/s (air under normal conditions). A 
two-part mixture is sprayed on the surface using an air 
brush. When care is taken with the lighting and camera 
position it is possible to have hansition indicated by a 
distinct color change corresponding to changes in surface 
shear stress. The technique was also be used to visualize 
stationary crossflow vortices in the ASU swept-wing 
experiments. Saric et al. (1990) and Dagenhart et al. 
(1989) verified that the liquid crystal observations were 
identical to naphthalene visualization as well as hot-wire 
and hot-fdm measurements. This is a very robust, time- 
responsive technique that NASA-Ames is planning to 
use in a flight test at NASA-Dryden. 

The liquid is very viscous and is subject to wave 
formation on the liquid-gas interface. The wave 
amplitudes appear to be in the neighborhood of 50 - 200 
pn. Hence, it should only be used under conditions 
where low-amplitude 3-D roughness is not important 
Moreover, the usual solvent for removing the liquid 
crystals is chloroform. In a laboratmy environment this 
is somewhat awkward to use. 

25.2. Smoke wire 

Most smoke wires used for flow visualization have 
diameters in the range of 50-80 pn. This technique was 
modemized by Coke et al. (1974). The oil coating (toy 
train "smoke") distributes itself periodically along the 
span of the wire and when the wire is heated it generates 
a short burst of smoke streaks. The computer initiates 
the wire voltage and the timedelayed shutter release. 
When used in stability experiments they are placed near 
the critical layer. The visualizations of Figs. 10 and 11 
used this type of smoke wire. The computer simulation 
video of Herbert et al. (1987) of smoke saeaklines 
illustrates the sensitivity of position. 

The wake of the smoke wire causes a kink in the basic- 
state profile which alters its stability characteristics. As 
a result, if one examined the amplitude growth of a T-S 
wave in the stream direction, one would observe an 
almost step-like increase in amplitude downstream of the 
smoke wire. The amplitude could easily change by a 
factor of 3 due to the smoke wire. Thus, in contrast to its 
universal use in turbulent boundary layers, special care 
must be exercised with laminar stability. 

One should always be reminded that streaklines do not 
correspond to streamlines in an unsteady flow. The 
appearance of a 3-D structure in a streakline (as in Figs. 
10 and 11). is a historical event that is a result of the 

integration of the history of the smoke. A direct 
measurement at the location of an apparent 3-D struchm 
may reveal something different (Hama, 1962; Saric et al. 
1981). 

If one wishes to visualize the wave p a w s  at different 
amplitudes, the measurements with the hot wire should 
always be done with the smoke wire in the flow. In the 
same way, visualization should always be accompanied 
by direct measurements. Do not believe any 
measurements taken within 15 6 of the smoke wire. 

2.5.3. Tracer techniques in water 

A number of researchers have had a great deal of success 
using hydrogen bubbles and "black-bubbles" in water. 
Dye tracers have been used extensively as well. These 
techniques share the same virtues and problems of smoke 
wires in air with the exceptional advantage that they are 
very easy to use. There exists a vast literature on these 
techniques and they will not be reviewed here. 

In a more recent development, Padclelmage 
Velocimetry (PIV) techniques (see Adrian, 1991 for a 
recent review) use sequential photographs of pulsed- 
laser-illuminated particles in the flow. By connecting 
the images of the particles, one obtains the velocity field 
at many points at the same time. This is a tremendous 
technique for defining global structures in the flow, To 
the author's knowledge, no one has used this technique in 
a stability or transition experiment. 

2.6 Interpretation and critique of experimental 

techniques 

2.6.1. Hot wires 

The hot-wire anemometer is the accepted technique for 
the measurement of fluctuating velocities within the 
boundary layer. LDV does not have the low-level 
resolution required for these measurements. Hot whes 
can accurately measure the streamwise and spanwise 
velocities (U', w') with the use of straight-wire and slant- 
wire pairs. Because laminar boundary layers are so thin 
(6 = 5 - 7 mm), it is not possible to measure v' due to the 
span of the wire. 

If the temperature of the wind tunnel undergoes changes 
of more than a few degrees between calibrations. 
temperature compensation must be used. Radeztsky et 
al. (1993) propose a simple computer solution to this 
problem. 
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The traverse mechanism may be to large or too close to 
the hot wire. Also a multi-& rake may have too much 
local blockage. What could happen in these cases is that 
the pressure field around the probe support, although 
unseen in a basic-state measurement, can strongly 
influence T-S wave amplitude. This can be remedied by 
fixing a very small hot wire to the plate at a location 
where say. WO = 0.3. Establish the amplitude of a 
controlled T-S wave as measured by the fixed wire. 
Move a traverse mounted hot wire to the same location 
and see if the T-S amplitude has changed. This is the 
most sensitive and the only means for determining 
whether one has eliminated traverse and probe support 
interference problems. One should be sensitive to the 
fact that traverses and probe supports that are quite 
suitable for turbulent boundary layers may not be 
suitable for laminar stability work. 

2.6.2. Hot films 

The recent development of microthin hot films 
(Dagenhart et al. 1989; Mangalam et al. 1990; Agarwal 
et al. 1991) have advanced their use for stability and 
transition measurements. Although difficult to obtain an 
absolute calibration (one could use a Preston tube over 
the probe), this techniques is very valuable for measuring 
wall shear stress fluctuations. Disturbance spectra and 
transition location can be determined. With the use of 
multiple hot films, phase and group velocity directions 
can be determined (Deyhle et al. 1993). This is a 
valuable technique for flight experiments. 

2.63. Disturbance sources 

In order to do phase correlated measurements of 
particular stability and transition events in the boundary 
layer, the use of artificial disturbances is valuable. The 
use of a vibrating ribbon to create 2-D waves has been 
around since Schubauer and Skramstad (1947). The idea 
is to use the Lorentz force generated by an altemating 
current in the ribbon in the presence of a stationary 
magnetic field Sreenivasan et al. (1985) has used a the 
same principle on a wire in a slot. Corke and Mangano 
(1989) has successfully used segmented heated wires for 
producing both 2-D and 3-D waves. 

When the vibrating ribbon or wire is uniformly loaded, 
the displacement is of the fonn cosh(2ds) were s is the 
span of the ribbon. Therefore, a sufficiently long ribbon 
should be used to avoid end effects. 

Even though the 2-D wave is phase correlated when 
using a vibrating ribbon, the interaction of this wave with 

the background disturbances has a random character. 
The A-vortices observed by Saric and Thomas (1984) 
for different types of breakdown meandered in the span 
direction. Although not reported, the subharmonic 
measurements of Kachanov and Levchenko (1984) were 
random and “eyeball“ conditional sampling was used. 
The only solution is to introduce the 3-D directly with 
segmented heating elements like Corke and Mangano 
(1989). 

A disturbance source such as an air jet, or heated wire, or 
vibrating ribbon, locally creates a disturbance that is not 
a T-S wave but has a T-S wave as one of the modes in 
the distribution. A relaxation distance is required to 
attenuate the more stable modes so that the least stable 
(the T-S wave) remains. If measurements are made 
within this relaxation distance some strong stabilizing 
effects may be measured. 

Ribbons and wires have wakes that cause a kink in the 
basic-state velocity profile This kinked profile can be 
subject to a different set of instabilities (inviscid) that 
could be subcritical to T-S waves. This could also 
account for Ross et al. (1970) only seeing Branch II 
neutral points at higher frequencies and lower Reynolds 
numbers than linear theory. There is a relaxation 
distance for the basic-state profile to “heal” from the 
effects of the disturbance source. 

When measuring close to the disturbance source one 
cannot take advantage of the unstable growth of the 
disturbance in order to measure reasonably-sized 
disturbances. Therefore, there is a tendency to increase 
the amplitude into what may be the nonlinear range and 
hence cause subcritical behavior. It would be nice to 
have some additional experimental evidence since, at 
least to max U’ rms amplitudes of 1.5% U,, one can 
measure linear, 2-D waves near a vibrating ribbon. One 
should determine the daxation distance downstream of 
the disturbance source. This would depend on the type 
of source used, but it should be in the range of about 10 
boundary-layer thicknesses. This can be verified by first 
comparing the U’ =U’@) distribution with linear 
theory to the accuracy shown in Fig. 1. Local growth 
rates should also be compared as a function of input 
amplitude. These comparisons should be documented if 
is required to measure close to the disturbance source. 

One would like to cany out stability measurements over 
a wide range of Reynolds numbers while keeping the 
disturbance source fad. Unfortunately, a typical 

I 
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disturbance source has a finite span and Mack (1984a) 
showed that the domain of dependence of a finite span 
disturbance source propagates from each end toward 
center span at angle of approximately 12 degrees. 
Outside of this triangular domain, the disturbance 
amplitude is different from linear theory. This is 
analogous to boundary-condition domain of dependence 
in hyperbolic systems. Ross et al. (1970) had a vibrating 
ribbon span of only 250 mm. Just as one is limited in the 
useful chord of the model due to sidewall contamination, 
the distance downstream of the disturbance is similarly 
limited. If b is the span of the disturbance some and Ax 
is the distance in x from the source. then the centerline 
measurements should be made such that 4 b  < 2. For 
offcenterline measurements, this value is obviously 
smaller. 

One wishes to study nonlinear wave interactions and the 
nonlinearities of the distubnce source imposes different 
initial conditions on the nonlinear components (Saric and 
Reynolds, 1980). For example, if one wished to study 
the nonlinear interaction of waves with two frequencies 
fl and f2, when the disturbance source, such as a 
vibrating ribbon, is oscillated at too high an amplitude, 
the disturbance source will input 2fl. 2f2, flf2, 2f1-f2, etc. 
into the boundary layer. As part of another difficulty, 
one wishes to invoke active wave cancellation into the 
boundary layer through a disturbance source. In this 
case a feedback signal is processed by the computer and 
relayed to a disturbance source. However, the D/A 
converter is a low-pass filter, the vibrating ribbon is a 
low-pass filter having a typical linear-oscillator response, 
and the boundary layer is a band-pass filter/amplifier 
having its unique response curve. Thus the boundary- 
layer response is much different that the original input, 
First, one must always directly measure the disturbance- 
source response and the boundary-layer response in 
order to establish the initial conditions (see Saric and 
Reynolds, 1980). A tailored boundary-layer response 
can be obtained using inverse Fourier techniques (see 
Pupator and Saric, 1989). 

2.7 Critique and conduct of a stability experiment 

The basic idea of stability is that very small effects 
produce large changes in the basic state. When transition 
to turbulence proceeds through loss of stability, the 
process critically depends on these small effects. Thus, 
unlike many of the situations in turbulent boundary 
layers, measurements of stability characteristics require a 
special sensitivity to environmental conditions. 

Regardless of whether the experimental objectives are 
transition control, three dimensionality, secondary 
instabilities, nonlinear breakdown, or receptivity, the 
overriding rules of conducting a stability experiment are: 
(1) the linear problem must be mrrect and (2) initial 
conditions must be provided for theory and 
computations. If one can show the comparison with 
linear theory for the particular flow then the basic state is 
probably what it is advertised to be. Full documentation 
of physical properties, background disturbances, initial 
amplitudes, and spatial variations must be provided to 
the analyst. Although these seem like simple 
requirements, there are experiments presently being 
conducted that ignore these precepts. In the sections that 
follow, examples are discussed that illustrate the 
difficulty of establishing (1) and (2). However, in 
contrast to the role of unknown receptivity problems, all 
of the examples are real, correctable effects. 

2.7.1. Global pressure gradients 

Whether one uses a blunted flat plate or a sharp flat plate 
at negative angle of attack, a pressure gradient is present 
at the leading edge and a finite recovery distance is 
required. If the pressure gradient is zero after this 
recovery distance, the boundary layer is Blasius but 
referenced to a different chordwise location, x. Thus. 
there is a virruul leading edge from which the 
measurements and the Reynolds number must be 
referenced. If this is unaccounted for, it is very easy to 
have 20-30% errors in x (and 10-15% errom in R). For 
example, in order for theory to agree with the linear part 
of the well known nonlinear work of Klebanoff et al. 
(1962) one must apply a correction to x (Herbert 1985). 

It is important to measure U = ~ ( y )  within the boundary 
layer and calculate the displacement thickness, S*. 
Then, the virtual leading edge is x, = (S*/1.72)2 U&. 
The boundary-layer Reynolds number, R, used for 
stability calculations, is given by R = (U&v)IR. 
Because of traverse effects and tunnel side-wall 
blockage, x,, may actually change with different 
chordwise measurements. Therefore, S* should be 
measured (and R calculated) at each location. With 
modem, computercontrolled experiments this is no 
problem. On the other hand, it has been recently shown 
by Klingmann et al. (1993) that it is possible to design 
the leading edge pressure gradient on the flat plate to 
eliminate the virtual leading edge. This also permits 
measurements closer to the leading edge. 
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2.72. Local pressure gradients 

It is difficult to accurately measure small changes in the 
pressure coefficient, Cy Thus, the flow may not be 
locally Blasius and the stability characteristics may be 
quite different For example, a decrease in Cp of 
approximately 1% over 100 mm corresponds to Falkner- 
Skan pressure gradient parameter, p. of approximately 
4 . 1 .  For p = 4 . 1 ,  the minimum critical Reynolds 
number (based on Rq’n) is changed by a factor of 31 

The neutral stability curve from Herbert and Bemlotti 
(1987) compares nonparallel theory with the Schubauer 
and Skramstad (1947) and Ross et al. (1970) 
experiments. One possible explanation of why the 
measured minimum critical Reynolds number, men R,d, 
is around 230 as compared to the value of 300 given by 
the theory is the extreme sensitivity of min Rcrit to the 
smallest of pressure gradients (in this case adverse). 
This has been recently confirmed by Klingmann et al. 
(1993) whose data fall on the theoretical neutral stability 
curve. 

A weak adverse pressure gradient can also explain why 
instabilities are measured at dimensionless frequencies 
above 250 contrary to theory. The range of unstable 
frequencies could increase h a t i c a l l y  if the 
measurements were made in the weak adverse pressure 
gradient region of the recovery zone of the leading edge. 
Because of the low Reynolds number needed, the 
measurements of min Rcdt  (Ross, et al. 1970) were 
conducted close to the leading edge and close to the 
disturbance source. 

With extreme care one may be able to measure ACp = 
0.3%. This may not be enough. However, one could 
measure U = U@) and calculate the shape factor, H = 
S*/e. Here, f3 = +0.1 corresponds to a AH = 7%. The 
measurement of changes in the shape factor is more 
reliable than ACF One should already have U @ )  at each 
chord location and hence the pressure gradient can be 
verified. 

One should avoid measurements of min Rcrir. Not only 
is this a very difficult measurement to interpret, but 
changes in min Rcdt have very little to do with 
transition. 

One should also avoid “flat” plates made of rolled 
material. Klebanoff (private communication) measured 
a periodic pressure distribution on the original Schubauer 
and Slcramstad (1947) flat plate and had a new plate 
made in 1971 for his own work. 

2.73. 3-0 distortion of the basic state 

Streamwise vortical structures in the basic state produce 
a weak spanwise periodicity that is strongly susceptible 
to secondary instabilities. These spanwise variations 
have been carefully documented by Klebanoff et al. 
(1962). Nishioka et al. (1975). and Anders and 
Blackwelder (1980). They strongly influence the type of 
breakdown to transition that is observed as shown by 
Saric and Thomas (1984) and Singer et al. (1986,1989). 
The source of these spanwise variations are pmbably 
from immeasurable disturbances in the fhestream and 
are perhaps uncontrollable. The next best thing however, 
is to always do a spanwise traverse of both the basic state 
and the disturbance state in the early stages of growth. 
Provide the appropriate 3-D amplitudes for comparisons 
with theory and computation. 

2.7.4. Freestream disnubnnce effects 

Unknown receptivity issues such as the roles of 
freestream turbulenk and sound in creating T-S waves 
and 3-D structures inhibit the understanding and control 
of transition. It is certainly clear that a naked 
statement of rms U‘ fluctuations is not enough to 
describe a particular wind-tunnel environment 

Until we really understand the receptivity mechanisms. it 
is important to document the freestream disturbance 
environment as completely as possible. In addition to 
rms U’, one should quote: (1) band pass and spectrum for 
all measurements, (2) U’, v’, w’ rms at different positions, 
(3) spatial correlation measurements of all components 
to separate turbulence from sound, and (4) transition 
Reynolds number at different unit Reynolds numbers 
(see Saric et al. 1988) 

It has been argued (Klingmann et al. 1993) that it is not 
necessary to have freestream turbulence levels down to 
0.04% U, in order to measure T-S waves. This is a 
nalve statement that is only true when you know where 
you are looking. Kendall (1984) has been doing it for 
years. There are two relevant points regarding a low- 
disturbance freestream: (1) you can systematically 
increase freestream turbulence like Kendall (1984) and 
study its effects and (2) different (unknown) breakdown 
mechanisms that are characteristic of the low- 
disturbance flight environment may be missed The 
subharmonic mechanisms (Corke 1990) may fall into 
this category. 

2.75. Nonparallel effects 
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Both analysis (Herbert and Be~tolotti 1987) and DNS 
(Fasel and Konzelmann, 1991; Bertoloui et al. 1992) 
have shown that if one follows the maximum of the u’b) 
distribution, nonparallel effects are not important and the 
Orr-Sommerfeld equation is a very good approximation. 
However, if one instead follows q = y ( U J v ~ ) ~ n  = 
constant, Figure 9 of Saric and Nayfeh (1977) 
(confirmed by Herbert and Bertolotti 1987) shows that 
very smng nonparallel effects can be observed. The 
difficulty is that we must attempt to describe the spatial 
stability of a 2-D basic state. Simple concepts from 1-D 
basic states may not always be adequate. 

Ideally one should measure disturbance energy. 
However, in thin laminar boundary layers, accurate 
resolution of the wall-normal velocity component 
normal, v’, is not within reach. The next best thing is to 
measure A(x) = lu812 dy through the boundary layer. 
This is close to energy and it integrates out the y- 
dependence. In earlier sections, a strong case is made for 
accurately measuring u(y) in order to locally determine 
x;, H, and R so that u’Q) is always available. With no 
extra work, one can document this less ambiguous 
stability criterion that is more applicable to 2-D flows 
(see Reynolds and Saric 1986 for examples). 

3. RECEFI‘IVITY IN 2-D BOUNDARY 

LAYERS 

The amplitude and spectral characteristics of the 
disturbances inside the laminar viscous layer strongly 
influence which type of transition occurs and the major 
need in this area is to understand how freestream 
disturbances are entrained into the boundary layer, i.e., to 
answer the question of receptivity. In all of what we 
discuss, receptivity will refer to the mechanism(s) that 
cause freestream disturbances to enter the boundary layer 
and create the initial amplitudes for unstable waves. The 
wave instability is assumed to be of the Tollmien- 
Schlichting (T-S) type. The basic question is therefore 
how freestream turbulence and acoustic signals enter the 
boundary layer and ultimately contribute to the growth of 
unstable T-S waves how the amplitude within the 
boundary layer can be determined from a freestream 
amplitude. 

The term receptivity first appears in Morkovin (1969). 
Receptivity refers to the mechanisms that cause 
environmental disturbances to enter the boundary layer 
and create the initial amplitudes for the unstable waves. 
Receptivity has many different paths through which to 

introduce a disturbance into the boundary layer. They 
include the interaction of freestream turbulence and 
acoustical disturbances (sound) with model vibrations, 
leadingedge curvature, discontinuities in surface 
curvature, or surface inhomogeneities. Any one or a 
combination of these may lead to unstable waves in the 
boundary layer. This is illustrated in Fig. 18 which is a 
schematic of the general receptivity process. If the 
initial amplitudes of the disturbances are small they will 
tend to excite the linear nonnal modes of the boundary 
layer. The normal modes in the case of the present 
experiment, dealing with a boundary layer developing 
under the influence of a zero pressure gradient (Eilasius 
boundary layer), are of the Tollmien-Schlichting (T-S) 
type (Mack, 1984b). If the initial amplitudes are large, 
the T-S waves excite the boundary layer to nonlinear 
levels, at which point 3-D effects can lead the boundary 
layer prematurely to transition. These largeamplitude 
bypass mechanisms will not be discussed in this paper. 

Mathematically, the receptivity problem differs from 
stability (Reshotko. 1976, 1984a). Stability analysis 
describes the normal modes of disturbances within the 
boundary layer. These normal modes are determined 
from the solution of the linearized Navier-Stokes 
equations with appropriate boundary conditions (i.e. the 
Orr-Sommerfeld equation). The history of the 
development of this area is given by Mack (1984b). 
Receptivity differs in the fact that either the equations or 
the boundary conditions are no longer homogeneous 
since the boundary layer is being forced by an extemal 
disturbance. Therefore, the problem no longer has the 
form of an eigenvalue problem but rather an initial-value 
problem. The governing system of equations for the 
receptivity problem is therefore typically the full N-S 
system with appropriate boundary and initial conditions. 
Thus, the objective of any experimental program should 
address initial conditions for T-S wave generation. 

3.1 Receptivity of freestream sound to roughness 

The coupling between the long-wavelength acoustic 
disturbance and a T-S wave, having wavelengths two 
orders of magnitude smaller, occurs when the boundary 
layer is required to adjust locally (Goldstein, 1983; 
Goldstein et al. 1983; Goldstein and Hultgren. 1989; 
Heinrich et al. 1988; Kerschen. 1990. Crouch, 1992a) or 
globally (Crouch, 199%). This can occur at four 
positions on a flat-plate model: the leading edge, the 
discontinuity in the surface curvatw occurring at the 
flat plate and leadingedge junction, the presence of very 
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strong, localized, pressure gradients, and any surface 
inhomogeneities. 

Leehey and Shapiro (1980) report on acoustical forcing 
of a boundary layer over a flat-plate model. They find 
that a T-S wave is generated at the low-aspect-ratio 
leading edge (61) when a measurable streamwise 
pressure gradient exists in the leading-edge region. 
Gedney (1983) showed that acoustically driven leading- 
edge vibration can cceate T-S waves. Ahin and 
Polyakov (1979) observe the coupling of an acoustical 
disturbance to the T-S wave due to an extra-thin (10 p) 
two-dimensional roughness element (mylar strip). 
Because of their high-aspect-ratio leading edge (60:1), 
no T-S waves are observed in the absence of roughness 
strips. A complete review of the early work is reported 
by Nishioka and Morkovin (1986) in an overview of 
experiments in boundary-layer receptivity to unsteady 
pressure gradients. They provide the translation of Aizin 
and Polyakov (1979) and offer a critical appraisal of 
acoustically-driven-transition literature. 

A recent paper by Kosorygin and Polyakov (1990) has 
appeared on wave cancellation of T-S waves with 2-D 
roughness strips. They use a semi-circular leading edge 
and as a consequence, they have substantial T-S wave 
generation without roughness. They show the 
importance of selective phase interference of differently 
generated T-S waves. This is discussed further in 
Section 3.1.4. 

In order to give some flavor of a stability experiment, 
some details are given here on the Saric et al. (1991) 
receptivity experiments. The present work is motivated 
by the themtical work of Kerschen (1989) and Kerschen 
et al. (1990) who analyze receptivity and the role of 2-D 
roughness by means of a linear triple-deck analysis. In 
our experiments, we investigate receptivity using an 
acoustical disturbance in the freestream. The mechanism 
to enhance the receptivity is provided by a uniform two- 
dimensional, roughness strip (tape). This roughness ship 
generates the local adjustment in the flow needed to 
couple the long-wavelength sound wave with the 
short-wavelength T-S wave. The width of the roughness 
element (A.& = 25 mm) is chosen to be one half the T-S 
wavelength of interest. The roughness strip is placed 
across the span of the flat plate at an x-location 
carresponding to branch I of the neutral stability curve 
for the same T-S wave. 

The experiment is conducted over a flat-plate model with 

a high-aspect-ratio leading edge. Reliminary results 
from the computational work of Lin et al. (1991) indicate 
that leadingedge receptivity decreases with increasing 
aspect ratio. Therefore, given the high aspect ratio used 
in this experiment, the lower leading-edge receptivity 
should allow the roughness strip to dominate the flow aft 
of the tape. Moreover, we are able to take advantage of 
the streamwise growth of the T-S wave and avoid 
troublesome measurements near the receptivity site. 

A goal of this experiment is to follow the criteria 
established by Nishioka and Morkovin (1986) where 
they discuss some of the basic difficulties that have 
occurred in receptivity experiments using freestream 
acoustical disturbances. 

3.1.1. Experimental methodr 

This experiment is conducted in the Unsteady Wind 
Tunnel at Arizona State University. This Eacility is a 
low-turbulence wind tunnel with a removable 1.4 m x 
1.4 m x 5 m test section. It is well suited for stability 
experiments as described by Saric (1992b). Obviously, a 
well-documented. low-level disturbance environment 
where linear stability has been verified is necessary for 
conducting an experiment in receptivity (Saric, 1990, 
Pupator and Saric, 1989). The flat-plate model used in 
the experiment is 1.4 m wide, 20.6 mm thick, and 3.7 m 
long. A 0.34m x 1.4m tapred-leading edge is 
mounted onto the front of the plate giving the model a 
total length of 4.0 m. The leading edge has an elliptical 
profile with a ratio of major to minor axes of 67: 1. This 
flat-plate/leadingge combination is identical to that 
used in the author’s previous stability experiments. Both 
the flat plate and leading edge had mirror-like finishes. 
The source of the acoustical disturbance is provided by 
an 89hm. 225 watt Fosgure 254 mm woofer powered by 
an Adcom twin stereo amplifier. The speaker-power 
output is greatly reduced when driven at single 
frequency. therefore the speaker is typically driven at 
100 Watts. At this power setting, the speaker produced a 
sound level of approximately 9OdB (20 pPa reference) 
in the test section. This corresponds to a drmS level of 
approximately 0.016% in the freest”. The speaker is 
mounted in the plenum, upst” of the screens and 
honeycomb. 

The 2-D roughness strips used to study receptivity are 
newly developed, ultra-thin tapes manufactured by the 
3-M Corporation. These tapes are designed for special 
applications in which thinness and uniformity are 
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required. The thinner and more uniform roughness strips 
40 pm provides a means to more accurately correlate the 
effect of the roughness height on the receptivity process. 
The width of the tape (25 mm) corresponds to the half 
wavelength of the T-S wave & = 50 mm) at F = 55 
(f = 85 Hz). Due to the thinness of the tape, extreme 
care is taken when applying the tape across the entire 
1.4 m span of the flat plate. Measurements of the tape 
heights are made with a profilometer with 0.1 pm 
resolution after application to the surface and these are 
the only measurements quoted. We did not rely on the 
manufacturers specifications which typically gave a 
lower value. 

To correlate the effect of the thickness of the roughness 
element, three nondimensional parameters are 
introduced: Rh, y+ and R,. Where, Rh is a Reynolds 
numbers based on the local velocity at y = h  and the 
roughness height h (Rh = U(h)h/v), y+ is the roughness 
expressed in wall units, as commonly used in turbulent 
flow and is equal to Rhln for the Blasius boundary layer, 
and & is a Reynolds number based on the tape 
thickness and the freestream speed, RA = U W .  The 
Velocity, U(y = h), is obtained from the linear part of the 
profile, U@) = U,,f’(O)h / 6, 

Since the tape width is fmed for this experiment 
(25 mm), the tunnel velocity, forcing frequency. and tape 
location are set according to this length scale. The T-S 
wave of interest (h = 50 mm) is neutrally stable at 
R = 582 and at R = 1122. These neuhally-stable 
conditions correspond to a dimensionless frequency of 
F = 55. Setting the tunnel velocity at U, = 12.75 m/s 
places branch I at x = 0.62 m from the physical leading 
edge (the virtual leading edge is 160 mm from the 
leading edge). This speed also determines the range of 
the dimensional forcing frequencies to be centered about 
85 Hz. The design speed of U, = 12.75 m/s is chosen in 
order to obtain a test region, between branch I and 11. 
which is in reach of the 3-D traverse system. The tunnel 
speed and tape location remain fixed for the experiment. 
In the calculation of x-location and forcing frequency, 
the viscosity is assumed to a have a nominal value of 
v =  16.84~ 106m*/s since all experiments are 
conducted at essentially the same temperature and 
preSSure. 

3.1.2. Experimental results 

Extreme care is taken to insure a zero-pressure-gradient 
flow. The flat plate is set at a slight angle-of-attack 
(a=+0.220) to balance boundary-layer blockage from 

the tunnel walls. In this configuration, two methods are 
employed to determine the basic-state pressure gradient 
over the model. The chordwise gradient is first 
determined by performing Cp measurements using the 
static pressure ports located on the surface. Although the 
Cp distributions appear to indicate that the pressure 
gradient is zero. mean velocity profiles are taken with 
the 3-D traverse system to determine the local shape 
factor @=~*/e) .  The mean velocity profiles are 
obtained at chord positions corresponding to the 
mounting brackets of the flat plate. since the mounting 
brackets provide the only means for local adjustment of 
the flat plate. The shape-factor measurements provide 
the iterations for the corrections at the corresponding 
mounting bracket yielding the desired Blasius-boundary- 
layer shape factor of H = 2.59. 

In order to identify and determine the relative magnitude 
of the acoustical disturbance to the background levels of 
the tunnel. the spectra of the velocity fluctuations are 
examined in both the boundary layer and freestream. For 
the measurements quoted here. the tunnel velocity is 
U,= 12.75 m/s. The speaker is set at a frequency of 
F = 49.34 (f = 75.8 Hz) and a power of 100 watts. This 
power setting produces a sound level of approximately 
WdB (20pPa reference). This sound level is 
determined by converting the drmS = .016% freestream 
measurement (10 Hz bandpass measurement about the 
forcing frequency) to a pressure perturbation using the 
wave equation, p’ = pcu’,,, where: p’ is the pressure 
perturbation in the freestream, p is the density of air and 
c is the sound speed The resulting pressure perturbation 
is then normalized by a standard reference and converted 
into dB by: Sound level (dB) = 20 loglo (p’/ 20 p a )  
where 20 clpa is the standard reference. 

Velocity fluctuations are measured with and without the 
speaker in operation by using a hot-wire sensor placed in 
the freestream. With the speaker operating, the uIrmS 
increases f”O.O12% to 0.020% (bandpass 10Hz to 
300Hz). By examining the spectra, the acoustical 
disturbance is identified by the well-defined peak at the 
forcing frequency (75.8 Hz). This peak is well above the 
background disturbances. 

Inside the boundary layer, the spectra of the velocity 
fluctuations are taken under the Same rest conditions as 
the freestream measurements. The hot wire detecting the 
response of the boundary layer is set at 
x =  1.83 m,Rv= 1121. The y position of the wire 
corresponds to U(y)/U, = 0.3. The spectrum displayed 
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in Fig. (11) is taken with sound The u ' ~ ~  increases 
from 0.093% without sound, to0.12% with sound 
(bandpass 10 Hz to 300 Hz). 

To characterize the sound field, both velocity 
fluctuations and relative phase measurements are 
recorded over the chord and span of the model. The 

and phase distributions show very good uniformity 
in the chord and span directions. 

Due to the acoustical forcing, the freestream has an 
oscillatory component (i.e. U = U, + Ua#n(o,& + $,a. 
This component produces a. Stokes wave over the flat- 
plate surface. This wave has the form of the classical 
Stokes solution for an oscillatory outer flow. This stokes 
wave is therefore superposed with the T-S wave 
generated at the roughness element. Due to this 
superposition, three distinct regions of different phase 
are measured downstream of the tape at a x location near 
branch II of the T-S wave of interest In the region 
outside the boundary layer, the phase is dominated 
by the acoustical forcing in the freestream. This phase is 
relative to the speaker $,=k&, where kac is the 
acoustical wavenumber. Since the wavelength of the 
sound wave (hC=4.6m) is two orders of magnitude 
larger than the T-S wave (b = 50 mm), the phase is 
relatively constant in this region. In the region midway 
in the shear layer, the phase is a combination of the 
Stokes wave and upper region of the T-S wave being 
produced by the receptivity mechanisms at the tape. In 
the region near the wall, below the zero crossing of the 
amplitude profile, the T-S wave goes through a phase 
change of 1800 and the phase is dominated by the larger 
T-S amplitude. 

The response of the boundary-layer to the acoustical 
disturbance is examined with and without the 2-D 
roughness strip. Without the roughness strip, the 
response of the boundary layer cannot be identified. 
Even when the measurements are taken at branch II, both 
phase and disturbance profiles provide no meaningful 
results since the amplitude of the T-S wave is of the 
same order as the Stokes wave. However, with the 
roughness strip in place, the disturbance profile is 
obtained with a greater measure of success. 

Under the same operating conditions as previously 
mentioned, two layers of tape are placed at x = 62 cm 
(Rv=582). The resultant tape thickness is 100pn 
(y+ = 5), 2.59% of the boundary-layer thickness. In this 
configuration, boundary-layer scans are first performed 

at x = 183 cm, R, = 1121. As expected, the tape excites 
the normal modes of the boundary layer. The measured 
disturbance profile has the shape of a T-S wave. The 
maximum u ' ~ ~  in the boundaq layer is 0.3%. The u ' ~  
in the Ereestream is 0.016% (10 Hz bandpass). The 
upper portion of the measured profile is shifted from the 
disturbance profile predicted by linear stability theory. 
This shift in the second maximum of the disturbance 
profile is due to the superposition of the Stokes wave. 
This Stokes wave is again a result of the acoustical 
forcing within the boundary layer. The relative phase in 
this location is 45" in the freestream and 100" at the 
upper maximum of the T-S wave. Using this relative 
phase information, the influence of the Stokes wave is 
removed and the disturbance profiles closely resemble 
those predicted by linear stability theory. 

3.1 3. Role of roughness height 

In a significant comparison to the work of Kerschen and 
co-workers, the effect of roughness height on the 
receptivity process is determined by varying the 
thickness of the roughness element over a range of 
45-270 p. This variable roughness height is achieved 
by superposing layers of 40 p tape to the surface of the 
model. The tape height is determined by measuring the 
height & application to the surface. Thus the material 
thickness and the adhesive thickness are accounted for. 
With each added layer of tape, the disaubance amplitude 
is m r d e d  in the boundary layer. The tunnel speed is 
fixed at 12.75m/s and the input sound is set at 
F=49.34(f=75.8Hz) for two different sound power 
levels of 90 dB and 100 dB. 

The hot wire recording the disturbance in the boundary- 
layer is set at an x-location corresponding to R, = 1121 
(x= 183cm) and a y-location corresponding to 
U(y)/U,,=O.3. From this location the freestream and 
boundary-layer velocity fluctuations are recorded for 
each thickness of tape. The results of these experiments 
are presented in Fig. (19). After discounting the zero 
thickness results which represents a very low 
background level, we see that the receptivity of the 
boundary layer varies almost linearly with roughness 
height, over the range of 40 - 120 pn (y+ = Rhln = 0.7 - 
2.2). In this figure, R, = U@' and Rh = U(y=h)hh = 
0.332 U,h2/ vS, 

The two curves of T-S amplitude versus roughness 
height show almost the same slope up to a certain point 
near 200 pn. The slopes change as a function of both h 
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and sound power level. Clearly the receptivity 
mechanism is now nonlinear. 

Saric and Krutckoff (1990) show that even for Rh = 0.1, 
a Separation bubble exists aft of a rectangular 2-D 
roughness element. This flow visualization shows the 
reattachment length approximately equal to the height of 
the 2-D roughness element until Rh exceeds 2. Thus, the 
wind tunnel experiment with micron-sized roughness 
will always have some sort of recirculating region fore 
and aft of the abrupt steps. This separation zone is 
shown to grow rapidly with Rh Smoothing of the edges 
are not considered since with roughness heights of the 
size of this experiment, it does not appear to be feasible 
to use some sort of systematic and measurable 
smoothing to the edges. 

The linear behavior is predicted quite accurately by 
Crouch (1992a) who used a local receptivity analysis on 
the experimental data His calculations cut right through 
the data. The depamue from the linear behavior that 
accurswith4 to 5 layers of tape, (h= 180 p to 225 p, 
y+ = 3.3 to 4.0) may occur if an extended separation 
(pccurs at the backward-facing step i.e. when the re- 
attachment length significantly exceeds the height, This 
separation may form a free shear layer which can exhibit 
its own instability thereby altering the receptivity 
observed in the linear region. Curiously enough, the 
departure from linear behavior that we observe 
corresponds roughly to a R d  = 150 which is near the 
critical roughness height for defining hydraulically 
smooth surfaces. More recently, Bodonyi et al. (1989) 
and Bodonyi (1990) use a nonlinear triple-deck 
analysidcomputation which shows that a departure from 
linearity occurs when the roughness height exceeds the 
height of the lower viscous deck i.e. when h 2 E~L; 
where E = Re,-lD and L = x,,. For the conditions of this 
experiment, Re, = (590)2, x, = 460 mm, and &5L = 158 
p. Thus, this agreement appears to offer some f m  
explanation of the range of linearity of these 
experiments. 

The calculations of Crouch (1992a) and Bodonyi (1990) 
seem to indicate that the 2-D roughness problem is well 
understood. 

3.1.4. Role of roughness position: Passive control 

Radeztsky et al. (1991) report on a set of experiments 
that use the identical set up as just described. In this case 
the position of the roughness element is changed with 
respect to the leading edge in a similar way as Kosorygin 

and Polyakov (1990). In this way the T-S wave 
generated by the roughness element will interfere with 
the T-S wave generated by the leading edge. Figure 20 
is the normalized downstream T-S amplitude versa 
chordwise position of the roughness element. The 
curves are for different roughness height and the thick 
line is the leading edge T-S wave. One can see that the 
exists a particular x-position where the destructive 
interference is a maximum. For a roughness height of 30 
p, the T-S wave amplitude is below the leading-edge 
value. What is remarkable is that in the absence of 
sound, the 2-D roughness element of about 15 p, 
reduces the effect of the background turbulence level 
within the boundary layer. Figure 21 is a plot of 
Amplitude verses roughness height of the maxima and 
minima of Fig. 20. At heights above 200 p, the curves 
converge and switch. ’Ihis is an indication of a 
nonlinearity in phase occurring at about the same 
departure from linearity in Fig. 19. Again this is the 
approximate height of the lower viscous deck. 

We have weak leading-edge receptivity producing a low- 
level T-S wave. Additional T-S waves afe produced 
with thin 2-D roughness strips placed near Branch I. The 
waves generated by the roughness can constructively or 
destructively interfere with the leading edge waves. 
Total T-S amplitudes can be reduced below clean- 
surface levels by a proper choice of roughness height and 
10CatiOn. 

3.1 5. Recent receptivity eqeriments 

In the past year a number have problems have been 
addressed for which full papers are not yet available. 
They are reviewed here for future reference by the 
reader. 

Spencer et al. (1991) worked on experiments with 3-D 
roughness elements with the idea of verifying the linear 
theory of Kerschen et al. (1990) and the nonlinear work 
of Tadjfar and Bodonyi (1992). Because of the difficulty 
of measuring close to the roughness element, only 
moderate agreement was reached in the far field. 

Wlezien and Wiegel (1992) considered distributed 2-D 
roughness as receptivity in a effort to provide a data base 
for the theoretical work of Choudhari (1992) and Crouch 
(1992b). Tadjfar and Reda (1992) look at a wavy 
surface which is part of the same problem. 

Saric and Rasmussen (1992) conducted receptivity 
experiments on a 40:l modified super ellipse leading 
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edge in order to compare with the DNS work of Lin et al. 
(1991,1992). The ellipse is designed to have a pressure 
minimum near the leading edge and to have its curvature 
go continuously to zero at the flat-plate junction. 
Receptivity coefficients are documented and they agree 
with those predicted by Goldstein (1983) and Kerschen 
et al. (1990). 

3.2 Leading-edge receptivity with freestream 

turbulence or vorticity 

The problem of receptivity of freestream turbulence is a 
crucial problem that has resisted a straight forward 
solution on the experimental side. We know that an 
increase in freestream turbulence lowers the transition 
Reynolds number, We would hope that the mechanism 
is linear for at least part of the range. Kendall(1984, 
1991) has developed a careful and well-thought-out 
experimental setup where he can systematically control 
k e s t ”  turbulence and examine the initiation of T-S 
waves in the boundary layer. Space here does not permit 
the complete treatment that this work deserves. There 
are valuable data in the papers but no direct conclusion 
regarding receptivity. Because of the strong 3-D nature 
of the initial disturbances and the resulting T-S waves, 
the measurements are extraordinarily difficult and not 
selfconsistent. In spite of the theoretical work of 
Kerschen (1991), there are no explanations for why a 
highly localized 3-D disturbance in Kendall’s 
experiments does not share any common characteristics 
with a Gaster wave packet. 

In related work, Parekh et al. (1991), in a very clever 
experiment, has hied unsuccessfully to have a vortical 
flow in the freestream successfully interact with the 
leading edge to create T-S waves. The DNS work of 
Buter and Reed (1993) indicate that a vortical flow 
should indeed create T-S waves. 

Whereas the freestream sound receptivity continues to 
yield results that can be compared with theory, the 
freestream turbulence problem has put up stiff resistance 
in spite of the skill of the experimenters. 

4. TRANSITION IN CROSSFLOW 
DOMINATED FLOWS 

4.1 Introduction 

The section describes efforts to determine the 
fundamental natute of the crossflow instability that 
causes the breakdown to turbulence in three-dimensional 

boundary layers that are characteristic of swept wing 
flows. Reviews of the current literature and problems 
are given by Reed and Saric (1989). Arnal(1992.1993). 
and Saric (1992a). The DLR efforts in Germany are 
reported by Bippes (1991.1992), Bippes and co- workers 
(1987, 1988, 1990). and Deyhle et al. (1993). The 
CERT/ONERA efforts in France are reported on by 
Arnal and co-workers (1987, 1988, 1990, 1991) and 
Juillen and Arnal (1990). The Russian efforts are 
summarized by Kachanov and Tararykin (1990). The 
ASU work is summarized by Dagenhart (1992). 
Dagenhart and co-workers (1989, 1990), Kohama et al. 
(1991). and Radeztsky et al. (1993). The IFS work in 
Sendai is contained in Kobayashi and co-wodcers 
(1983,1987) and Kohama (1985,1987a, 1987b). 

The literature is vast and one has no hope of describing 
in detail all of these contributions. Therefore, only a few 
topics will be discussed in detail since the purpose is to 
provide challenges to the theoretician. 

The theoretical basis for the crossflow instability comes 
from Gregory et al. (1955). It results in an Orr- 
Sommerfeld type solution that can be implemented in a 
variety of ways (Amal, 1992, 1993; Balakumar and 
Reed, 1991; Cebeci and Stewartson, 1980; Chen and 
Cebeci, 1990; Collier and Malilk, 1988; Dagenhart, 1981; 
Malik, 1982; Nayfeh, 198hb; Parikh et al. 1989; 
Srokowski and Omag, 1977). See Saric (1992a) and 
Arnal (1992) for details. In contrast to T-S type 
instabilities, the crossflow problem is characterized by 
having stationary as well as travelling disturbances that 
are amplified. 

One of the key missing ingredients in all 3-D boundary- 
layer experiments is the understanding of receptivity. 
Receptivity has many different paths through which to 
introduce a dismbance into the boundary layer and this 
road map is more complicated because of the amplified 
stationary vortices. Beside the usual things like the 
interaction of freestream turbulence and acoustical 
disturbances (sound) with model vibrations, leading-edge 
curvature, discontinuities in surface curvature, etc. the 
presence of roughness that may enhance a stationary 
streamwise vortex would be important Any one or a 
combination of these may lead to unstable waves in the 
boundary layer. If the initial amplitudes of the 
disturbances are small they will tend to excite the linear 
normal modes of the boundary layer. 

Whereas linear stability theory predicts that the 



mvelling crossflow waves are more amplified than the 
stationary crossflow waves, many experiments observe 
stationary waves. The question of whether one observes 
stationary or travelling crossflow waves is cast inside the 
receptivity problem. Bippes and Miiller (1990) and 
Bippes (1991) describe a series of comparative 
experiments in a low-turbulence tunnel and a high- 
turbulence tunnel. Their results show that travelling 
crossflow waves are observed in the high-turbulence 
tunnel rich in unsteady freestream disturbances and the 
dominant structure in a low-turbulence tunnel is a 
stationary crossflow vortex. Since the flight 
environment is more benign than the wind tunnel, one 
expects the low-turbulence results to be more important. 
However, one of the important results to come out of the 
Bippes group is the set of data that show early saturation 
of the disturbance amplitude and the failure of linear 
theory to predict any trends. 

4.2 A secondary instability leading to transition. 

The ASU experiment uses the NLF(2)-0415 airfoil 
(Somers and Horstmann, 1985) as the basic test 
configuration. The model has a pressure minimum on 
the upper surface at approximately x/c = 0.71 and thus is 
an ideal crossflow generator when swept. Specially 
designed wall liners within the wind-tunnel nozzle and 
test section produce an infinite-swept-wing flow with no 
spanwise gradients (Dagenhart, 1992). Standard 
boundary-layer des (Kaups and Cebeci, 1977) are used 
for this configuration. The predicted pressure fields and 
undisturbed boundary-layer profiles are in agreement 
with the measurements. 

With a 45" sweep and a small negative angle of attack, 
the favorable pressure gradient produces a boundary- 
layer flow that is subcritical to Tollmien-Schlichting 
(T-S) wave formation at moderate chord Reynolds 
numbers, but produces considerable crossflow. This 
permits the isolated examination of the crossflow 
stability problem. The instability at a = 4" was 
analyzed using the MARIA and SALLY stability des. 
At a chord Reynolds number of Re, = 3.8 x le, the 
maximum predicted N-factor is N = 16.0 forf= 200 Hz. 
Dagenhart (1981) indicates that transition may be 
expected for N-factors in the range from 9 to 11. Thus, 
for sufficiently high Reynolds numbers (less than 3.8 x 
l e ) ,  the transition due to crossflow vortex amplification 
is expected to occur well ahead of the pressure minimum 
at d c  = 0.7 1. The fundamental linear stability results for 
this configuration are complete and include the 
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wavelengths, local growth rates, frequencies, and 
evolution pattems of the crossflow vortices in the linear 
range (Saric et al. 1989; Dagenhart et al. 1989, 1990, 
Dagenhart 1992). In this work, the frequencies of the 
crossflow instability are observed to establish the 
existence of the theoretically-predicted moving 
crossflow vortices in addition to stationary crossflow 
vortices. 

The nonlinear processes that control transition are 
documented by Kohama et al. (1991). In this work, the 
stationury crossflow vortex is shown to be the harbinger 
of transition by causing a high-frequency secondary 
instability which results from distortions in the steady 
boundary-layer flow. 

Our previous work showed that detailed measurements 
within the boundary layer can reveal both the travelling 
and stationary waves according b linear theory. 
However, our recent work (Kohama et al. 1991) showed 
that even though the travelling wave is more highly 
amplified, the mean flow distortion due to the stationary 
vortex induces a high-frequency secondary instability 
that leads to transition. Thus, crossflow oansition is 
determined by the characteristics of the stationary wave. 

The receptivity problem for stationary vortices is cast 
within sources of streamwise vorticity. We have shown 
(Saric et al. 1990) that even in the Stokes-flow limit, the 
flow around a small roughness within a shear layer 
separates and is a source of vorticity. Thus the present 
work concentrates on the role of surface roughness in 
influencing swept-wing transition. 

4.2.1. Qualitative observations of the secondary 

instability 

The experiments are conducted at a variety of chord 
Reynolds numbers. Nevertheless it is instructive to 
describe the changes in the instability patterns for a 
particular freestream speed of 25 m/s (Re, = 2.66 x 109. 
In this case transition occurs at approximately 5Wo 
chord. As measurements were taken in the chord 
direction from the attachment line to mid chord the 
following processes are noted to occur. First, near 5% 
chord, the onset of the instability has just begun as 
shown in Fig. 22. At 20% chord, weak crossflow 
vortices are observed in the frequency range predicted by 
linear theory (0 - 180 Hz) and they can be illustrated as 
shown in Fig. 23. The shaded area in the fourth image of 
Fig. 23 shows the displacement of the low-momentum 
fluid and the third image shows the location of the 
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naphthalene streaks. In areas of higher shear, the 
naphthalene sublimes faster. 

Between 30% and 40% chord, the second harmonic of 
the fundamental mode is observed (up to 360 Hz) with 
some distortion of the stationary velocity profdes due to 
the periodic displacement of low- and high-momentum 
fluid. These observations correspond to the wave 
doubling observed by Safic and Yeates (1985) and 
predicted by Reed (1987), Kohama (1987), and Fischer 
and Dallmann (1991). This is illustrated in Fig. 24. 

In the neighborhood of 40% chord, large distortions of 
the stationary profiles occur that include multiple 
inflection points in the streamwise velocity component. 
In this region, the high-frequency secondary instability is 
detected and spatial relations of the process are well 
documented by coupled use of flow visualization and 
hot-wire measurement. A schematic sketch of the 
transition region where the secondary instability is 
amplified is illustrated in Fig. 25. Because of the 
continued roll up of low-momentum fluid, a region of 
high-momentum fluid is flanked by low-momentum 
fluid giving rise to multiple inflection points high in the 
boundary layer. Figs. 26 and 27 are boundary layer 
profiles which show not only the normal-to-the-wall 
distortion but also the spanwise distortion since these 
measurements are only 3 mm apan 

The high-frequency secondary instability starts to appear 
when the streamwise velocity profiles (x-z plane) begin 
to involve a strongly non-linear development (tophat- 
like deformations in each peak position of the signal). 
The developing process of the high-frequency 
disturbance (cerotating vortices with axes in the 
crossflow direction and moving in the chord direction) 
and the stationary crossflow vortices (again cerotating 
vortices with axes in the chord direction) is found to be 
similar in that they involve top-hat-like deformation in 
each peak region and then a negative kink. two negative 
kinks, and at final stage, irregularity in peak region. This 
process shows that the turbulence starts to appear from 
the region between the edge and about the middle height 
of the boundary layer owing to the cascades of 
instabilities (most of them are local inflectional 
instabilities) as conjectured earlier by Kohama (1987). 

As those two instabilities develop and interact with each 
other, many other instabilities begin to appear, such as 
cascades of instabilities spatially and locally in the 
transition region, and eventually this leads to a fully 
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turbulent state. 

So, as far as the 3-D transition is concerned, theenergy 
which drives the boundary-layer into turbulence is 
produced by the ejection-like motion of co-rotating 
stationary crossflow vortices (v‘ component) near the 
edge of the boundary-layer. Then this energy is fed to 
the high-frequency secondary instability and other 
instabilities occurring inside the vortices. The 
remarkable thing about this p e s s  is that the high- 
frequency breakdown process is confined to a few 
millimeters in the span direction. The spanwise scale of 
the crossflow vortices is Same as the boundary layer 
thickness. The chordwise wavelength of the high- 
frequency disturbance is also of the same order. 
Moreover, the spanwise gradients of the mean flow are 
of the same order as the normal-to-the-wall gradients. 
Thus, this breakdown may be similar to the that reported 
by Swearingen (1985) and Swearingen and Blackwelder 
(1987) for the breakdown of GWer vortices. 

The secondary instability therefore, plays a more 
important role than the primary instability in driving the 
boundary-layer directly to a fully turbulent state. 

The paper contains series of spanwise hot-wire traverses 
in the region of the secondary instability. Profiles and 
spectra are given. The narrow spanwise region of the 
breakdown is carefully delineated by very detailed 
measurements. 

4.2.2. Quantitative observations 

This high-frequency instability is possibly related to the 
observations of Poll (1985) who mentions such an 
instability without the detailed measurements. In our 
case, it is definitely not a T-S wave and it is not any sort 
of travelling crossflow wave. The ideas that develop 
from Fig 34 come from some of the observations of 
flows over rotating cones, spheres, and disks (Kohama 
1987). 

A single hot-wire probe was placed at x/c = 0.4, y/S = 
0.5 mid span. In this case. the flow velocity is 25 m/s 
(Re = 2.66 x loa) and transition occurs at around x/c = 
0.5. The spectrum shows high-frequency travelling 
disturbances centered around f = 3 kHz are present. Poll 
(1985) reports a very high-frequency (f = 17.5 IrHz) 
disturbance on a swept-cylinder model which may be the 
earliest observation of what we see here. However, Itoh 
(1991) reports critical Reynolds numbers for T-S waves 
on the swept cylinder and this feature must also be 
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calculated for Poll's experiment. 

These high-frequency disturbances are riding over the 
disturbance f = 350 Hz which is probably the harmonic 
of the most amplified wave or a destabilized T-S wave. 
Henceforth, we will identify the two frequencies as f, = 
350 Hz and f2 = 3.5 kHz. According to Kohama 
(1987a). f2 will be the streamwise inflectional instability 
appearing on top of each of the streamwise crossflow 
vortices. In order to determine the cause of this 
instability, we have done intensive measurements on the 
last stage of the transition by using hot wires and flow 
visualization. The developing process of the secondary 
(high frequency signal with f2 = 3.5 kHz, in this case) 
instability is observed by placing a hot-wire probe at x/c 
= 0.46, y/S = 0.5 in mid span. When U, = 21.7 4 s .  
there seems to be no disturbance in the time signal. 
However, in the FFT analysis, a spectral peak at f2 = 3.5 
kHz is observed. As we increase the Reynolds number 
by changing freest" velocity, the disturbance begins 
to grow in amplitude. As we keep increasing the 
Reynolds number, the peak positions in each cycle of the 
disturbance start to deform into top-hat-like ones and 
then into "wave doubling" profiles (starting to involve 
one kink in each peak). By increasing the Reynolds 
number further, we obtain double kinks (or wave 
tripling) or almost flat peaks where the IW profile is 
almost turbulent. These developing processes of the 
disturbance resemble the one given by Kohama (1987a) 
for the "wave doubling" process of crossflow vortices as 
first observed by Saric and Yeates (1985). 

It is very interesting to observe that the amplification 
factor for the secondary instability differs by more than 
ten in the narrow spacing of about half a wavelength 
(less than 4 mm). This has been qualitatively confirmed 
by Reed and Fuciarelli (1991). It is also interesting to 
observe that the frequency between these two regions 
differs from 4.0 kHz at the minimum position to 3.4 kHz 
at the maximum position. This implies that the spatial 
size (in the stream direction) of the disturbance grows as 
it develops. However, this occurs over very short 
distances and may not be able to be resolved. 

4.23. Concluswns 

This work concentrates on the details of a high- 
frequency breakdown of stationary crossflow vortices in 
a three-dimensional boundary layer. A low-disturbance 
environment is used in order to minimize extraneous 
disturbances. The test conditions are such that the flow 

is subcritical to all disturbances except crossflow 
vortices. whereas travelling crossflow vortices are 
observed in our experiments. as linear theory predi&s, it 
is shown that the transition process is dominated by the 
secondary instability associated with the stationary 
~tructure. 

Through intensive measurement near the end of the 
laminar region and extending into the transition region 
using both hot wire and visualization, quantitative 
information with qualitative view of the complicated 
transition process is obtained. At this transition stage, 
nonlinear development and deformations of the primary 
instability occurs, and through this process, a high 
frequency secondary instability is driven. As they 
develop and interact with each other, many other 
instabilities (most of them are inflectional ones) start to 
appear like cascades of instabilities, spatially and locally, 
in the transition region. 

As long as the 3-D transition is concerned, the energy 
which drives the boundary layer into turbulence is 
produced by the ejection-like motion of CO-rotating 
stationary crossflow vortices (v', w' components) near 
the edge of the boundary layer. Then this energy is fed 
to the high-frequency secondary instability and other 
inflectional instabilities occurring inside the vortices. 

5. ROUGHNESS RECEPTIVITY IN 3-D 
BOUNDARY LAYERS 

5.1 Distributed micron-sized roughness due to 
surface fmish 

5.1 . I .  Experimental methods 

The results from this part of the study are obtained from 
naphthalene flow visualization. This technique relies on 
the sublimation paaems of the naphthalene to identify 
the stationary crossflow structure and the location of 
transition. This technique was calibrated in previous 
experiments by the use of surface-mounted hot films 
(Dagenhart et al. 1989; Mangalam et al. 1990). Surface 
roughness measurements were done by taking castings of 
the surface with a dental pattern resin which created a 
rigid sample suitable for profilometer measurements. 
This idea originally came from Coke (privute 
communication). Figure 28 shows the surface 
characteristics of the painted model. This is the surface 
of all of the previous experiments. The peak-to-peak 
roughness in this case is around 8 to 10 pm. The paint 
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was removed and the surface was sanded and machine- 
polished to the level of Fig. 29. Here the surface finish is 
0.5 pn rms. The model was then subjected to a 
systematic hand-polish and the surface finish was 
reduced to 0.1 pn rms in the midchord region and 0.25 
pn rms near the attachment line as shown in Fig. 30. 

5.1.2. Results 

Transition measurements are conducted at a number of 
different chord Reynolds numbers, Re,, under the 
conditions of different surface finishes described above. 
In Fig. 31, the transition location. x& is shown to 
increase with subsequent levels of polishing of the 
model. The painted-surface results are from Dagenhart 
et al. (1989). The polished-surface results show quite 
dramatically the effect of surface finish and the 
sensitivity to even small changes in surface roughness. 

5.2 Isolated roughness elements 

5.2.1. Experimental methods 

The roughness elements are obtained by applying "rub- 
on" symbols from transfer sheets commonly used in the 
graphic arts. Geographics Inc. manufactures a large 
variety of symbols which includes a convenient range of 
sizes of circular dots. The dimensions of the applied 
elements are carefully calibrated by repeatedly applying 
them to an aluminum block. The applied elements are 
carefully measured using a dial-indicator displacement 
gauge and a profdometer. The average height of the 
elements is 6 pm. Note that earlier reports indicated a 
height of 9 pn, based on preliminary measurements. 
The surface of the elements is uneven, with thickness 
variations on the order of 20%. Taller elements are 
created by stacking the 6 pn dots. Careful 
measurements indicate a mean thickness of 6 pm per 
layer, with very little compression of the lower layers. 
The sides of the elements are not perfectly straight 
because the pressure applied during installation spreads 
the material slightly at the edges. 

5.22. Effect on transition 

When a 6 pm roughness element (3.7 mm diameter) was 
introduced at xlc = 0.023, local transition retumed to its 
original upstream location near x,$c = 0.40. Preliminary 
reports on this work contained a misprint which 
identified the roughness location as xlc = 0.04. The 
value xlc = 0.023 reported here is the correct position. 

The naphthalene flow visualization reveals that the early 

transition occurs in the vicinity of the particular 
stationary crossflow vortex which passes near the 
roughness location. Roughness elements were placed 
along the chord direction and it was found that transition 
was not influenced. Thus, the roughness effect seems to 
be confined to a small region near the attachment line 
where crossflow distwbances first begin to be ampWied 
(this is discussed below). This justifies a posteriori the 
use of naphthalene in the midchord region. 

5 2 3 .  Roughness diameter 

In order to fully characterize the effect of isolated 
roughness near the attachment line, a variety of 
roughness sizes are introduced at xlc = 0.023. 
Roughness diameters, D ,  ranged from 0.3 mm to 3.7 
mm, which corresponds to 0.08 to 0.5 times the 
stationary crossflow vortex wavelength, &. Heights 
varied between 6 pn and 36 pn. The roughness 
Reynolds number, Reb based on roughness height and 
local velocity ranged from 0.12 to 4.5. Flow- 
visualization measurements reveal a strong dependence 
of transition location on both the roughness height and 
the roughness diameter as shown in Fig. 32. The 
transition location moves forward for the larger 
diameters and heights, and moves downstream as the 
roughness size is reduced. However, Fig. 32 also shows 
that once the roughness diameter becomes smaller than 
about 10% of b, the transition location r e m s  to the 
xlc = 0.7 (pressure minimum) location, and is not 
influenced by the roughness, even as the height is 
increased. This may be because at these small diameters, 
the roughness induces no net streamwise vorticity on the 
scale of the stationary vortices. 

The effect of roughness diameter on the transition 
location is repeated at three different unit Reynolds 
numbers. The results are shown in Figs. 33 and 34. 
Figure 33 shows transition location vs. roughness 
diameter, while Fig. 34 shows transition Reynolds 
number versus roughness diameter. It is again apparent 
that for small roughness diameters, the transition Re 
returns to the clean-surface value. In Fig. 34, it is clear 
that the dependence of transition on Re, is not really a 
unit-Reynolds-number effect, but instead is an Rek effect. 

These measurements illustrate the importance of 
spanwise scale, vis h vis with k ~ ,  in assessing the role 
of surface roughness. Note that these conclusions are for 
Rek < 4.5. Obviously, small diameter but larger 
roughness heights (like paint specks) could cause early 
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transition. 

5.2.4. 3-0 roughness location 

The effect of roughness location is determined by 
systematically applying-single 6 pm elements at chord 
locations between XIc = 0.005 and XIc = 0.045. Figures 
35 and 36 clearly show that the transition location is very 
sensitive to the roughness position. For the data shown, 
the attachment line is at XIc = 0.007 and the neutral point 
is at XIc = 0.02. When the roughness is located upstream 
of the neutral point, the crossflow modes influenced by 
the roughness will initially decay, so the influence of the 
roughness is minimized. For roughness too far 
downstream of the neutral point, the influence is also 
minimized, with roughness beyond XIc = 0.04 having no 
effect on the transition location at least for Rek < 4.5. 
This quantitatively justifies the early comments about the 
role of roughness in the midchord region. 

5.25.  2-0  roughness 

When a long (100 mm) spanwise strip of 6 p n  
roughness is applied at XIc = 0.023. early transition 
wedges appear downstream only on the stationary 
vortices which originate near the ends of the roughness 
strip. This confirms the idea that the most important 
effect of the roughness is to seed the crossflow vortices 
by injecting streamwise vorticity as the separated region 
wraps around the edges of the roughness. The wake 
behind the center regions of the strip is stable and has no 
influence on the transition location. 

5.2.6. Insensitivity to fieestream sound 

Sound, along with 2-D and 3-D roughness (following 
Saric et al. 1991 for 2-D boundary layers), has no 
observable effects on transition. Sound pressure levels 

frequencies, e.g. the frequency of the maximum 
amplified travelling crossflow wave, the Erequency of a 
destabilized T-S wave, the frequency of the secondary 
instability, as well as broad-band sound, with negative 
results in each case. This further substantiates the 
important role of the stationary crossflow wave in 
causing transition in this flow condition. 

of up to 95 dB are introduced at all important 

52.7. Hot-wire measurements 

Detailed hot-wire measurements are made downstream 
of the isolated roughness element in order to further 
quantify the behavior of the roughness-induced vortices. 
Because the stationary vortices are very weak. a direct 

measurement of the v' and w' velocities is impossible. 
However, when acting over large distances, these weak 
vortices produce strong distortions (10% to 50%) in the 
streamwise velocity profile, and this can be easily 
measured. Four different chord locations and three 
different heights in the boundary layer are chosen for 
hot-wire s~ans. 

Figure 37 displays the results at XIc = 0.35, and shows a 
modulation in the seeamwise velocity over the entire 
scan and a strong modulation in the region influenced by 
the roughness element. Tracing the streamline 
downstream from the roughness element would locate it 
at z = 25 mm in Fig. 37. The strongest gradients in U' 

occur well up in the boundary as documented by 
Kohama et al. (1991). The spatial power spectrum 
shows a vortex wavelength of about 8 mm (when 
projected from the constant chord line at 45 degrees to 
the direction perpendicular to the crossflow vortex axis). 
This agrees with the vortex spacing observed with flow 
visualization. With the large data set of hot-wire 
measurements, it was not possible t measure meaningful 
amplification rates. All of measurements showed some 
sort of saturation of the crossflow structure. Since the 
amplitudes are very high, this should not be a surprise. 
This c o n h s  the observed satmtion in the Bippes 
experiments. 

5.2.8. Comparison with 2 - 0  boundary layers 

In the case of 2-D boundary layers (either unswept wings 
or swept wings in the midchord and weak dpldx) small 
3-D roughness does not directly influence the T-S 
instability. Here, 2-D roughness is more important as a 
receptivity mechanism (Saric et al. 1991). The von 
Doenhoff and Braslow (1961) collection of data refers 
only to cases where the 3-D roughness directly trips a 
transition wedge. As such, it is basic-state independent 
since transition is occurring due to a wake instability of 
the flow behind the roughness element (they refer to this 
as T-S but it is neither T-S nor crossflow). This 
mechanism is operative at the "high" Rek values ( >> 100). 
Hence, because much of the data are taken from 2-D 
boundary layers, only the "direct trip" mechanism is 
recorded and any influence on the linear stability part of 
the process is by-passed. The recent experiments of 
Juillen and Amal(1990) confirm the von Doenhoff and 
Braslow (1961) correlation for large roughness in 3-D 
boundary layers. In contrast, the present results show 
how roughness influences the linear stability part of 
crossflow-vortex amplification. 
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5.2.9. Conclusions 

We can conclude the following: In a low-disturbance 
environment, stationary crossflow vortices dominate 
transition via a high-frequency secondary instability 
(Kohama et al. 1991). The initial conditions 
(receptivity) are determined by surface roughness and 
roughness influences linear stability (hence N-factors). 
Isolated roughness influences transition until the 
diameter is less than 8% of the crossflow wavelength. 
Rek in the range of 1 to 4 can change N by 3 or 4. 
Distributed roughness (random) appears to have the 
dangerous scales that effect transition. 

In a higher-disturbance environment, stronger initial 
conditions are present for the travelling modes. In this 
case travelling crossflow waves dominate transition 
(Bippes and Muller, 1990; Bippes, 1991) and the saw- 
tooth pattem of transition is not strong. One may 
conjecture that roughness is not as important in this case. 

The saturation phenomena of crossflow vortices and the 
measurements of phase and p u p  velocity directions 
that are measured by Bippes and co-workers is important 
work and is cofmed here. Ongoing work at ASU shows 
that in a weak growth environment and amplitudes of 
only 1% - 3 2 ,  nonlinear saturation is still present. This 
holds all the way to 5% chord This may be part of 
Arnal(1993) conjecture that eN methods do not work in 
crossflow dominated flows. 
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(1990). 
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Figure 3. Neutral stability curve for a Blasius Boundary Layer. Here F is multiplied by 106. 
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Figure 6. Spectrum of flat T-S response in Figure 7. Evolution of a T-S waves under 
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Figun 8a. Visualization of turbulent Figure 8b. Visualization of boundary layer 
transition ahead of separation at 
a = 6', Reda (1991). Solid line. 

reattachment at a = 0'. Reda 
(1991). Dashedline. 

I 

Figure 9a. Visualization of transition. Figure 9b. Visualization of transition. 
Same conditions as figure 9a. 
Knapp and Roache (1968). 

Knapp and Roache (1968). 



Figure 10 (b) 

Figure 10 (c) 

Figure 10. Visualization of different transition mechanisms. Saric (1986). 
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Figure 11. Visualization of IC-type breakdown. S d c  (1986). 

Figure 12. Wave packet development along Figure 13. Contours of the signal envelope 
the centre line shown by a set of amplitude at various distances 
signal records at various from the source. Gaster and 
downstream locations. Gaster Grant (1975). 
and Grant (1975). 
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>>> H > >  
Subharmonic instability 

>>> K > >> 
Fundamental instability 

Figure 14. Schematic of breakdown mechanisms in Figure 10. 

Figure 15. Vortex lines with A = 2.0%. The flow goes from lower right to upper left. 

Figure 16. Vortex lines with A = 2.0%. The flow goes from lower right to upper left. 
Elliptical streamwise vortices with maximum U perturbation of 1.8% are 
included. Singer et al. (1989). 
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- Reccptirity to freestream long-wavelength disturbances 

* broadening of wave-no. s p e c "  is required. 

* Theory 

It occurs in the boundarvdaye; where there are rapid 
local variations in the mean flow. 
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Figure. 18. Receptivity. Lin et al. (1991). 
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Figure 19. Disturbance amplitude with increasing tape height. Each layer of 45 pm tape is 
placed at x = 0.62 m, Rn = 582. Response recorded at x = 1.83 m, Rn = 1121, 
"/Uo = 0.3,lO Hz bandpass. Saric et al. (1991). 
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Figure 22. Stage 1 development of 
crossflow vortex structure. 
Neutral disturbances at 
x/c  = 0.2. Kohama et al. 
(1991). 
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Figure 24. Stage 3 development of 
crossflow vortex structure. 
Initiation of inflectional 
profiles at x / c  = 0.35. 
Kohama et al. (1991). 
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Figure 23. Stage 2 development of 
crossflow vortex structure. 
Linear disturbance growth at 
x/c = 0.2. Kohama et al. 
(1991) 
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Figure 25. Stage 4 development of 
crossflow vortex structure. 
Illustration of double 
inflection profiles at 
X / C  = 0.4. Kohama et al. 
(1991). 



4- 

// 

-#E- 

0 . 4  0.6 0 

3.5 

3 

2 . 5  

2 

1.5 

0.5 

4 

3 .5 

3 

2.5 

- e 
= 2  
r 

1.5 

URIC 

t 
- i 

/.a '2" 

figure 26. Mean velocity profile at x/c = 0.4. z = -0.45" for a = 4 and Rq, = 2.66 x 106. 
Kohama et al. (1991). 

0.5 lm;<F- . , r f l .  

O O  0 . 2  0.4 0 . 6  0.8 1 1.2 

figure 27. Mean velocity p f d e  at x/c = 0.4, z = 2.55" for a = -4' and Reo = 2 . 6 6 ~  106. 
Kohama et al. (1991). 



1-49 

10 "I 
5 

E 
b o  

-5 

-1 0 

- 
% 

-15 ' 2Ooo 2500 
1500 

-20 
0 500 lo00 

2 (Fun) 

Figure 28. Profilometer measurement of 
NLF (2)-0415 surface 
roughness. Painted surface- 
filtered 20 pm to 1500 pm, 
m s  = 3.30 pm Radeztsky et 
al. (1993). 
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NLF (2)-0415 surface 
roughness. Hand polish- 
filtered 20 pm to 1500 pm. 
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Figure 29. Profilometer measurement of 
NLF (2)-0415 surface 
roughness. First polish- 
filtered 20 pm to 1500 pm, 
qns = 0.509 pm. Radeztsky 
et al. (1993). 
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Figure 31. Napthalene visualization 
results showing average 
transition location vs. chord 
Reynolds number for three 
different surface finishes. 
Paint roughness is measured 
peak-to-peak. Polished 
mughness is rms. Radeztsky 
et al. (1993). 
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Figure 32. Napthalene visualization results showing average transition location vs. chord 
Reynolds number for three different surface finishes. Paint roughness is measured 
peak-to-peak. Polished roughness is rms. Radeztsky et al. (1993). 
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Figure 35. Variation of transition Figure 36. Variation of transition 
location with roughness xlc at Reynolds number with 
three chord Reynolds roughness xlc at three chord 
numbers. ,Radeztsky et al. Reyno lds  numbers.  
(1993). Radeztsky et al. (1993). 
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BOUNDARY LAYER TRANSITION : 
PREDICTIONS BASED ON LINEAR THEORY 

D. ARNAL 

CERT/ONERA 
Department of Aerothermodynamics 

2 avenue E. Belin - 31055 TOULOUSE Cedex (FRANCE) 

SUMMARY 

The objective of this paper is to discuss the possibilities 
of transition prediction by using the eigenvalues of the 
classical linear stability equations. Emphasis is placed 
on the en method, with applications to two- and three- 
dimensional flows. It is shown that the value of the n 
factor at the onset of transition depends on the 
disturbance environment. On swept wings, it depends 
also on the procedure which is adopted to integrate the 
growth rates. In spite of its shortcomings (the 
receptivity and the nonlinear processes are not accounted 
for), the en method is useful for parametric studies. 
Applications to the attachment line flow and to the 
GUrtler instability are also presented. 

6. A PARTICULAR PROBLEM: THE ATTACH- 
MENT LINE FLOW 
6.1 .The flow along the attachment line (low speed) 
6.2.Stability and transition (low speed) 
6.3.Extension to compressible flow 

7. GORTLER INSTABILITY 
7.1 .General features 
7.2.Linear stability of the GUrtler vortices 
7.3.The e" method for the GUrtler vortices 

8. CONCLUDING REMARKS 

1 - INTRODUCTION 
CONTENTS 

1. INTRODUCTION 

2. LINEAR STABILITY THEORY 
2.1 .Historical background 
2.2.Problem formulation 
2.3.Inviscid theory 
2.4.Typical results for two-dimensional flows 
2.5.Typical results for three-dimensional flows 
2.6.What can (cannot) be predicted by the linear 
theory ? 
2.7.Principle of the en method 

3. HOW DOES ONE COMPUTE THE n FACTOR ? 
3.1.Two-dimensional, incompressible flow 
3.2.Two-dimensiona1, compressible flow 
3.3.Three-dimensional flow 
3.4.Accuracy of the n factor computations 

4. VALUE OF THE n FACTOR AT THE ONSET 
OF TRANSITION 
4.0.Experimental definition of the transition 
location 
4.1.Two-dimensional flow : low speed 
4.2.Two-dimensional flow : transonic speed 
4.3.Two-dimensional flow : high speed 
4.4.Three-dimensional flow 

5 .  SHORTCOMINGS AND USEF"ESS OF THE 
en METHOD 
5.1.What the en method is lacking 
5.2.Parametric studies 

The subject of laminar-turbulent transition is of 
considerable practical interest and has a wide range of 
engineering applications, due to the fact that transition 
controls the evolution of important aerodynamic 
quantities such as drag or heat transfer. For example, the 
heating rates generated by a turbulent boundary layer 
may be several times higher than those for a laminar 
boundary layer, and so the prediction of transition is of 
great importance for hypersonic reentry vehicles. For 
high subsonic-speed, commercial transport aircraft, the 
achievement of laminar flow can significantly reduce the 
drag on the wings and hence the specific consumption of 
the aircraft. This problem, as well as the turbulent drag 
reduction problem, are reviewed and discussed in the 
notes of the Special Course on Skin Friction Drag 
Reduction held at VKI in 1992 [I]. A good knowledge 
of the transition mechanisms is also required to reduce 
hydrodynamically generated noise beneath transitional 
flows. 

These examples explain why for many years a large 
amount of theoretical, numerical and experimental work 
has been devoted to the laminar-turbulent transition 
problems . There are, in fact, several paths to 
turbulence, which can be summarized as follows. Let us 
consider a laminar flow developing along a given body. 
It is strongly affected by the various types of forced 
disturbances generated by the model itself (roughness, 
vibrations, ...) or existing in the free stream (noise, 
turbulence, ...). If the amplitude of the forced 
disturbances is large (high free stream turbulence level, 
large isolated roughness elements ...), non linear 
phenomena are immediately observed in the laminar 
boundary layer, and transition occurs a short distance 

Presented at an AGARD-VKI Special Course on 'Progress in Transition Modelling', March-April 1993. 
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downstream of the leading edge of the body. This 
mechanism is known as a "bypass" (Morkovin [2]) in 
this sense that the linear stages of the transition process 
are ignored (bypassed). It will not be discussed in the 
present paper, where attention is focused on phenomena 
occurring over (relatively) smooth surfaces in a 
(relatively) low disturbance environment. 

The physical description of the mechanisms that drive 
the dynamics of transition to turbulence was given by 
Saric 131 at the beginning of this Lecture Series. When 
the amplitude of the forced disturbances is small, the 
first step of the transition process is the so-called 
boundary layer receptivity (Morkovin [4]). Receptivity 
refers to the mechanisms that cause the environmental 
disturbances to enter the boundary layer and to generate 
unstable waves. The linear amplification of these waves 
constitutes the second step of the transition 
mechanisms, and it can be described by the linear 
stability theory. The third stage occurs when the 
unstable waves reach a finite amplitude ; their behavior 
begins to deviate from that predicted by the linear 
theory. Wave/wave interactions and higher order 
instabilities are observed. This nonlinear evolution 
results eventually in the breakdown to turbulence with 
the first occurrence of turbulent shuctures, the so-called 
Emmons spots. At this point, the shape factor of the 
mean velocity profile begins to decrease, while the skin 
friction and/or the heat transfer at the wall start to exceed 
their laminar values. The last stage is the development 
of the turbulent spots up to the fully turbulent regime. 

It is clear that a rigorous modelling of such a sequence 
of complicated phenomena appears to be a very difficult 
task. The first problem is that the detailed characteristics 
of the forced disturbances are not very well known in 
many circumstances; for instance the free stream 
turbulence level is usually characterized by the amplitude 
of the streamwise velocity fluctuations only. Secondly, 
the receptivity theories cannot be used routinely for 
practical purposes, because the results are restricted to 
simple cases. Thirdly, many aspects of the last stages of 
the transition process are still unclear for three- 
dimensional and/or compressible flows. 

A pessimistic conclusion could be that a "good" 
prediction of transition is impossible. In spite of this 
negative situation, transition predictions must be made. 
The objective of this Special Course is to give a review 
of the recent progress in transition modelling and to 
describe the tools which could be useful for the 
researcher and/or for the designer. More precisely, the 
present paper is devoted to the analysis of the advantages 
and shortcomings of the popular "en method", that is 
currently used by people who are assigned the job of 
making transition prediction. As this technique is based 
on linear stability only, receptivity .and nonlinear 
mechanisms are not taken into account, therefore the 
limitations of the method are clear. For this reason, it 
must be considered as a short term answer U, practical 
problems. More sophisticated approaches such as Direct 
Navier-Stokes Simulations (DNS) or Parabolized 

Stability Equations (PSE) will be described during the 
following lectures of this Special Course. 

The main features of the linear theory are reviewed in 
Section 2 of this report, together with the principle of 
the en method. Sections 3 and 4 try U, answer two basic 
questions : how does one compute the n factor in 
complex cases ? What is the "magic" value of n at the 
onset of transition? Applications of the method are 
given in Section 5,  and its limitations are pointed out. 
Finally, Sections 6 and 7 wncentrate on two particular 
types of instability : the instability of the attachment 
line flow of a swept wing, and the instability occurring 
on a concave surface (Gortler vortices). 
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2. LINEAR STABILITY THEORY 

2.1. Historical background 

The instability leading to transition starts with the 
growth of sinusoidal disturbances, the existence of 
which was first demonstrated by the experiments of 
Schubauer and Skramstad (1948, [5]), in incompressible 
flow. In fact, the development of small, regular 
oscillations traveling in the laminar boundary layer was 
postulated by Rayleigh (1887) and Prandtl(l921) many 
decades ago. Some years later, Tollmien worked out a 
complete theory of boundary layer instability (1929) and 
Schlichting calculated the total amplification of the 
most unstable frequencies (1933). For this reason, the 
instability waves are often referred to as the "Tollmien- 
Schlichting waves" (TS waves). A complete description 
of this pioneering work can be found in Schlichting's 
book [6]. Nevertheless, the so-called "linear stability 
theory" received little acceptance, essentially because of 
the lack of experimental results. The experiments 
performed by Schubauer and Skramstad completely 
revised this opinion by demonstrating that TS waves 
constitute the first stage of the transition process. In the 
last forty years, a large amount of work has been devoted 
to a more and more complete understanding of the linear 
mechanisms occurring at low speeds. 

In compressible flow, the problem becomes more 
complex. The first attempt to develop a compressible 
linear stability theory was made by Kiichemann (1938). 
One of the most important theoretical investigation was 
carried out by Lees and Lin (1946, [7]), who used an 
asymptotic theory and deduced from the inviscid 
equations some fundamental results related to the 
"generalized inflection point" (see below, paragraph 
2.3.). Subsequent papers by'Lees [8], Dunn and Lin [9], 
Lees and Reshotko [lo] were also based on asymptotic 
theories. However, as it was pointed out by Mack, 
"some major differences between the incompressible and 
compressible theories were not uncovered until extensive 
calculations were carried out based on a direct numerical 
solution of the differential equations." From 1960 to the 
present time, Mack performed a thorough numerical 
investigation of the linear stability characteristics of 
compressible laminar boundary layers [ 111 to [ 171 ; his 
most important finding is the discovery of the higher 
unstable modes at supersonic speeds. Due to the 
development of high speed computers, extensive 
stability computations have been performed during the 
last years. Some of the most significant results will be 
presented in the next paragraph. 

2.2. Problem Formulation 

2.2.1. Assumptions - Eigenvalue problem 

Let us recall that the principle is to introduce small 
sinusoidal disturbances into the linearized Navier-Stokes 

equations in order to compute the range of unstable 
frequencies. It is assumed that-any fluctuating quantity r' 
(velocity, pressure, density or temperature) is expressed 
by : 

r' = r(y) exp [i (ax + pz - wt)] (2.1) 

x, y, z is an orthogonal coordinate system, which can be 
either Cartesian or curvilinear, y being normal to the 
surface. The complex amplitude function r depends on y 
only. In the general case, a, p and w are complex 
numbers. 

The fluctuation quantities are very small, so that the 
terms which are quadratic in the disturbances will be 
dropped in the Navier-Stokes equations. It is also 
assumed that the mean flow quantities do not change 
significantly over a wavelength of the disturbances ; 
therefore U and W (mean flow components in the x and 
z directions) as well as the mean temperature T are 
functions of y alone, and the normal velocity V is equal 
to zero: 

U = U(y) W = W(y) T = T(y) V = 0 

The implication of this m l l e l  flow app roximatiu is 
that stability at a particular station (x, z) is determined 
by local conditions at that station independent of all 
others. This assumption will be discussed in paragraph 
5.1.3.. 

This leads to a system of ordinary differential equations 
in y for the amplitude functions r(y) ; there are 4 
equations for an incompressible flow (continuity + the 
x,y,z momentum equations) and 6 equations for a 
compressible flow (the four previous equations + energy 
equation + equation of state) ; additional equations are of 
course needed for chemically reacting flows. For the 
simplest case of a two-dimensional, low speed flow with 
p = 0, the stability equations can be combined to obtain 
a single equation for the vertical component of the 
velocity fluctuation, cp ; it is the well-known Orr- 
Sommerfeld equation : 

cpIV - 2a2cp" + a4cp - iR [(aU - w) (cp" - a2q) 

- aU"cp] = 0 (2.2) 

NO) = 0, cp'(0) = 0 

U is the mean velocity component in the x direction and 
the denote differentiation with respect to y. 

Due to the homogeneous boundary conditions (the 
disturbances must vanish at the wall and in the free 
stream, except the pressure fluctuations which have a 
non zero amplitude at the wall), the problem is an 
eigenvalue one : when the mean flow is specified, non 
trivial solutions exist only for certain combinations of 
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the parameters a ,  p, w and R, where R is the Reynolds 
number. 

2.2.2. Temporal and spatial theories 

In the framework of the temporal theory, a and fi are 
real, w is a complex quantity : w = Wr + iWi. Relation 
(2.1) then becomes : 

r' = r(y) exp(wjt) exp [i (ax + pz - w)] 

Depending on the sign of the temporal amplification rate 
a i ,  the disturbances are damped (Wi < 0). amplified 
(mi > 0) or neutral ( a i  = 0). represents a 
frequency ; a and #I are the components of the 

wavenumber vector k in the x and z directions, 
respectively (see figure 2. la). The angle yt between the x 

dimtion and k is given by : 

+ 

+ 

When the spatial theory is used, w is real, a and p are 
complex : a = a r  + ia i  and p = Pr + ipi. r' is now 
expressed by : 

r' = r(y) exp(-ajx - pi.) exp[i(arx + prz - wt)] 

As it can be seen in figure 2.lb. we define a 

wavenumber vector k = (art Pr) and an amplification 

vector A = (-ai, -pi>, with angles w and $ with respect 
to the x direction : 

+ 
-) 

If pi is set equal to zero, the waves can be amplified 
(ai  < 0). neutral (ai = 0) or damped (ai > 0) in the x 
direction. 

From these definitions, it is now clear that any 
eigenvalue problem involves five real parameters with 
the temporal theory (a, p, q, Wi, R) and six with the 
spatial theory (ar, ai, Pr, pi, 0, R). The first s t  of 
parameters is often replaced by (a, w, q, Wj, R), while 
the second can be replaced by (ar,  a i ,  w, W. w, R). 
Numerically, the input data are the mean velocity and 
mean temperature profiles, the free stream Mach 
number, the stagnation temperature, the characteristics 
of the fluid and all but two of the previous real 
parameters. The computation gives the values of the two 
remaining parameters (eigenvalues) as well as the 
disturbance amplitude profiles (eigenfunctions). Some of 
the current numerical procedures are described in [ 171 for 
instance. 

Z 

-9 

k 

' I  
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k 
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b- Spatial theory 

Fig. 2.1 Notations 

2.2.3. Relation between spatial and temporal 
theories 

It is possible to convert a temporal to a spatial 
amplification rate by using the group velocity, which 
represents the velocity at which energy propagates in 
conservative systems. The general expression of the 

group velocity Vg is : 
+ 

+ 
Vg is, in general, complex but its imaginary part is 
small and can be neglected. To simplify the notations, 
+ 
Vg will denote the real part of the group velocity. In the 

temporal theury, Vg is expressed by : 
4 
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lr(y)I exp (- ai x) 1 - 1  

p h = z  

For two-dimensional waves (p = 0). the group velocity 
reduces to a scalar which will be denoted as Vg. It can be 
demonstrated that the temporal growth rate Wi can be 
converted to a spatial growth rate - ai by the following 
relationship : 

This transformation was first used by Schlichting [53]. 
It was later formally derived by Gaster [18] and bears his 
name. In principle, relation (2.3) is only valid for small 
values of mi, i.e. in the neighbourhood of the neutral 
curve. 

+ 
For oblique waves (p # 0), Vg has a norm I V g I and it 
makes an angle wg = tan-1 (aor/ap) / (ao,/aa)i 
with respect to the x direction. The previous result can 
be generalized to compute the spatial growth rate a g  
along the group velocity trajectory xg : 

(2.4) 

Applications of relation (2.4) will be given in 
paragraphs 3.2.2. and 3.3.1 .. 

2 .2 .4 .  Phys i ca l  d i s t u r b a n c e s  - W a v e  
"amplitude " 

The physical disturbances r are the real parts of (2.1). 

When the spatial theory is used for two-dimensional 
flows and for two-dimensional waves, r is expressed 

by : 

Ph 

1 

Ph 

I 

= 1dy)I exp (- ai X) COS (ar x - wt + $(y)) 
rPh 

with I r I =(r: + r:j" 

- 1  t 

r ph, the root mean square value of r is obtained by 
Ph' 

integrating the previous relationship over one temporal 
period : 

- 1  

If A represents the magnitude of r at some particular 

value of y (for instance the height for which I r I is 
maximum), it follows that : 

Ph 

1 d A  
A Ck = - a i  
- -  

As pointed out by Mack [ 141, "obviously, A could have 
been chosen at any y and (the previous expressions) 
would be the same. It is this property that enables us to 
talk about the "amplitude" of an instability wave in the 
same manner as the amplitude of a water wave even 
though this amplitude is a function of y." 

In the general case where the amplification vector has 
two components - a; and - pi, the previous expression 
becomes : 

- _ -  &dx+--& 1 aA 
A - A  ax A aZ 

1 aA - - a; and - - = - pi w i t h  - -- 1 aA 
A ax A az 

When the temporal theory is used, relation (2.5) is 
replaced by : 

1 d A  
A d t - O i  
- - -  

2.2.5. PSE approach 

A new formulation for the stability analysis was 
recently proposed by Herbert, see overview in [ 1291. In 
this approach, the general expression of the disturbances 
is : 

r' = r(x,y) exp [i(fl(x) + pz - wt)] 

de with ,=a(x) 

In wntrast to the local approach expressed by relation 
(2.1). the amplitude functions depend on y and x, and a 
depends on x. Substituting the previous expression into 
the stability equations, neglecting a2r/ax2 and 
linearization in r yield a partial differential equation of 
the form : 
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L r + M x  & + d a  z N r = O  

where L, M and N are operators in y with coefficients 
that depend on x and y through the appearance of the 
basic flow profiles. When daJdx is computed from a so- 
called normalization condition, the previous equation can 
be solved using a marching procedure in x with 
prescribed initial conditions : this constitutes the PSE 
(Parabolized Stability Equations) approach. The interest 
of this procedure is that the nonparallel effects are taken 
into account (it is also possible to introduce the non 
linear terms). A comprehensive analysis of the PSE 
approach is given in [129]. In this paper, the discussion 
will be restricted to the results obtained using the 
classical method of local approximation based on the 
parallel flow assumption. However reference will be 
made to the PSE procedure in paragraph 5.1.3. in order 
to estimate the influence of the nonparallel effects. 

2.3. Inviscid theory 

In this theory, it is assumed that the viscosity acts only 
on the mean profiles ; furthermore, the terms of the 
order l/R are neglected in the stability equations. As a 
consequence of this simplification, a number of 
mathematical results can be established ; they are 
summarized below. 

2.3.1.  Incompressible f low  

The Orr-Sommerfeld equation (fourth-order equation) 
reduces to the Rayleigh equation (second-order 
equation) : 

NO) = 0 and My) + O a s  y + 00 

It can be shown that a necessary condition for instability 
is the existence of an inflection point in the mean flow, 
i.e. there is an altitude ys such that : 

It has also been demonstrated that this condition is 
sufficient for bounded shear flows. This is the so-called 
inflectional instability. If there is an inflection point, a 
neutral wave with a phase velocity equal to U(ys) can 
exist. This means that for a two-dimensional mean 
velocity profile without an inflection point (Blasius 
flow or accelerated flow), instability is unlikely to exist 
in the limit of infinite Reynolds numbers. 

2.3.2. Compressible f l o w  

The mathematical study of the inviscid equations 
demonstrates the importance of two parameters : 

a) The first one is the so-called "generalized 
inflection point", which corresponds to the altitude y, 
where : 

where p and U are the mean density and the mean 
velocity. It was demonstrated by Lees and Lin [71 that 
the presence of such a point is a sufficient condition for 
the appearance of unstable disturbances ; it is also a 
necessary and sufficient condition for the existence of a 
neutral subsonic wave (the definition of a subsonic 
disturbance will be given below) ; the phase velocity of 
this wave is the mean velocity at y,. It can be Seen that 
(2.9) reduces to (2.8) in the absence of compressibility 
effects, i.e. when p = constant in the y direction. 

Let us consider the flat plate case. When the Mach 
number increases, the generalized inflection point goes 
from the wall towards the outer edge of the boundary 
layer, and the numerical results indicate that the range of 
unstable frequencies is enlarged at high Reynolds 
numbers. It is clear that this inflectional instability 
plays a crucial role for instability and transition in 
h ypersonics. 

b) The second parameter is the "relative Mach number", 

M . which is defined as : 
A 

A 
M = M - c/a (2.10) 

M is the local Mach number ; for classical boundary 
layer profiles, it increases from 0 to Me between the 
wall and the free stream. c is the phase velocity of the 
waves ; it does not depend on y : for two-dimensional 
waves (j3 = 0). c = or/a in temporal theory, and 
c = o/ar  in spatial theory. a represents the local speed 
of sound, which depends on the mean temperature 
distribution ; obviously, it has a non zero value at the 

wall. The disturbances are subsonic if M < 1. sonic 
A 

h A 
if M 2 = 1, supersonic if M 2 > 1 

If a wave is locally supersonic, say between y = 0 and 
y = YM (figure 2.2), the mathematical nature of the 
stability equations changes, and any eigenvalue problem 
has an infinite sequence of neutral solutions; for 
instance, in the temporal theory and for two-dimensional 
disturbances, there is an infinity of neutral waves 
( W i = O ) ,  having the same phase velocity w,/a but 
different wavenumbers a. These multiple solutions (the 
higher modes) were first discovered by Mack for 
boundary layer flows [I 11 ; in the case of adiabatic wall 
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conditions, they appear when the free stream Mach 
number exceeds 2.2. 

h 

M - c/a = M  

0 5 0  4 -1 0 

Fig. 2.2 Typical evolution of the relative 

Mach number r(h 

2.4. Typical results for two-dimensional 
flows 

2.4.1. Results f o r  zero pressure gradient 
flow on adiabatic walls 

The stability diagrams which are presented below were 
obtained by using a computer code developed at the 
CERT/ONERA (CASTET code. [19]). The basic 
profiles (mean velocity and mean temperature profiles) 
were obtained by solving the two-dimensional 
compressible similarity equations. The spatial theory is 
used, and it is assumed that the amplification vector is 
aligned with the mean flow direction, i.e. W = 0 or 
pi = 0. 

a) Two-dimensional waves, w = 0" 

Figure 2.3 shows examples of stability diagrams 
computed for two-dimensional waves (y = 0") and for 
Mach numbers ranging from 0 to 10. For the sake of 
clarity, only some of the iso-amplification curves 
(- ai > 0) are plotted in the (Reynolds number, 
wavenumber) plane. The Reynolds number is computed 
from the displacement thickness 61.. the free stream 
velocity Ue and the kinematic viscosity Ve of the outer 
flow. a, and ai are made dimensionless with this 
displacement thickness. For each Mach number, there is 
a critical Reynolds number (RGlcr) below which all 
disturbances are damped. 

The first observation is that the stability diagrams do 
not change very much when the Mach number increases 
from 0 to 1.3 (figures 2.3a and 2.3b). This can be 
explained by the fact that the generalized inflection point 
remains very close to the wall in this Mach number 
range, and the boundary layer is unstable essentially 
through the action of viscosity : this phenomenon, 
whereby the maximum amplification rate increases with 
decreasing Reynolds number at a fixed value of o or a, 
is called viscous instability ; stability diagrams where 

viscous instability is present exhibit a local maximum 
of - ai at finite Reynolds numbers, and the curves of 
equal amplification rate are closed around this peak. 
Another important observation is that the amplification 
factors of the unstable waves are clearly smaller in the 
transonic range than in incompressible flow, even if the 
critical Reynolds number remains of the same order. 

At higher Mach numbers, the height of the generalized 
inflection point increases, and the inflectional instability 
plays a more and more important role: the inviscid 
theory shows that there is a range of unstable a, or o at 
infinite Reynolds number and this range is enlarged with 
increasing Mach numbers ; as a consequence, at large 
but finite Reynolds numbers, the curves of equal 
amplification rates tend to be parallel with the RG1-axis. 

For Me = 2.2 (figure 2.3~). the stability diagram clearly 
shows the viscous instability (below R61 = 7 OOO) and 
the inflectional instability (beyond R61 7 000). The 
latter becomes predominant for Me = 3 (figure 2.3d). 

It has been noticed previously that higher modes could 
be computed as soon as the free stream Mach number 
becomes larger than 2.2, but they are at first associated 
with very large wavenumbers. For this reason, only the 
first unstable mode is plotted in figures 2 . 3 ~  and 2.3d for 
Me = 2.2 and 3. However, when the Mach number is 
increased, the second unstable mode appears at lower and 
lower wavenumbers. This is illustrated in figure 2.3e 
(Me = 4.3 ,  where the first and the second modes are 
close together. Let us observe that the second mode is 
more unstable than the first one : the ratio of the 
maximum amplification rates is of the order of four to 
five. At Me =4.8 (figure 2.30, the two unstable 
regions join each other and there is only one neutral 
curve in hypersonic conditions (figures 2.3g to 2.3i). 

b) Oblique waves, w f 0" 

The previous results were obtained for two-dimensional 
waves. In incompressible flow, only these waves need to 
be considered, because it can be demonstrated that they 
are the most unstable ones (Squire's theorem). This is 
no longer the case in compressible flow, even at 
moderate Mach numbers. When the Reynolds number 
and the frequency are prescribed, there is a non zero value 
of w which corresponds to the maximum growth rate. 
This value will be denoted as VM, see figure 3.3. For a 
given Mach number, VM depends on the Reynolds 
number. Typically it is around 50" for transonic Mach 
numbers. In supersonic and hypersonic conditions, the 
situation is particularly complex, as it can be seen in 
figure 2.4, where two stability diagrams are represented 
for Me = 4.5 and two values of w : 0" and 60". 
Changing the wave orientation stabilizes the second 
mode, but increases the instability of the first one, so 
that it becomes difficult to define "the most unstable 
direction". 
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Fig. 2.4 Effect of the wave orientation on the amplification rate (Me = 4.5) 

2.4.2.  Factors  act ing on the s tabi l i ty  
properties 

The linear stability theory makes it possible to study the 
influence of some parameters which can modify the 
stability properties of the flow. Some of these effects 
will be discussed in some length later on. The main 
results can be summarized as follows : 

a) S”wise P ressure erad ieu- In a negative pressure 
gradient (accelerated flow), the mean velocity profile has 
no inflection point and the instability -if it exists- is 
very weak. In a positive pressure gradient (decelerated 
flow), the appearance of an inflection point gives rise to 
a strong inflectional instability. 

b) Free stream Mac h number - For flat plate flow on an 
adiabatic wall, compressibility is at first stabilizing in 
the transonic range. It is slightly destabilizing from 
M e  = 2 to Me = 4 and stabilizing again for 
hypersonic flows [131,[201. 

c) Yall coolindheating - Cooling the wall has a 
stabilizing effect, heating the wall has a destabilizing 
influence. This can be easily explained by the evolution 
of the height of the generalized inflection point when the 
ratio Tw/T, is modified (Tw is the wall temperature and 
Taw is the adiabatic wall temperature) 1211. 

d) - To date, most of the compressible 
stability analyses have assumed ideal gas behaviour. 
Real gas effects were studied quite recently by Malik 
[22], [23], Gasperas [24], Stuckert and Reed [251. The 
latter study demonstrates that the amplification rates 
associated with the second mode do not change very 
much from the equilibrium to non equilibrium and ideal 
gas models, but that there is a shift in the range of the 
unstable frequencies. The first mode is usually more 
stable than the second one, although it is more strongly 
affected by real gas effects. 

2.5. Typical results for three-dimensional 
flows 

Let us consider the flow on a swept wing of constant 
chord and “infinite” span. cp is the sweep angle. The free 
stream velocity Q, has a component U, normal to the 
leading edge, and a component W, parallel to the 
leading edge, figure 2.5. Two coordinate systems are 
usually introduced : one (X, Z, y) is linked to the wing, 
the other (x, z, y) is linked to the external streamline. In 
both cases, the y-direction is normal to the wall, the 
other two coordinates being defined on the wing surface. 
For instance, X represents the curvilinear abscissa 
measured from the geometrical leading edge, in the 
direction normal to it. 

Fig. 2.5 Swept wing flow : notations and 
coordinate systems 
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Y 

Fig. 2.6 Swept wing flow : streamwise (U) 
and crossflow (w) mean velocity 
profiles 

* < O  dx 

Fig. 2.7 Laminar boundary layer develop- 
ment on a swept wing - XM : 
inflection point of the potential 
streamline ; Po is the angle between 
wall and potential streamlines 

As it is illustrated in figure 2.6, the mean velocity 
profile is now decomposed into a streamwise profile U 
(in the direction x of the extemal streamline) and a 
crossflow profile w (in the direction z normal to this 
streamline). From the leading edge to the chordwise 
location XM where the free stream velocity is a 
maximum, the crossflow is directed towards the concave 
part of the extemal streamline (figure 2.7). Its magnitude 
is zero at the attachment line, then it increases more or 
less rapidly due to the flow acceleration. In the negative 
pressure gradient region, the maximum value of the 
crossflow velocity component remains rather weak, 
about 5 to 10 percent of the free stream velocity ; it 
will be shown, however, that this is sufficient to create 
a strong crossflow instability. 

As XM is approached, the pressure gradient intensity 
decreases, leading to a decrease in the crossflow 
amplitude. At X = XM, the pressure gradient becomes 
positive, the curvature of the external streamline 
changes, and the velocity w close to the wall reverses 
(S-shaped profiles, see figure 2.7). If the positive 
pressure gradient is strong enough, the crossflow profile 
can be completely reversed. In the same region, an 
inflection point appears in the streamwise profile U. 

The three-dimensional transition mechanisms are now 
relatively well understood, see review papers by Poll 
[26], Amal [27], Saric and Reed [28] and the precedent 
lecture by Saric [3]. As a first approximation, it can be 
assumed that transition is triggered either by streamwise 
instability or by crossflow instability. To illustrate this 
point, Figure 2.8 shows a free stream velocity 
distribution on a swept wing with a maximum located at 
X = XM, as well as typical variations of the temporal 
amplification rate Oi of two unstable frequencies as a 
function of the angle v between the extemal streamline 
and the wavenumber vector. Two chordwise positions 
are studied, one in negative pressure gradient 
(X c XM). the second in zero or positive pressure 
gradient (X 2 XM). The full lines correspond to 
incompressible stability computations, the dotted lines 
correspond to compressible calculations for typical 
transonic Mach numbers. 

a-Stream wise inmbi 'li tp : since the streamwise mean 
velocity profiles look like classical two-dimensional 
profiles, they are essentially unstable in decelerated 
flows (right hand part of figure 2.8). For low speed 
flows, the most unstable direction vM is close to 0". 
When compressibility effects are taken into account, the 
stability results exhibit the same trends as in two- 
dimensional flows : the amplification rates are reduced, 
and vM is shifted towards 40 to 70". The wavelengths 
of the streamwise disturbances are about 10 times the 
boundary layer thickness. 

b-CrqSsflow i n & i b i h  ' : since an inflection point is 
always present on the crossflow mean velocity profile, a 
powerful inflectional instability is expected to occur in 
regions where the crossflow velocity develops rapidly, 
i.e. in strong negative pressure gradients (for instance in 
the vicinity of the leading edge of a swept wing, left 
hand part of figure 2.8). vM is never exactly equal to 
90". but it lies in a narrow range close to the crossflow 
direction, say between 85" and 89". The instability is 
dominated by the properties of the inflection point 
(height, local value of the velocity derivative dw/dy ...) 
which are not very much affected by compressibility 
effects, so that the most unstable direction and the 
amplification rates are nearly identical for 
incompressible and for transonic flows. The wavelengths 
of the crossflow disturbances are 3 to 4 times the 
boundary layer thickness. 
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Let us notice that the most unstable frequencies are 
usually lower for crossflow instability than for 
streamwise instability. In particular, linear stability 
analyses show that crossflow instability can amplify 
zero frequency disturbances. This leads to the formation 
of stationary, corotating vortices practically aligned in 
the streamwise direction. In the experiments, crossflow 
vortices are observed as regularly spaced streaks, as it is 
illustrated in figure 4.2, which shows a typical 
naphtalene flow visualization on a swept wing [35]. A 
detailed description of this surface pattern will be given 
in paragraph 4.0. 

Immediately downsueam of the point of maximum free 
stream velocity, crossflow instability decays, while 
streamwise disturbances start to be amplified. 
Interactions are likely to occur, especially for transonic 
Mach numbers where both unstable directions are close 
together. 

2.6. What can (cannot) be predicted by the 
linear theory ? 

In order to make detailed comparisons with the theory, 
the so-called "vibrating ribbon" technique is often used 
(see for instance Schubauer and Skramstad [5], Ross et 
al [291) : a thin metal strip is introduced near the wall 
and it is excited by a magnetic field induced by an 

alternating current. This makes it possible to generate 
initially two-dimensional disturbances of a prescribed 
frequency with a controlled initial amplitude. Another 
possibility is to excite the boundary layer eigenmodes 
with a loudspeaker at a given frequency (see for instance 
Shapiro [30], Spangler and Wells [31] ...). The 
characteristics of the waves generated by these devices 
are then measured with hot-wire anemometry and the 
agreement with the theoretical results is generally good, 
at least for the Blasius flow and for small disturbance 
amp1 itudes. 

In many practical situations, sources of disturbances 
such as the free stream turbulence or the noise radiated 
by the fuselage create unstable waves covering a more or 
less wide range of frequencies and orientations. For these 
cases of "natural" transition with "uncontrolled" 
excitations, measurement becomes more difficult, but 
comparison with the linear theory is still possible. 

2.6.1. Unstable frequencies and wavelengths 

In two-dimensional flows, a good agreement with the 
numerical predictions is often achieved: in a low 
disturbance environment, the frequency range of the 
amplified eigenmodes can be identified, and the measured 
center peak frequency corresponds to that of the locally 
most unstable eigenmode. This was verified in many 
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wind tunnel experiments as well as in free flight 
conditions (AEDC cone experiments for instance [32]). 

For three-dimensional flows, it was mentioned earlier 
that an important effect of crossflow instability was to 
amplify stationary disturbances, i.e. zero frequency 
waves. In the experiments, these instabilities are 
observed as nearly streamwise vortices, the wavelength 
of which can be easily measured from wall visualisation. 
Figure 2.9 (Bippes [331) shows a comparison between 
measured and predicted wavelength for three series of 
experiments on swept wings. The agreement is 

satisfactory for the experiments of Am1 et al [341, [351, 
but discrepancies of up to 30 % are found for the 
experiments of Dagenhart et a1 [36]. In addition, the 
results obtained by Miiller [37] on the same model in 
two wind tunnels reveal significant differences, whilst 
the theoretical curve is unique. In spite of these 
reservations, it can be concluded that the linear theory 
provides us with a fairly acceptable estimate of the 
wavelength of the stationary modes. Let us note that 
stationary vortices were also observed at M, F 3.5 [38] 
and at M, = 10 [39] on swept cylinders. In both cases, 
the measured wavelengths agreed with the theoretical 
values. 

The linear theory also indicates that traveling waves of a 
relatively wide range of frequencies are amplified by the 
crossflow instability. The experiments reveal that non- 
stationary instability modes are really superimposed on 
the stationary vortices ; their frequency range is well 
predicted by the linear theory (Bippes [33], Muller [40], 
Dagenhart et al [361, Arnal et al 14 1 I). 

2.6.2. Growth rates 

A more difficult test for the validity of the theory is the 
prediction of the amplification rates. It is obvious that 
comparisons between computations and measurements 
are particularly delicate, even if controlled disturbances 
are used in the experiments. A review of these problems 
was given by Saric and Nayfeh [421, see also Saric [431. 
A satisfactory agreement between theory and 
experiments was obtained by Habiballah [44] for 
"natural" Tollmien-Schlichting waves developing in a 
two-dimensional laminar boundary layer at low speed ; 
the comparison is shown in figure 2.10 for a station 
where the flow is decelerated. The computations were 
made for two slightly different values of the local shape 
factor H in order to demonstrate the extent to which the 
numerical results are sensitive to the streamwise 
pressure gradient. Another comparison is shown in 
figure 2.11 for a supersonic case. Three series of 
"natural" transition measurements [451, [461, [471 were 
performed on sharp cones at zero angle of attack for M, 
ranging from 8 to 8.5. Theoretical curves computed by 
Mack [48] are also plotted in this figure, which shows 
the evolution of the local amplification rate as a 
function of a dimensionless frequency. Although the 
agreement is only qualitative, both theory and 
experiments indicate that first mode (v = 55") and 
second mode (v = 0') instabilities are simultaneously 
present. More recently, Simen and Dallmann [49] 
improved the agreement with the experiments by 
showing that the basic flow on cones could not simply 
be deduced from flat plate results using the Mangler 
transformation and that it was necessary to take into 
account the viscous/inviscid interaction in the mean 
flow computations. A more complete stability analysis, 
based on conical metric, is also needed. 

In three-dimensional flows, Bippes [33] indicates that 
the linear theory overestimates the growth rates of the 
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non stationary, traveling modes measured on a swept flat 
plate in natural conditions. As far as the stationary 
modes are concerned, the experiments performed by 
Muller [37] showed that non linearities begin to be 
important very close to the location where the crossflow 
vortices become of measurable sue. Experiments were 
then carried out at lower Reynolds numbers with 
artificially created stationary disturbances. It turned out 
that the measured growth rates were much lower than 
predicted. Discrepancies with the linear theory were also 
observed in the experiments of Kachanov and Tararykin 
[50]. The conclusion of Bippes [33] is that the linear 
theory is much less effective in three-dimensional flows 
than in two-dimensional flows, at least as far as the 
prediction of the growth rates is concemed. 

2.6.3. Transition location 

Needless to say, the linear theory cannot describe the 
non linear phenomena occurring before the breakdown to 
turbulence. This question will be addressed in paragraph 
5.1.2. For the moment, we assume that the extent of the 
non linear region is negligible and that the linear theory 
can be used up to the transition onset. 

Even with this crude assumption, the major 
shortcoming of the linear theory is that it cannot predict 
the transition location. To illustrate this point, let us 
consider two-dimensional, spatial waves developing in a 
two-dimensional boundary layer. It follows from relation 
(2.5) that : 

r -I 

x2 2 = exp 1- 4 ai dx] (2.11) 

A1 and A2 are the values of the wave amplitude at two 
streamwise positions x i  and x2. 

When the temporal theory is used, (2.11) is replaced 
by : 

- A1 A2 = exp [ t rCOi  d d  (2.12) 

Relations (2.11) and (2.12) clearly show the limitations 
of the linear theory : it is possible to compute the 
amplitude ratio (i.e. the WDlification rate) between two 
points x i  and x2 or two times t i  and t2, but the 
amDlltudes A1 or A2 remain unknown. If we assume 
that transition occurs when the amplitude A of the most 
dangerous disturbance reaches a prescribed threshold, it is 
easy to understand that the linear theory alone is unable 
to predict the transition location. In spite of this 
negative situation, transition predictions must be made ! 
This can be achieved by adding a somewhat empirical 
ingredient to the linear theory : this is the basis for the 
en method. 



2-14 

2.7. Principle of the en met b od 

The principle of this method is given here for a two- 
dimensional, incompressible mean flow. The extension 
to more complicated cases involving compressibility 
and/or three-dimensionnality effects is described in the 
following sections. 

to its amplitude Ao at the neutral point xo by using 
relation (2.1 1) or relation (2.12). In the framework of 
the spatial theory. this is expressed by : 

The laminar basic flow is specified. It was computed, 
for instance, by solving the boundary layer equations, so 
that the mean velocity profiles are available at a large 
number of streamwise locations Xi. A local stability 
analysis of this basic flow is now performed at each Xi  
to determine the growth rate of the locally unstable 
disturbances. These calculations permit to obtain a 
stability diagram showing the range of the amplified 
Tollmien-Schlichting waves as a function of the 
streamwise distance, as it is sketched in the upper part of 
figure 2.12 (for the sake of clarity, only the neutral 
curve was plotted). 

If 

A0 is usually called the "initial amplitude" of the 
disturbance. Its value is linked to the disturbance 
environment through some (generally unknown) 
receptivity mechanisms. The streamwise variation of the 
natural logarithm of N& is plotted in the lower part of 
figure 2.12 for the frequency f l  as well as for other 
frequencies f2, f3 ... It is obvious from relation (2.13) 
that In(A/AO) = 0 at x = xo and that the slope of the 
curves is zero at x = xo and x = X I .  The dashed line in 
figure 2.12 represents the envelope of these curves ; it 
is called the n factor : 

f l  

Fig. 2.12 Principle of the en method 

Let us consider now a wave which propagates 
downstream with a fixed physical frequency f l .  
Figure 2.12 shows that this wave passes at first through 
the stable region. It is damped up to xo, then amplified 
up to XI, and it is damped again further downstream. At 
any station x > xo, the wave amplitude A can be related 

n = Max [h(N&)], also noted In [(A/&)max] (2.14) 
f 

At, each x, n represents the maximum amplification 
factor of the disturbances : it is tangent to the curve 
representing the variation of ln(A/AO) for the wave 
which underwent the largest amplification since it 
entered the unstable region. 

The procedure is similar with the temporal theory, 
Gaster's relation being used to convert the temporal 
growth rate to a spatial growth rate : 

r x  

L xo 
X 

or ln(A/&)= /$dx (2.15) 

xO 

where Vg = aq/aa is the group velocity. 

Up to now, the only assumptions are those of the linear 
stability theory. Unfortunately, the transition location is 
not yet known. To make this method predictive, an 
additional assumption is needed. This assumption was 
suggested independently by Smith and Gamberoni [51] 
and by Van Ingen [52] in 1956. These authors collected 
many experimental transition data and observed that the 
n factor was nearly constant (between 7 and 9) at the 
measured transition point. This means that the 
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breakdown to turbulence occurs when the amplitude of 
the most amplified Tollmien-Schlichting wave becomes 
from e7 (= 1 097) to e9 (= 8 103) times as large as its 
initial amplitude. 

The shortcomings of this so-called e" method are clear : 
the non linear mechanisms are neglected, and the 
receptivity is not taken into account. These points will 
be discussed in section 5. However, the en method is 
certainly the most popular technique used today as a 
practical prediction device. 

To summarize, the procedure for applying this method 
requires three steps : 

step 1 : accurate calculation of the laminar velocity 
profiles along the given flow ; 

step 2 : for each of these profiles, calculation of the 
stability properties ; 

step 3 : integration of the local growth rates in order 
to define the envelope curve. 

The transition location is then easily found if a threshold 
value of the n factor is specified. 

Let us note that the example given in this paragraph was 
very simple. In many practical applications, however, 
the computation of the n factor is not straightforward, 
especially for compressible and/or three-dimensional 
flows. A second difficulty is the choice of a value of n at 
the onset of transition , because the original rule (n 
between 7 and 9) is far from being universal. These 
problems are addressed in the following sections. 

3 - H O W  DOES ONE COMPUTE THE n 
FACTOR ? 

Difficulties in the computation of the n factor increase 
with the complexity of the basic mean flow. There is 
practically no problem for two-dimensional, 
incompressible flows, because oblique waves do not 
need to be taken into account, and the only choice is 
between the temporal theory and the spatial theory. 
When the Mach number increases, the oblique waves 
become the most unstable ones, so that the wave 
orientation constitutes a new degree of freedom. The 
problem is considerably more complex in three- 
dimensional flows with the possible coexistence of 
streamwise and crossflow disturbances. 

This section is devoted to a detailed description of these 
difficulties and of the different procedures which can be 
used for the computation of the total growth rates and 
hence of the envelope curve. For the moment, no 
attempt will be made to determine the value of the n 
factor at the onset of transition (see next section). 

3.1. Two-dimensional, incompressible flow 

This is the simplest basic flow. The linear stability 
problem is also very simple, insofar as the oblique 
waves are disregarded ; whatever theory one considers, 
four real parameters are involved : either (R, q, Oil a) 
in the temporal theory or (R, a, a,, ai) in the spatial 
theory. Two of them are given (usually R and the 
frequency), the other two are computed by solving the 
dispersion relation. The integration of the local growth 
rates by keeping the frequency constant is 
straightforward and unambiguous, see paragraph 2.7. 
This explains why the en method was first developed for 
this type of flow. 

3.1.1. Earlier attempts (from Mack 1141) 

In 1933, Schlichting [53] computed the amplitude ratio 
A/& of the most amplified disturbances as a function of 
the Reynolds number. He found that the logarithm of 
this quantity, i.e. the n factor, had values between 5 and 
9 at the observed transition locations on a flat plate. In a 
later method [6], Schlichting suggested correlating the 
transition location on airfoils with the minimum critical 
Reynolds number which is often very close to the point 
of minimum pressure of the potential flow. 

Liepmann (1945, 1541). developed a method "that 
included most of the ingredients needed to use linear 
theory in transition prediction [14]". He assumed that 
transition - occurred when the apparent shear stress 
7 s -  p u'v' due to amplified Tollmien-Schlichting 
waves became equal to the laminar wall shear stress 71 
which is given by : 

1 au 
[p Fly=, = 5 Pe<Cf (3.1) 
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This leads to the formula : 

(3.2) 
z = - (K ) Cf 

where denotes a root mean square (rms) value. 

At transition : 

The boundary layer computations provide the value of 
Cf, and the linear theory gives the values of K and 
(A/AO)max. The major problem is (of course) to 
estimate the initial amplitude Ao. Liepmann guessed 
that it was related to the free stream turbulence level, but 
the details of this relationship were not known. Despite 
our increasing understanding of the receptivity 
mechanisms, these details are still unknown for most 
practical transition problems. 

3.1.2. The birth of the en method (1956) 

The next step was the development by Smith and 
Gamberoni (1956, 1511) of the method which was 
initially called the e9 method'. By looking at equation 
(3.3). they discovered that the quantity (A/AO)max was 
itself sufficient to correlate many experimental transition 
data. Let US recall that the computation of (A/AO)max 
requires three steps : 1) calculation of the basic flow ; 
2)computation of the local growth rates for several 
frequencies at several streamwise locations ; 
3) integration of the previous results to define the 
envelope curve. In the computations performed by 
Smith and Gamberoni, step 1 was done with an 
approximate integral method. The values of Ph (Hartree 
parameter) and R61 obtained using this method were 
used in step 2 to obtain the temporal growth rate W i  
which was taken from the stability charts of Pretsch 
1561. In other words, it was assumed that the stability 
properties could be described locally by Falkner-Skan 
velocity profiles characterized by the similarity 
parameter oh. In step 3, the total growth rate A/& of 
the unstable frequencies was computed by replacing dt in 
relation (2.12) by dx/c where c is the phase velocity. 

As mentioned earlier, Smith and Gamberoni compared 
their numerical results with measured transition 
locations. They found that the experimental data were 
well correlated with (A/&)" = e9. At the same time, 
Van Ingen (1956, [52]) obtained independently a similar 
result, but with the exponential factor equal to 7 or 8. 
These differences explain why the method is now referred 
to as the en method, with the n factor varying within 
more or less well defined limits (see section 4). 

3.1.3. Further improvements of the e n  
method 

In 1962, Gaster [18] demonstrated that the relation 
between a temporal growth rate and a spatial growth rate 
could be made through the use of the group velocity 
Vg = b/aa  (instead of the phase velocity c = o/a). 
It is important to recall that the Gaster relation is an 
approximation that is valid, in principle, in the vicinity 
of the neutral curve only. Fortunately, numerical results 
indicate that it can be applied with confidence for larger 
amplification rates, so that the conversion from 
temporal to spatial does not constitute a crucial 
problem, at least for two-dimensional mean flows. 

In the late 60s. Wazzan, Okamun and Smith [57] and 
Jaffe, Okamura and Smith [58] improved the original 
approximate calculation technique. The stability analysis 
was performed by solving the Orr-Sommerfeld equation 
for the exact laminar velocity profiles rather than by 
using the Pretsch's charts for the Falkner-Skan profiles. 
More recently, Van Ingen [59] extended the method to 
cases including suction or separation bubbles. Although 
the numerical accuracy and the range of application have 
been improved, the principle of the method remains as 
originally proposed. 

~ 
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Fig. 3.1 Integrated growth rates and n factor 
for the flat plate flow 

In fact, the principle of the e9 method was 
previously postulated by Smith in 1952 for the GUrtler 
vortices problem (see section 7) but the work was not 
published until 1955 (551. 

Due to the continuous development of the digital 
computers, it is now possible to compute the n factor 
for more and more complex configurations. In many 
cases, the basic flow is a solution of the boundary layer 
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equations. Numerical results for the Blasius flow are 
presented in figure 3.1. Curves of integrated growth rates 
and the n factor are plotted as functions of the 
displacement thickness Reynolds number, which is 
proportional to the square root of the streamwise 
distance. Each curve of total growth rate corresponds to a 
dimensionless frequency F = 2nfv/u,. High frequencies 

are amplified at low Reynolds numbers, and lower 
frequencies become unstable at larger Reynolds numbers. 
This behaviour is typical of two-dimensional mean 
flows. 

2 

The basic flow can also be computed by solving the 
parabolized Navier-Stokes equations or the full steady 
Navier-Stokes equations for boundary layers approaching 
separation or for those involving separation bubbles. 
The stability equations are then solved in the same 
manner as for classical (attached) boundary layers. An 
example of stability computations around a small two- 
dimensional bump is presented in figure 3.2. [60]. The 
upper part of the figure shows the geometrical shape of 
the bump. The mean flow field was first computed by 
solving the steady, incompressible Navier-Stokes 
equations. The theoretical evolutions of the pressure 
coefficient Kp and of the skin friction coefficient are 
plotted in figure 3.2. When the bump is approached, the 
pressure increases slowly and then exhibits a strong 
decrease in the forward part of the waviness. It increases 
again in the rear part of the bump, so that the laminar 
flow is close to separation. The linear stability 
properties of the mean flow are then computed in order 
to obtain the total amplification rates of the most 
unstable frequencies. The lower part of figure 3.2. 
indicates that the most important effect of the bump is 
to amplify Tollmien-Schlichting waves in the 
decelerated region. Similar computations were carried out 
by Cebeci and Egan [61] and by Nayfeh et al[621. 

3.2. Two-dimensional, compressible flow 

When compressibility effects begin to play a role, the 
problem becomes more complex, because the most 
unstable waves are often oblique waves (paragraph 2.4.). 
As a consequence, a new parameter enters the dispersion 
relation : the angle w between the streamwise direction 
and the wavenumber vector. As five real parameters are 
now involved in the spatial theory (R, o, a,, ai. w) as 
well as in the temporal theory (R, or, mi, a, w), the 
difficulty is the same for both approaches. Let us 
observe that in spatial theory, it is still assumed that the 
amplification vector is aligned with the flow direction, 
i.e. pi = 0 and W = 0. 

It is usual to adopt the following procedure to compute 
the total amplification of a given frequency : at each 
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streamwise location, the disturbance growth rate is 
maximized with respect to the wavenumber direction v, 
i.e. one has to compute a i M  = a i  (VM) in the spatial 
theory or o i M  = o i ( v M )  in the temporal theory, see 
figure 3.3. The total amplification rates are then 
calculated with the local values of a i M  or fJIiM : this is 
the socalled v. 
3.2.1. Spatial theory 

The integrated amplification rate of a given wave (a 
given value of o) is expressed by : 

and the n factor is still given by relation (2.14). 

In (MA,) 
10 

4 

3 
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Fig. 3.4 Evolutions of the total growth rate 
and of the most unstable direction 
for a flat plate flow at Mach 1.1 - 
Rx is the Reynolds number 
computed with the streamwise 
distance 

Figure 3.4 presents a typical example of stability 
computations for the simple case of a flat plate flow 
with Me = 1.1 and Ti = 300 K. The upper part of the 
figure shows the envelope curves for five dimensionless 
frequencies F = 2l~fve/U, 2 and the corresponding 

evolutions of \YM are plotted in the lower part. Only 
positive values of \y were considered, but it is clear that 
waves having opposite wavenumber directions +v and 
-\y undergo identical amplification rates. As for low 
speed flows, high frequencies become unstable first, and 
the maximum value of n decreases as F increases. 
Although the variations of \YM are rather complex, the 
shape of the curves is similar for all values of F :  
immediately after the onset of instability, YM reaches 
values of the order of 50-60", then it decreases slowly. 
When the wave starts to be damped (downstream of the 
maximum of n), this decrease becomes more rapid ; it 
ends for \ I ~ M  = 0". A similar behavior has been observed 
from calculations for other Mach numbers in the 
transonic and in the low supersonic range. 

3.2.2. Temporal theory 

If the temporal theory is used, Gaster's group velocity 
transformation is still valid, but the group velocity has 
now a second component ao,/ap in the spanwise 
direction : 

(3.5) 

According to paragraph 2.2.3. and relation (2.4), the 
total growth rate is given by : 

X 

X 

(3.6) 
o i M  dx 
I v g  I cosvg 

xo 

xg is measured along the group velocity trajectory and 
vg is the angle between the mean velocity direction x 

and Vg . In fact, aw,/aa is generally much larger than 
the group velocity component aw,/ap in the spanwise 
direction. As a consequence, v g  is very small (a few 
degree), even if the most unstable wavenumber direction 
VM is large (up to 60" for supersonic flows). To 
simplify the computations, it is often convenient to 
assume that I Vg I reduces to ao,/aa and that 
cosvg = 1. The total growth rates computed with the 
spatial and with the temporal theory are usually very 
close together. 

*+ 
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+ 
In relation (3.6). Vg is computed after mi has been 
maximized. A more n g m s  
maximization of oi/( I Vg cosyg) rather than that of 
oi alone. This implies the computation of the group 
velocity for several values fo y before to find the 
maximum. Fortunately, this additional numerical work 
is not necessary, because the results of the two 
approaches are nearly identical. 

p"d" would require the 

3.3. Three-dimensional flow 

The extension of the en method to three-dimensional 
flows is not straightforward : we now have either five 
real parameters for the temporal theory (R, q, mi. a, 
w) or six for the spatial theory (R, U, a,, ai. y, $1, 
because the assumption W = 0 is not necessarily correct 
for three-dimensional flows. The increase in the number 
of parameters explains why three-dimensional problems 
are often treated with the temporal theory. Let us note 
that the difficulties are the same for low speed and high 
speed flows, so that no distinction will be made between 
incompressible and compressible flows. 

3.3.1. Local growth rate - Integration path 

Without loss of generality, we will use the coordinate 
system (X, Z,  y) linked to the leading edge of a swept 
wing, figure 2.5 The amplitude of the disturbances is 
now written as : 

A = A g e x p j d a  (3.7) 

with da = q dt in temporal theory 
da = - ai dX - pi dZ in spatial theory 

Let us consider a wave of a given dimensional frequency 
f. For the moment, the wavelength and the direction of 
this wave can be either fixed or unknown. In any case, 
the computation of the total growth rate requires an 
integration of da along an appropriate curve Con the 
body (integration path) : 

It is thus necessary to answer the following questions : 
0 for the temporal theory : how does one convert the 
temporal to a spatial amplification rate ? 
0 for the spatial theory : how does one determine pi ? 
0 for both theories : which is the most suitable 
integration path ? 

The growth rate is integrated according to a generalized 
Gaster's transformation : 

I (3.9) 

wgl still represents the norm of the group velocity 

vector Vg given by relation (3.5). As for two- 
dimensional flows, xg is the arclength along the group 
velocity direction : 

+ 

80 is defined in figure 2.5, and wg is the angle between 

the potential flow direction and Vg.The numerical 
results indicate that yg  is small, i.e. the group velocity 
direction is very close to the external streamline 
direction, for both the streamwise and the crossflow 

instabilities. (In the latter case, the directions of Vg and 

of the wavenumber vector k differ by about goo). It 
follows that relation (3.9) can be approximated by : 

+ 

+ 
+ 

X 

xo 
+ 

It is interesting to note that the magnitudes of Vg and of 
the phase velocity are also completely different for 
crossflow disturbances. The magnitude of the phase 
velocity is small (it is zero for stationary vortices), 
while the magnitude of the group velocity is typically 
30 to 40 percent of the free stream velocity. 

b) Spatial theory 

As stated before, the use of the spatial theory makes the 
problem more intricate, due to the appearance of an 
additional parameter. The amplification is not a scalar as 

in the temporal theory, it is a vector A = (- ai. - pi) .  
Hence pi must be assigned or computed. Several 
solutions have been proposed to solve this problem. 

+ 

+ Solution (a): wave packet method (Nayfeh [631, 
Cebeci and Stewartson [MI). To remove the arbitrariness 
in the definition of the total amplification rate, it is 
possible to use the wave packet theory and to impose 
the ratio (aa/ap) to be real for fixed values of o and R. 
This condition comes from an asymptotic evaluation of 
the integral giving the pressurep for a wave packet : - 
P (X. z, Y, t) = 

jl(y, p) exp [i(aX + pZ - ot)] dp (3.11) 
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The saddle point method is then used to evaluate the 
principal part of the integral. This leads to the 
relationship : 

(&dap)o,~ = - Z/x, which must be real (3.12) 

The previous equation constitutes the additional 
condition which permits one to Pi. It follows 
from (3.7) that the total growth rate is given by : 

X 

XO 

This method has been used essentially by Cebeci and 
coworkers [65], [66]. 

6 Solution (b) : assumption on the growth direction. A 
simpler solution is to assume that the growth direction 
is the group velocity direction : 

Pi = ai tg@O + wg) (3.14) 

The integration is also performed along the group 
velocity direction : 

The simplicity of this relation makes it rather attractive, 
but its extension to general three-dimensional 
configurations is not straightforward. In addition, 
numerical difficulties were encountered (Laburthe [191) 
in the vicinity of the attachment line of a swept cylinder 
where unstable waves developed in the spanwise 
direction. 

3.3.2. Strategies of integration 

After one of the previous models has been adopted, the 
general expression of the amplification rate of a wave 
can be written as : 

XO 

where o is given by (3.10), (3.13). (3.16) or (3.18). At 
first sight, the problem is now similar to a two- 
dimensional, compressible problem in the sense that 
each wave is characterized by five parameters : R, o, o 

and the two components of the wavenumber vector k. 
To compute the n factor, it is then possible to use the 
envelope method, but other strategies of integration have 
also been proposed. Some of these possibilities are 
discussed below. No distinction will be made between 

3 

the spatial and the temporal theories ; in both cases, a 
and p will denote the components of k in the X and Z 

From a numerical point of view, it is often convenient to directions, and w represents the angle between the 

direction, i.e. to make wg = 0 in (3.14) and (3.15). This potential 

= dX tg (80 + wg) (3.15) -+ 

take the amplification vector direction as the potential flow 3 
: w = - ' 0 .  

leads to the following expression : 

These assumptions have been used by Mack [151, [671 
and more recently by Laburthe [19]. 

6 Solution (c) : value of Pi imposed. Another approach 
was proposed by Mack for the case of swept wings of 
constant chord and infinite span [68]. It is simply 
assumed that : 

p;=o (3.17) 

This means that there is no amplification in the 
spanwise direction and that the wave grows only in the 
chordwise direction. The integrated growth rate reduces 
to : 

a) EnveloDe method 

This strategy was previously described for two- 
dimensional, compressible flows : o and R being fixed, 
the wave orientation w = tan-l(P/a) - 80 is optimized 
to obtain the maximum growth rate OM = O(YM). The 
total growth rate of a frequency o and the n factor are 
then given by : 

X 

n = Max [ WNb)"] (3.21) 
w 

The first numerical code in which this technique was 
introduced for general use was the incompressible 
SALLY code of Srokowski and Orszag [69]. This code 
was later superseded by the COSAL code of Malik [70], 
which includes the compressibility effects. Both SALLY 
and COSAL use the temporal theory. In the CASTET 
code developed at the CERT/ONERA, the n factors can 
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Fig. 3.5 ELFIN test case : application of the envelope method (from A. de Bruin) 
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be computed using either the temporal theory or the 
spatial theory. 

v," 
t 

A first example of application of the envelope method is 
shown in figure 3.5. The computations were performed 
in the framework of the numerical studies of the ELFIN 
(European Laminar Flow INvestigation) project. The 
objective was to compare the n factors computed by 
different procedures for a given theoretical test case. The 
figure 3.5 presents the evolutions of the free stream 
Mach number, of the n factor, of the most unstable 
direction YM and of the wavelength X for several 
frequencies. Near the leading edge, the crossflow 
instability is dominant (\VM close to 90" for all 
frequencies). Further downstream, the wave orientation 
of the higher frequencies changes from the typical 
crossflow to a typical Tollmien-Schlichting direction 
and the wavelength increases dramatically. For the lower 
frequencies (especially for f = 0 Hz), the instability 
remains crossflow dominated : YM is close to 90" and h 
is smaller. 

The second example deals with a low speed 
configuration. The test model is an ONERA D airfoil 
equipped with a cambered leading edge [41], [71]. It is 
fixed on a wind tunnel wall with an angle of sweep of 
49". In the experiments, transition was detected by hot 
film sensors glued on the airfoil. Figure 3.6 shows the 
evolution of the free stream velocity component normal 
to the leading edge for Q- = 60 ms-l and a geometrical 
angle of attack of - 2". The peak of minimum pressure 
is located at X/C = 0.233 (C = 0 . 3  m). Further 
downstream, a strong positive pressure gradient is 
observed, and the laminar boundary layer nearly 
separates. For X/C > 0.3, the potential flow is at first 
practically uniform and then slightly decelerated tovkuds 
the trailing edge. 

A typical result of stability computations (Casalis [71]) 
is shown in figure 3.7 : the variation of the locally 
most unstable direction YM is plotted as a function of 
the chordwise distance for a highly amplified frequency 
(3 KHz). J ~ M  remains close to 80" in the negative 
pressure gradient (crossflow instability) but a short 
distance downstream of the point of maximum velocity, 
there is an abrupt change in \YM, which indicates that 
streamwise instability becomes dominant. In the same 
region, the wavelength h increases suddenly from typical 
crossflow values (about 4 boundary layer thicknesses) to 
typical streamwise values (about 10 boundary layer 
thicknesses). A similar behaviour was observed for all 
the other unstable frequencies. If the envelope method is 
used, streamwise and crossflow instabilities will have 
additive effects, and one has to assume that the 
propagation direction of the "wave" of a fixed frequency 
can change considerably within a very, very short 
distance. 

Of course, this example is somewhat pathological. and 
most of the applications of the envelope method deal 
with much more "quiet" variations of YM and h (as in 

Fig. 3.6 Free stream velocity component 
normal to the leading edge 

90 1 7  

x / c  L 

Fig. 3.7 Variation of the most unstable 
direction for f = 3 K H z  

the first example). However, other strategies are often 
used to avoid possible discontinuous (and unphysical ?) 
evolutions. This is done by representing a "wave" by 
two parameters : the frequency and another parameter 
which is typical of the streamwise or of the crossflow 
instability (wavelength, wavenumber direction ...). 

b) Fixed freauencdfixed spa nwise Wavelength methd 
(fixed o / fixed p method) 

To compute the total growth rates, the integrations are 
performed by following "waves" having a given 
dimensional frequency o and a constant value of the 
dimensional component p of the wavenumber vector in 
the spanwise direction. This approach was suggested by 
Mack [68] who applied the irrotationality condition to 
the wavenumber vector ; with the simplification of an 
infinite span wing, this condition reduces to 
p = constant. The n factor is computed by maximizing 
the total amplification with respect to both o and p : 
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X 
ln(A/Ao),,p 0 1 U (w fixed, p fixed) dX (3.22) 

xo 

In other words, the n factor represents an envelope of 
several envelope curves. Its value will be lower than that 
provided by the envelope method. 

An application of this strategy is presented in figure 3.8 
for the ELFIN test case which was already analyzed in 
paragraph 3.3.243 with the envelope method. The free 
stream Mach number distribution is the same as in 
figure 3.5. For a given frequency, the total growth rates 
were computed for different values of p, and this work 
was done for several frequencies (A. de Bruin). This 
implies that this procedure is more time-consuming and 
more expensive than the envelope method. The 
maximum values of n are much lower, between 7 and 8. 
They are reached in the neighbourhood of the attachment 
line. 

c) Fixed frequencvl fixed -1 wa velenrrth method (fixed 
w / fixed X method) 

This strategy resembles the previous one. In the present 
case, the total wavelength 1 of the disturbances is kept 
constant as a wave of frequency w moves downstream. 
w and h are dimensional quantities, and 5 is given 
by : 

The expressions of the total growth rate and of the n 
factor are identical to (3.22) and (3.23) with p being 
replaced by h. 

(3.24) can be interpreted as an additional relationship 
between a and y. so that there is, in principle, a unique 
value of U satisfying the eigenvalue problem. However, 
as it has been pointed out by Laburthe [19], numerical 
difficulties are likely to appear : figure 3.9 represents a 
typical variation of X as a function of w for a given 
frequency. It is clear that the imposed value of h cannot 
exceed hmax and that two values of y (and hence two 
values of a) correspond to the same h when 
X < hmax ; if the curve of figure 3.9 is flat around 
y = Oo, the numerical code can jump from one solution 
to the other, leading to discontinuities in the growth 
rate. 

The fixed w / fixed h method was employed by 
Srokowski and Orszag [69], and Dagenhart [72], but the 
applications were restricted to zero-frequency waves. 
Traveling waves were taken into account by Hefner and 
Bushnell [73]. 

6 

4 

. ’ / \  I 2 u I* I ll/\ 

several values of p 

0 
s 

0.0 0.2 0.4 0.6 

Fig. 3.8 ELFIN test case : application of the 
fixed w /fixed p method (from A. 
de Bruin) 
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Fig. 3.9 Wavelength as a function of w for a 
given frequency at a given station 

. .  d) Fixed freauencvlf ixed direcuon method (fixed w / 
fixed w method) 

The idea is to follow a wave of frequency w ,  the 
wavenumber vector of which makes a constant angle w 
with respect to the potential flow direction. If the 
imposed value of y~ is close to 90" (or to 0"). the 
considered wave may be unstable due to crossflow 
instability (or to streamwise instability, respectively). 
The total growth rate of this wave is given by (3.22). 
with p being replaced by w. As for the previous two 
strategies, the computation of the n factor requires, in 
principle, the calculation of the values of ln(A/&) for 
all the possible combinations of two parameters (w and 
y in the present case) in order to obtain the envelope 
curve, i.e. the n factor : 

n = Max Max [ I~(A/AO),,~] (3.25) 
w v  

This strategy is very simple to incorporate into a 
stability code, and its physical meaning is clear. 
Nevertheless, some numerical problems can be 
encountered (Laburthe, [ 191). The first problem is that 
the slope da/d\y is very steep around v = 90" when the 
instability is crossflow dominated ; this possibly 
prevents numerical convergence. The second difficulty is 
associated with very low frequency waves in the vicinity 
of the crossflow direction ; the curve o(w) exhibits a 
particular shape which is sketched in figure 3.10, and a 
given value of v corresponds to two values of (T (and 
also to two different wavelengths). 

We believe that it is useful to summarize the 
philosophies of the strategies which have been described 
so far. In the envelope method, there is absolutely w 
distinction between the crossflow and the streamwise 
instabilities : the growth of disturbances of different 
frequencies is computed for whichever angle y~ gives the 
maximum value of a. In the fixed w / fixed p, fixed 
w /fixed 1 and fixed w /fixed y~ methods, the 
distinction between the streamwise instability and the 
crossflow instability is jmDlic& because both classes of 

disturbances are characterized by different (and rather well 
defined) ranges of p, h and w. The next step is to 

the two transition mechanisms by 
computing independent n factors for streamwise and for 
crossflow disturbanm. 

Fig. 3.10 Amplification rate as a function of 
w for a given frequency at a given 
station 

The principle is to compute a n factor for streamwise 
disturbances (the so-called nTs) and another n factor for 
crossflow disturbances (the so-called nCF). In this 
approach, the four strategies which have been described 
previously are now considered as sub-strategies, because 
nTS and nCF are not necessarily calculated in the same 
way. 

To clarify this point, let us consider the method 
developed by Rozendaal[74] to [76] who used the spatial 
compressible stability code of Mack. nCF was computed 
by applying the fixed o/fixed p method for high 
wavenumber vector angles (70" e y c 90") and for 
stationary waves only. In a separate calculation, rq-s was 
computed by applying the fixed o/fixed w method for 
high frequency waves propagating at smaller y angles. 
Let us recall that in the transonic range studied by 
Rozendaal, the most unstable direction for the 
streamwise disturbances is not w = O", but w = 40 to 
a", not very far from the crossflow instability range ; 
Rozendaal noticed that this neighbourhood could cause 
some trouble in the interpretation of the numerical 
results. 

More recently, the nTS/nCF method was used at the 
DLR to analyze flight and wind tunnel data [77]. 
Although the experiments were carried out at transonic 
Mach numbers, the computations were performed using 
the incompressible SALLY code. IWF was calculated for 
the stationary disturbances with the fixed w/fixed 1 
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method, whilst the envelope method was applied in the 
pure streamwise direction (w = 0') to determine nTs. 

The objective of these studies was to define "universal" 
nTS -versus- nCF curves at the onset of transition. This 
point is discussed in paragraph 4.4.3. 

I 

~ 

i 3 .3 .3 .  C o m p a r i s o n  between d i f fe rent  

I computations 

Five strategies for the computation of the n factor have 
been described in the previous paragraph. For each 
strategy, one can use either the temporal or the spatial 
theory. In the latter case, there are (at least) three 
assumptions in the definition of the direction of the 
amplification vector. Clearly, it is not possible to 
perform systematic comparisons between all available 
numerical methods. This paragraph presents some; 
general trends which can be deduced from existing 
computations, but one has to keep in mind that these 
computations have been carried out for particular cases ; 
therefore the results cannot be considered as universal. 

a) W t  ial and temmra 1 theories 

Laburthe [19] compared the evolutions of the n factor 
computed with the envelope method and three different 
procedures for the computation of the local growth rate : 
the temporal theory, the spatial theory with pi = 0 and 
the spatial theory with pi = ajtgeo. Several test cases 
were studied, with free stream Mach numbers between 0 
and 10. Except for the "pathological" ONERA D 
configuration (paragraph 3.3.2.). the envelope curves 
were very close together. Since these comparisons were 
made with the same numerical code, they are particularly 
meaningful. 

As far as the saddle point method is concerned, a limited 
number of comparisons with other procedures has been 
reported. Chen and Cebeci [65] observed a good 
agreement with the temporal theory, but discrepancies of 
up to 20 % were noted when the n factors obtained with 
the saddle-point method were compared with those 
deduced from the assumption pi = 0 : in some cases, 
the saddle-point method gave higher values (Niethammer 
et al [78]), in other cases it gave lower values (Amal et 
a1 [41]). It must be pointed out that the computations 
were performed with different boundary layer and 
stability codes, so that part of the discrepancies could be 
attributed to numerical considerations. 

It has been shown that three classes of strategies can be 
distinguished : the envelope method (class A), the 
methods where L, or w are kept constant (class B) and 
the q s  -versus- IICF comlations (class C). 

Extensive comparisons between the procedures of class 
A and class B have been made in the framework of the 
European ELFIN program. The pressure distribution of 

2 0  r 
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Fig. 3.11 ELFIN test case : n factors cal- 
culated with the envelope method 
and with the fixed w / fixed p 
method 

the test case was given in figures 3.5, and typical 
integrated growth rates are plotted in figure 3.5 and 3.8. 
Figure 3.1 1 shows a comparison between the n factors 
calculated with the envelope method and with the fixed 
w/fixed p method. As expected, the fixed w /fixed p 
method yields much lower n factors than the envelope 
method. It also reveals a clearer distinction between 
crossflow and streamwise instabilities : crossflow 
disturbances are responsible for the first maximum near 
the leading edge (n=7 .5 )  and the second maximum 
which tends to appear further downstream (n = 6) can be 
attributed mainly to oblique streamwise waves. At the 
same locations, the envelope methods gives n factor 
equal to 10 and 20, respectively. It was noted that during 
the integration of the n factor for disturbances with 
constant values of w and p, the total wavelength h and 
the wavenumber direction w exhibited moderate 
variations. Computations with the fixed w/fixed h 
method confirmed this observation by providing n 
factors similar to those given by the fixed o/fixed p 
method. Although the fixed w/fixed w method was not 
completely verified, one can expect that similar results 
would be obtained. 

Figure 3.12 presents another series of calculations which 
allows one to compare the envelope method (class A) 
and a VS-versus-nCF method (class C). These 
computations were performed by Rozendaal [76] to 
analyze flight data recorded on a F-14 aircraft in the 
framework of the VSTFE program (Variable Sweep 
Transition Flight Experiments) initiated in 1983 by 
NASA. The procedure used by Rozendaal to determine 
nTS and ~ C F  was described previously. In the present 
case, the sweep angle, the free stream Mach numbers and 
the chord Reynolds number are 28 deg, 0.70 and 
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18.8 lo6, respectively. The figure shows the pressure 
distribution, nTS, IICF and the n factor obtained using 
the envelope method. rqs and IICF reflect very well the 
variations of the streamwise pressure gradient : IICF 
increases rapidly in the accelerated flow regions 
(essentially near the leading edge), while the slope of the 
n ~ s  curve becomes steeper when the flow is decelerated. 
All this information regarding the physics of the 
transition process is lost when the envelope method is 
used. Note that q-s + nCF is always lower than the n 
of the envelope method. 

........ . . . - K p  'I- 0 

t$/ 
-1 t 1 n n 20- 

transition location 
M -= 0.703 

Rc = 18.84 IO6 
10 cp = 28 deg. 

Envelope method 

0 0.2 0.4 

1 5  

10 

5 
method - x/c 

"0 0.2 0.4 

Fig. 3.12 F-14 flight tests : comparison 
between the envelope method and 
the nTS/nCF method 

3.3.4. Curvature effects 

Let us define a set of orthogonal curvilinear coordinates 
(6, q, y). The 6 and q coordinates lie in the plane of the 
surface (for instance 6 and q represent the streamwise 
and the crossflow directions, respectively), and y is 
normal to the wall. Elements of length in this system 
are h l  dk, h2 dq, dy where h l  and h2 denote the metric 
coefficients. The disturbances are expressed by : 

r' = r(y) exp [i (4 + pq - ut)] 

When this expression is introduced into the linearized 
equations governing the disturbance behaviour in the (6, 
q, y) coordinate system, in-plane and surface curvature 
coefficients appear. The in-plane Curvature coefficients 
are given by : 

The surface curvature coefficients are given by : 

1 a 2  
h2 cty 

and m23 =- - 1 dhi m13=- - 
h l  dY 

Let us observe that the shape of the wavefronts depends 
on the coordinate system. If (6. q, y) is the (X, Z, y) 
coordinate system adapted to the wing, the wavefronts 
are straight lines, and m12 = m21 = 0. If (6, q, y) is 
the (x. z, y) coordinate system associated with the 
external streamline, the wavefronts are curved, and the 
in-plane curvature coefficients are not equal to zero. In 
fact, there are several good reasons why one should be 
cautious with the in-plane curvature terms. Firstly, 
nobody knows the exact shape of the wavefronts of the 
disturbances (except for stationary waves), and so the 
most suitable coordinate system is also unknown. 
Secondly, m12 and m21 are defined by spatial variations 
of the basic state, which have been neglected in the 
disturbance equations ; in other words, it is not coherent 
to retain the in-plane curvature terms to make use of 
the parallel flow assumption. 

In order to avoid these difficulties, the simplest solution 
(at least for an infinite swept wing) is to perform the 
stability computations in the (X, Z, y) coordinate 
system adapted to the wing. This allows the elimination 
of the in-plane curvature terms and allows one to take 
into account the surface curvature of the body: 
m23 = 0 and m13 = 1/R, where R is the local radius 
of curvature. Figure 3.13 shows the results obtained by 
Schrauf et a1 [79] in the case of a yawed cylinder in a 
low speed flow (Poll [80]). The sweep angle cp is 63O, 
the free stream velocity Qoo is 29 ms'l and 
R = 0.1 14 m (case no 4 in [81]). The computations 
were performed using the envelope method for 
f = 1 000 Hz which is the most amplified crossflow 
disturbance for X/C > 0.1 (C = 4R). Figure 3.13 
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Fig. 3.13 Swept cylinder : wall curvature 
effects 

indicates that the wall curvature has a moderate 
stabilizing effect. 

Remark : Additional computations by Schrauf et a1 [791 
in the (x, z, y) coordinate system associated with the 
external streamline showed that the in-plane curvature 
effects were destabilizing and nearly compensated the 
surface curvature effects, so that the global effect was 
negligible. Malik and Poll [8 13 published completely 
different results, but it seems that their computations are 
not correct. All the results which are presented below 
were obtained without curvature terms, except for one 
case in table 2 of the next section. 

3.4. Accuracy of the n factor computations 

3.4.1. Boundary layer profiles 

Any stability computation requires the computation of 
the basic flow as a prerequisite. Depending on the 
complexity of the problem, this basic flow may be 
computed by using the boundary layer equations, the 
parabolized Navier-Stokes equations or the Navier- 
Stokes equations. In all cases, the numerical accuracy 
must be extremely high, because the stability results 
will be very sensitive to any small departure of the mean 
flow from its "exact" shape : for two-dimensional, 
incompressible flows for instance, the critical Reynolds 
number is increased by 70 % when the shape factor 
varies between 2.59 and 2.53. This explains why 
Navier-Stokes computations are not always accurate 
enough for linear stability analyses. 

Inaccuracies in the stability results arise particularly 
when the instability is inflectional. In this case, the 
growth rate depends on two parameters : the height y, 
of the generalized inflection point and the value of 
pdU/dy at this point. It follows that the basic flow 

computations must be highly accurate in the 
neighbourhood of y,, especially when the generalized 
inflection point is located far from the wall, in a region 
where the computational grid is coarser than near the 
wall. Let us give two examples. 

First example : the crossflow instability in 
incompressible flow. 'Ihe computations are related to the 
experiments performed by Poll [80] on a swept cylinder. 
The experimental conditions were the same as in the 
previous paragraph. Figure 3.14a shows the mean 
velocity profile projected in the locally most unstable 
direction (\YM = 73O) at X/C = 0.25, where the flow is 
accelerated. Two boundary layer computations, BLl and 
BL2 are compared. In the BLl computations, the 
computational grid comprises 50 points which are 
particularly clustered near the wall. The BL2 
computations were performed with 80 points more 
regularly spaced in the boundary layer. Although the 
mean velocity profiles look very similar, some 
differences are observed with the first derivative, 
figure 3.14b. The total growth rates computed for 
f = 1000 Hz are compared in figure 3 .14~ ; the 
discrepancies are of the same order as the wall curvature 
effects. 

Second example : supersonic flow. We consider now a 
two-dimensional flat plate flow at Mach 3.5. Figure 
3.15a compares the mean velocity and temperature 
profiles given by two boundary layer computations : 
BLl (50 points, grid clustered near the wall) and BL2 
(100points with a more uniform mesh). Once again, 
the mean profiles are very close together, but the value 
of pdU/dy at y, is slightly larger with BL2, figure 
3.15b. This results in significant differences in the 
evolution of the n factor, figure 3.1% (Cazenave, [821). 

3.4.2. Potential f low - Wall temperature 

When the boundary layer equations are used, the details 
of the basic flow can depend on small variations of the 
boundary conditions, such as the free stream velocity or 
the wall temperature. As a consequence, the boundary 
conditions for the mean flow computations must also be 
very accurate, see discussion by Malik [831. 

Over swept wings, the crossflow instability starts to 
develop very close to the attachment line, typically at 1 
to 5 percent chord. If the pressure field is measured, the 
pressure taps need to be particularly clustered around the 
leading edge in order to determine accurately the 
attachment line location and hence the chordwise 
pressure gradient. To the author's experience, moving 
the attachment line by 1 or 2 percent chord in the 
computations can increase or decrease the n factor by as 
much as 50 percent in the leading edge region. 

Another problem is the value of the wall temperature, 
because cooling (heating) the surface is stabilizing 
(destabilizing). For transonic Mach numbers, crossflow 
disturbances are weakly affected, but the growth rate of 
the streamwise disturbances is significantly modified 
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Fig. 3.14 Effect of the accuracy of the basic 
flow computations on the n factor 
(swept cylinder, low speed) - U,,, is 
the mean velocity projected in the 
most unstable direction WM = 73" 

Fig. 3.15 Effect of the accuracy of the basic 
flow computations on the n factor 
(flat plate, Mach number = 3.5) 



(see paragraph 5.2.2.). Typically, a departure of 5 
percent from the adiabatic wall temperature increases or 
decreases the n factor by 20 to 30 percent. This effect is 
discussed in paragraph 5.2.2. for the AEDC cone 
experiments, see also table 1 of paragraphe 4.4.1. 
Niethammer et a1 [78] emphasized the practical 
importance of this problem for cryogenic wind tunnels. 

n 
4 

' u l j  I 1 I Separation I k 

3.4.3. Remark on the shape of the n factor 
curve 

We would like to close this section with a very 
important remark, which is illustrated in figure 3.16. 
This figure is related with flight tests performed on a 
Beechcraft aircraft equipped with a two-dimensional 
laminar glove (Obara and Holmes [MI). It shows the 
pressure distribution on the upper surface as well as the 
total growth rates of the most unstable Tollmien- 
Schlichting waves. Due to the positive pressure 
gradient, the slope of the theoretical curves is very steep 
downstream of the pressure peak : it can be seen that n 
increases from 10 to 17 between 36 and 40 percent 
chord. As the observed transition location is "in close 
proximity" of the laminar separation point 
(X/C = 0.40). the value of the n factor at the onset of 
transition cannot be accurately determined. In order to 
avoid any misleading conclusion, this type of flow will 
be disregarded in the next section. This example also 
emphasizes the need for a coherent and precise definition 
of the "transition point". 
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4 -VALUE OF THE n FACTOR AT THE 
ONSET OF TRANSITION 

Let us assume that the mean flow computations and the 
stability computations are numerically correct. It is now 
necessary to impose a value of the n factor in order to 
predict the transition location. Of course, there is no 
general theory which could be used to determine the 
"right" value of n for all practical problems ; however a 
large number of experimental data are now available in 
order to have a crude estimate of this value depending on 
the experimental conditions (wind tunnel or flight), on 
the nature of the flow (two- or three-dimensional), on 
the Mach number range ... But before discussing this 
problem, it is of first importance to answer the 
following question: since the "magic" n factor is 
expected to provide the transition location, how can we 
define the "transition point" ? 

4.0. Experimental definition of  the 
transition location 

Transition starts when the first turbulent structures 
(spots) appear in the laminar boundary layer. In natural 
conditions, the spots originate in a more or less random 
fashion. Once created, they are swept along with the 
mean flow, growing laterally and axially and finally 
covering the entire surface. The transition region is 
defined as the region where the spots grow, overlap and 
form a turbulent boundary layer. When a hot wire is 
placed in the boundary layer (or when a film gage is 
mounted flush with the model surface), the fluctuations 
which are recorded in the transition region show the 
successive appearance of turbulent spots and of laminar 
regions ; this is the intermittency phenomenon. A 
typical experimental result (Amal and Juillen [85]) is 
shown in figure 4.1 for a two-dimensional, low speed 
flow without pressure gradient. The measured variation 
of the shape factor in the transition region is plotted as a 
function of the streamwise distance ; instantaneous hot 

I 

Fig. 4.1 Intermittency phenomenon 

wire signals recorded near the wall are also presented for 
three stations located at the beginning (y = 0.1). in the 
middle (y = 0.5) and at the end (y = 0.8) of the 
transition region. However, it is not always so easy to 
define the extent of the transition region. 

I 

I 

The onset of transition is often taken at the point where 
a characteristic parameter begins to deviate from its 
laminar evolution. This parameter can be : a) a mean 
flow quantity (surface pitot pressure, skin friction, wall 
heat flux, wall temperature ...) or b) the rms value of a 
fluctuating quantity (velocity, wall shear stress or 
pressure fluctuations recorded by a hot wire, a hot film 
or a microphone). In general, the transition abscissa 
given by a) is greater than that given by b) because the 
departure of the mean quantities from their laminar 
values can be detected only when the intermittency is 
appreciably greater than zero. 

In the transition region, it is well known that quantities 
such as rms levels of fluctuating quantities, skin 
friction, wall heat flux ... reach a maximum at nearly 
the same location and then decrease more or less slowly 
up to their turbulent level. The peak value is often used 
to define the end of transition, because its position is 
easy to measure accurately. However, these points are 
located upstream of the end of transition. For instance, it 
is established (Owen, [86]) "that the peak rms signal 
coincides with the point where the turbulent burst 
frequency is maximum" and not with the point where 
the boundary layer is fully turbulent. 

Sublimation techniques (acenaphtene or naphtalene flow 
visualizations) are efficient tools for vansition detection. 
Their advantage is to provide a "transition line" instead 
of a single "transition point". Their shortcoming is that 
it is impossible to know if this line corresponds to the 
beginning, to the middle or to the end of the transition 
region. The same problem arises when looking at 
infrared images. However, infrared thermography is 
potentially more powerful than sublimation technique, 
because quantitative information (wall heat flux, wall 
temperature) can also be obtained and so the extent of 
the transition region is clearly defined. 

Another source of uncertainty is that the transition front 
is usually less regular than assumed in the 
computations. In two-dimensional flows, mean flow 
irregularities and/or surface imperfections result in a 
transition line which is not always a straight line 
parallel to the leading edge. A more fundamental 
problem appears in three-dimensional flows. It is evident 
from figure 4.2, which presents a naphtalene surface 
pattern obtained on a swept wing (Michel et al [35]). 
Black regions, characterized by high values of the skin 
friction coefficient, are visible near the leading edge 
(laminar boundary layer at low Reynolds numbers) and 
beyond 25 or 30 percent chord (transitional and turbulent 
boundary layer). The streaks which are observed in the 
white (laminar) region constitute the signature of the 
stationary vortices amplified by the crossflow 
instability. Hot wire measurements reveal that the 
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Fig. 4.2 Example of visualization (subli- 
mation) at the wall of a swept wing, 
upper surface - 'p = 40°, angle of 
attack - -ao ,  Q, = 81 m s - I ,  
chord C = 0.35 m 

breakdown to turbulence does not occur at the same 
chordwise position in the core of the vortices and 
between two neighbouring vortices. In addition, all the 
vortices do not break down at the same X-position due 
to small-scale surface roughness effects. This saw-tooth 
pattern was also observed by Poll [80], Dagenhan et al 
1361, Bippes 1331 among others. It disappears when the 
streamwise instability becomes the dominant @ansition 
mechanism. 

These observations can explain, to a large extent, the 
large scatter which is often observed in the transition 
data They must be kept in mind when discussing the 
values of the n factor at the transition location. In this 
section, the n factor will be correlated, when possible, 
with the w of transition and not. as it is done 
sometimes, with the middle or the end of transition. The 
following applications of the en method will be 
classified according to the type of forced disturbances 
which act on transition and hence on then factor. 

4.1. Two-dimensional flow : low speed 

As mentioned previously, the en method was first 
developed by Van Ingen and by Smith and Gamberoni 
(1956) who correlated low speed wind tunnel 
experiments with n factors between 7 and 9. For these 
conditions. the main factor influencing transition is the 
free stream turbulence level Tu measured in the working 
section. Tu is defined as : 

" 1  (3 (4.1) 

where- denotes a root mean square (rms) value. As the 
v' and w' components of the free stream velocity 
fluctllations are generally not measured, the definition of 
Tu o h  reduce8 to : 

- 
Tu=ue /U, (4.2) 

Let us obwve that this definition does not take into 
account the spectral distribution of the disturbances. 
However, Tu is often a useful parameter to m l a t e  
rransition data, becaw wind tunnel results probably 
origioate from rather s i m i i  disturbance environments if 
Tu is not too low. 

Mack [141 proposed relating the n factor to the free 
stream turbulence. level by the following relationship : 

n = - 8.43 - 2.4 In Tu (4.3) 

This expression was established to fit wind tunnel data 
without pressure gradient, at least for Tu > loT3 
(figure. 4.3). For Tu = (typical value for a low 
disturbance subsonic wind tunnel), n = 8.15 and 
RXT = 2.8 l o6 .  For Tu = (typical high 
disturbance environment), n = 2.62 and 
RXT = 0.7 lo6. If Tu = 2.98 the n factor given 
by (4.3) is equal to 0. which means that transition 
occurs at the critical Reynolds number : this is the 
bypass limit Strictly speaking, application of relation 
(4.3) is not c m t  as soon as Tu ex& a value of the. 
order of 10-2, because m i t i o n  is no longer governed 
by Tollmien-Schlichting waves amplification. On the 
other hand, when Tu is lower than acoustic 
disturbances may become the factor controlling 
transition rather than turbulence., and figure 4.3 shows 

1 0-6RxT 'nt 0 0 Exueriments 
4 1  \ ( t i t  plate) 

- Relation (4.3) 

n= e 

-1OOxTu 
0 

0.04 0.1 0.2 0.4 1 

Fig. 4.3 Application of the en method with 
relation (4.3) - Flat plate, incom- 
pressible flow 
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that Mack's relation gives a poor prediction of the 
transition Reynolds number. Let us note, however, that 
other expeaimental data (not plotted on the figure) arc in 
better agreement with the theoretical curve. For Tu 
between and lWZ, relation (4.3) can be applied 
with some confidence, not only for tlat plate flows. but 
also for decelerated flows [441. If one Bsswllc8 that the 
amplitude A of the most unstable Tollmien-Schlichling 
wave reeches a "univassl" value at transition. it can be 
seen from (4.3) tha~ the initial amplitude varies with 
TuZA. 

In free flight conditions, the characteristics of the free 
stream velocity fluctuations are poorly known, 
essentially in the high frequency range which could 
excite the boundary layer eigenmodes. Low speed 
expcrh"e on sailplanCS or d aircrafts indicate that 
then factcx is of the order of 10 or greata. A good 
example is provided by the flight test conducted at the 
DL.R Braunschweig on an LFU-205 aircraft equipped 
with a special laminar glove at nearly zero angle of 
sweep [871. [881. Transition was detected with an 
infrared ca". figure 4.4. and the tests wen performed 
in a speed range from 150 to 330 Irm/h. Incompressible 
stability comp~~tations correlated the measured mimition 
locations with n - 13.5. Figure 4.5 shows the 
thearetical evolution of the integrated gmwth rates for a 
chord Reynolds number of 9.5 lo6. By using an 
intemiuency method developed at the CERTDNERA 
1891, it was found that the extent of the transition region 

Inn4 - 

I 
e 

.i 
Fig. 4.4 LFU aircraft : installation of the 

glove and of the infrared camera 

was a b u t  20 percent chord. With the assumption that 
the infrared image gives the middle of the transition 
region, figure 4.5 shows that the n factor at the onset of 
transition is reduced to 10. This illustrates the need for 
an ~ccurate defition of the "transition point". 

-1.0 

K P  

0 

Transition ' Flight Test 
lam.-turb. \I1 R ~ ~ 9 . 5 . 1 0 ~  

LFU - Glove 

! I  
1-0 I 1  I 

0 0.5 x / l  1,O 

N 

transition region 
(estimated) 

Fig. 4.5 Flight test pressure distribution 
and n factor on the glove 

I 

4.2. Two-dimensional flow : transonic speed 

In transonic pind tunne Is, free stream velocity 
fluctuations could be a significant parameter acting on 
the transition mechanisms, but little information has 
been published. On the o b  hand, it is now clearly 
established that pressure fluctuations play a major role. 
The usual dominant acoustic sources are disturbances 
associated with holdslot resonances in porous and/or 
slotted wall wind tunnels. These facilities are classified 
as very noisy compared lo solid-wall wind tunnels. As a 
cmequence, the transition Reynolds numbers are larger 
in the low disturbance (quiet) wind tunnels than in the 
high disturbance (noisy) wind tunnels and the n factors 
follow the same trend : typical values of n are of the 
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order of 8-10 for quiet facilities and of the order of 5-6 
f a  noisy facilities. This was clearly demonstrated by 
systematic measurements performed on the so-called 
AEDC cone in 23 US and European wind tunnels 1901 : 
the transition Reynolds number varied f" about 3 106 
in the higher disturbance level wind tunnels to about 
6 I@ in the lower disturbance level wind tunnels. 

In frs&ght wnditions. the transition proms is u s d y  
dominated by acoustic fields which are generated by 
engines and by airframes. These noise somes include 
separated regions and turbulent boundary layers 
developing along the fuselage. The transition location 
was measured on the AEDC cone mounted in front of 
the fuselage of a F-15 aircraft (see details in the next 
paragraph). In the transonic Mach number range, the 
values of RXT were similar to those obtained in the low 
disturbance wind tunnels, and the n factor was of the 
order of 10. 

To summarize these observations, several wind tunnel 
and !light results are p l o W  in figure. 4.6 (f" BushneU 
et al [91]). Transonic n factors computed at transition 
location are plotted as a function of the "equivalent free 
stream turbulence level" which is deduced from the 
sound field. The two symbols with a vertical mow 
denote experimental results with transition occurring 
d o w "  of the location for which n was determined. 
We added the envelope of data obtained in the T2 wind 
tunnel at the CERT. Also shown f a  comparison is the 
correlation derived by Mack for low speed experiments, 
relation (4.3). It can be seen that this relation can be 
still used for transonic Mach numbers as a rough guide 
to estimate then factor at transition. 

+ Flight U 0 Wind tunnel 

n 

1) '* 
a 

4 - Tu (equiv.) 
I OIo 

0.01 0.1 1 
0 

Fig. 4.6 n factor for transonic flows 

4.3. Two-dimear a d  flow : I speet 

In supersoNc and hypersonic , the main 
factor affecting transition on models is also the noise, 
the origin of which lies in the pressure disturbances 
radiated by the turbulent boundary layers developing 
along the nozzle walls, see pate [92]. This leads to low 
hansition Reynolds numbers. Le. small values of the n 
factor. As an example, tigure 4.7 shows an application 
of the e" method for adiabatic flat plates. The theoruical 
sueamwise Reynolds numbers which correspond to 
Werent values of the n facur are plotted as functions of 
the free stream Mach number &. If it is a%umed that 
mansition occurs for a fixed value of the n factor, each 
curve represents the evolution of the hansition Reynolds 
number when &increases. In the same figure., the d i d  
symbols qresmt expeximntal data obmined at ONERA 
some yean ago [931 at hypersonic Mach numbers : they 
correspond to n factors between 2 to 4. Numerous 
examples could be given to illustrate the fact that in 
conventional s u p e ~ ~ ~ N c  and hypersonic wind tunnels. 
the transition Reynolds numbers on flat plates are rather 
low, say between 2 and 3 million. 

- Comoutations 
Experiments : ref.[93] 

quiet tunnel 

Fig. 4.7 Application of the en method for 
high speed flows : flat plate, 
adiabatic wall 

Since the radiated noise is inherent in the presence of 
walls around the model. there is little doubt concerning 
the incapacity of wind tunnels to properly simulate free 
flight conditions. In order to redm this noise level, it is 
necessary to delay transition on the nozzle walls, 
because a laminar boundary layer is less noisy than a 
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Mbulent one. This was done in the "quiet tunnel" built 
at NASA Langley with a free stream Mach number 
M, = 3.5. A detailed description of the wind tunnel 
was given by Beckwith et al [W]. Nofable features are 
the use of boundary layer bleed slots upstream of the 
throat, a m f u l  polishing and a careful design of the 
nozzle walls contour in order to minimize the 
amplification of G(lrtlcr vortices (sec pamgmph 7.3). 
With a laminarboundary layer on the n d e  walls. the 
measundpessure fluctuationscan b e o n e o r h v o ~  
of magnitude below those measured in conventional 
facilities. M g n  and opuational details of new low- 
dis" wind hmnels BIC desaibcdin PSI. 

Several transition experiments were carried out in the 
"quiet tunnel". On a flat plate, transition Reynolds 
numbers as high as 12 106 were measured, This value 
is nearly an order of magnitude larger than those 
obtained in conventional. noisy facilities [96] ; it is 
interesting to notice that this result cowponds to the 
theoretical value of RXT given by the e" method for 
M e = 3 . 5  and n =  10 (figure 4.7). The flow on 
supasonic sharp cones constitutes a second case where 
the free s m m  Mach number is constant in the 
streamwise direction. Measurements performed in the 
"quiet tunnel" on a So half angle sharp cone indicated 
values of close to 7 or 8 IO6, two or three times 
the values obtained in conventional wind tunnels. The 
predicted transition Reynolds number computed for 
n =  IO is 8 106, in very good agreement with 
expaimental data [R@. 

The problem is to know whether or not low disturbance 
level wind tunnels are representative of e 
conditions. As direct comparisons of the disturbance 
environment are difficult to perform, indirect 
comparisons are made by looking at the value of the n 
factor. In this respect, the flight experiments on the 
AEDC cone (Fiier and Dougherty D21) provided us 
with some interesting information. This cone was 
mounted on the nose of an F-15 aircraft and flown at 
Mach numbers from 0.5 to 2 and at altitudes from 
I 500 m to 15 OOO m. Transition was detected with a 
surface pitot tube which was displaced along a cone ray. 
Mal* [971 computed the n factor for four supersonic 
cases (oz. = 1.2, 1.35. 1.60, 1.95). He found that the 
transition Reynolds numbers at the onset of transition 
were comlated with n factors between 9 and 11 : n 
factors between 10 and 13 correlated the Reynolds 
numbers measured at the streamwise position where the 
pitot pnsswe was maximum (middlelend of msition). 

Aoan freeflighttests 
I "quiet tunnel'' 
- conventional wind tumels 

-- a adiabaticwall theory,n=10 
-- b coldwall 3 

-c Me 
l o 6  I 

0 4 8 12 16 

Fig. 4.8 Comparison between measured and 
predicted transition Reynolds 
numbers on sharp cones 

In the experiments, surface pressure fluctuations 
indicated the formation of Tollmien-Schlichting waves, 
the frequency band of which was in agreement with 
linear themy. 

Unformately. reliable and accurate free f l iht  data are 
not numerous at higher, hypersonic Mach numbers. 
Figure 4.8 shows flight transition results which were 
collected for sharp cones by Beckwith [98]. The 
transition Reynolds numbers are plotted as a function of 
the free stream Mach number. The figure also containsa 
cmlation for wind tunnel transition data. which lies 
much below the flight experiments. The range of results 
obtained in the "quiet tunnel" are reported for 
comparison. It is clear that there is a very important 
scatter in the frm flight results, essentially for Mach 
numbers between 2 and 4. This is mainly due to the fact 
that lhese data have been obtained for various conditions 
of wall temperatures. the distribution of which is not 
known in many cases. Mali [99] calculated the 
transition Reynolds numbers corresponding to n = 10 
for a 5" half angle cone and for various Mach numbers 
up to 7. He made two series of computations : one by 
assuming that the wall was adiabatic and the other by 
assuming that the wall temperature depended on the 
Mach number according to the relationship : 

Tw/Taw = 1 - 0.05 M, - 0.0025 h12, (4.4) 

In conventional wind tunnels, the ratio 
(RXT)conJ(RXT)flat plate is usually close to 2.5 for 
Me = 3.5 (Pate [921). In the quiet tunnel. this ratio is 
less than unity. as predicted by the e?' method with 
n =  10. 

The ratio Tw/Taw is 0.89 for M, = 2 and 0.53 for 
M, = 7. As pointed out by Mawr, "(this relation) has 
no basis except that it was considered reawnable to 
wume that the ratio Tw/Taw should decrease with Mach 
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nun ~ ' are reporled in figure 
4.8 : relation (4.4) makes it possible to reproduce the 
wend exhibited by the flight results. 

The e" method was also used by h4alik aal (repated in 
[IOO]) for the rather complex reeatry-F experiments. The 
" y - F  flight vehicle I1011 consisted of a 5" semi- 
vertex cone with an initial nose radius of 2.54 mm. 
Computations were performed for an altitude of 
30.48 km, where the free stream Mach number was 
close to 20. The basic flow was calculated by 
equilibrium gas Navia-Stokes and PNS codes. At the 
measmd transition location. the n factor was around 
7.5. Roughness effects probably affected the. m i t i o n  
mechanisms at the junction between the nose and the 
cone. so that the value of n would be somewhat large? 
for a perfectly smooth surface. These computations, 
however, extend the e" method into the hyper*sonic, 
reacting p repime. 

Summary of paragraphs 4.1, 4.2 and 4.3 : As far as 
two-dimensional flows are concerned. the conclusion 
could be that the en method, with n - 10 can be 
applied to predict transition in subsonic, transonic, 
supersonic and hypersonic flows if the background 
turbulence kvel is low enough (quiet tunnels, free flight 
conditions) and if the wall is smooth. 

4.4. Three-dimensional flow 

It has been shown in paragraph 3.3.2. that three classes 
of strategies could be used to calculate the n factor in 
three-dimensional flows : 

Class A : the amplification rate is maximized at each 
streamwise position with respect to the wavenumber 
direction, and hem is absolutely no distinction between 
streamwise and CIOSS~~OW btabiiity (envelope me.thod). 

Class B : saeamwise and crossflow disturbances are 
implicitly separated, in the sense that the wavelength or 
the. projmgation angle of the waves is kept constant 
during the integration (fiied w I fixed B method, fiied 
w I fiied 1 method, fued w I fixed yr method). 

Class C : streamwise and crossflow disturbances are 
explicitly separated (ms I WF methods). 

The values of the n factor given by these different 
ploceduresatmeasdwnsilionlocationsarediscussed 
below. In order to simplify the discussion, it will be 
assumed that the temporal and the spatial theories give 
nearly identical results for the same class of strategies. 
Due to the lack of data at high speed flows, the analysis 
will be resIricted to subsonic and transonic Mach 
numbers. On the other hand, we consider only stability 
computarions without curvature terms (except fa case 5 
of Table 2). 

4.4.1. Class A : envelope mu 

A survey of the published results indicates that the 
envelope method is the most commonly used procedure. 
At the end of this section. tables 1 and 2 give some 
examples of application to free flight experiments 
(Table 1) and to wind tunnel results (Table2). The 
main characteristics of the experiments, the transition 
detection technique. he. name of the numerical code and 
the n factor at the onset of transition are indicated for 
each case. 

It should be noted that the n factors are exuemely high 
for the flight data, rising up to 19 in some cases. The 
mean value is of the ader of 15. Then factors obtained 
for the wind tunnel experiments are somewhat smaller, 
with a mean value of about 12. However the scauer is 
v a y  large for both series of data. In the wind tunnel 
results of Amal et al [411. the rather low values of n 
(around 7 for crossflow disturbances) are certainly 
correlated with the rather high value of Tu. This shows 
that kee stream velocity fluctuations play a role in the 
three-dimensional transition process through some 
unknown receptivity mechanism. But we will see that 
this is not the only parameter acting on transition. 

4 . 4 . 2 .  C l a s s  B 

Some applications of the fied wlfxed h method and of 
the. fixed o/fixed method are listed in Table 3. The 
f i i t  four cases were also studied with the envelope 
method. and the corresponding values of n are given. It 
is not surprising to observe that the class B methods 
provide n factors which are 50 to 60 7% smaller than 
those given by the envelope method. The mean value 
here is of the order of 6 to 7. 

The wind tunnel results of Radetsky et al [1141 are. 
particularly interesting. In these experiments (where 
wnsition always occurs in a negative pressure gradient), 
the transition location increases with the level of 
polishing of the model. When the average roughness 
height decreases from 9 pm to 0.25 pm. n increases 
from 7 to 11. The explanation is that these micron- 
sized. randomly distributed roughness elements provide 
the initial amplitude of the stationary vortices which are 
mainly responsible for transition. This constitutes 
another receptivity mechanism ; it is typical of 
crossflow instability. 

4.4.3. Class C : nTSlnCF methods 

In these approaches, the criterion for transition is not a 
unique value of ~p and ms, but a "universal" curve 
IICF (qs) which is established from experimental data. 
Figure. 4.9 shows three possible mS-nCp diagrams 
[1151. The regions below and above the curves indicate 
laminar and turbulent boundary layers, respectively. The 
concave curve ~.eprescnts the case of a strong i n w t i o n  
between crossflow and streamwise instabilities, which 
reduces the total amplification factors. The straight line 
nry  + n n  =constant r e p ~ n t s  a moderate 
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I weak interaction 

I - “CF 

Fig. 4.9 Different types of nTS/nCF curves 
for transition prediction 

interaction, and the convex curve indicates that the 
interaction is weak. It can be guessed that each type of 
curve represents a particular type of pressure 
distribution. The shape of the curve also depends on the 
ptucedurea which are used to compute ncp and m. 

Figure 4.10 prescnts a published correlation of flight 
dsta over swept wings [1161. [1171. These data were 
analyzed with the method described in paragraph 3.3.2.e. 
The. shaded band indicates the combinations of ws and 
IICF at the measured transition location. The intemtion 
is strong, since a moderate. cmssflow (wp of the order 
of 5) reduces ms to approximately 6. In the limit of 
pure crossflow instability (nTs tends to zero), nCF 
reaches values higher than 12. The same numerical 
procedure was employed by Obara et a1 [lo71 who 
analyzed flight result8 obtained on a NASA Lear Model 
28/29 abaft. The uncartainty in the meas& transition 
location appears clearly in two of the five cases 
considered . The impression is that the interactions 
between aosdlow and streamwise disturbances are less 
than in the previous experiments, 

The ~ C F  / n n  approach was also used in Germany for 
the ATTAS Ilight test data [77]. [1151, [118]. In these. 
experiments. a special glove was installed on the right 
wing of the VFW 614/ATTAS research aircraft. Details 
of the numerical approach were given in paragraph 
3.3.2e. Figun 4.11 shows the shape of the correlation 
between nTs and qy at the transition location. The 
values of ws do not depend strongly on the values of 
nCF.  This means that there is a weak interaction 
between streamwise disturbances and crossflow vortices 
(let us recall that ~p was computed for the zero 
frepuency waves only) for this particular airfoil. 

Wind tunnel experiments were also carried out with a 
1:2 scale model of the glove in two large European 

1 2 r  
nTS 

1 8  

4 

0 
0 4 8 12 - “CF 

Fig. 4.10 Correlation of flight data over 
swept wings - Full circles : results 
of the NASA Lear Model 28/29 
aircraft 

- “CF 
Fig. 4.1 1 Comparison of nTs and nCF factors 

from flight tests and wind tunnel 
tests 

facilities: DNW in the Netherlands and SlMA in 
France. Figure 4.11 presents a comparison between the 
computed values of IICF and ms for flight and for wind 
tunnel conditions. The values of nTS are in good 
agreement, but transitions induced by crossflow 
instability occur earlier in wind tunnels. One of the 
reasons of these discrepancies could be differences in 
surface polishing. 
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4.4.4. Summary and remark 

All the strategies produce a large scatter in the values of 
the n factor at the onset of W t i o n .  Three reasons (at 
least) can explain this scatter. The first one is that the 
transition Location is more difficult to determine 
accurately in three-dimensional flow than in two- 
dimensional flow, p " p h  4.0. The second "I is 
that crossflow and streamwise instabilities arc not 
initiated by the same type of forced disturbances : in 
particular. the c d o w  dhubances are very sensitive 
to miaon-sized n ~ ~ g h n a s  elements which have no effect 
on the sueamwise distuba". The third reason is that 
there exists a multiplicity of nonlinear processes before 
the bteakdown to turbulence. The latter two problems 
arediscusscdinIhenextsec~. 

There is only a small amount of three-dimensional 
transition data for high speed flows. A classical test 
model is the supersonic cone at incidence which was 
studied, for instance, by Stetson et al Cl191 and King 
[120]. To OUT knowledge, no attempt has been done to 
use. the e" method to correlate the transition location in 
these experiments. Reed and Haynes [121] however 
succeeded in predicting the transition location by using a 
miempirical criterion. This criterion was deduced from 
stability computations performed for the supersonic 
rotating cone, which constitutes a simple prototype of 
three-dimensional flow. 

TABLE1 - ENVELOPE METHOD: 
FLIGHT EXPERIMENTS 

1- Burrows [lo21 : half wing mounted as a der@ fin 
upon the fuselage of an Avro-Lancaster airplane. Low 
speed 
Transition detection : surface pitot pressure gives the 
end of transition Xe and it is assumed that 
XT = 0.54 X, [731 
Computations : Hefner and Bushnell [731. SALLY 
code 
n factor: from 7.6 to 11, average value: 9.7 
(8 cases) 

2- F-14 aircraft with glove (summary in (1031). 
Transonic. variable sweep 
Transition detection : hot films, XT at first 
appearance of turbulent spots 
Computations : Collier [I031 with COSAL code, 
Roeendaal 061 
n factor : of the order of 17 [103], between 16 and 19 
P61 

3- Jet Star aircraft with glove [104], [105]. Transonic, 
suction from the attachment Line to 13 percent chord, 
cp = 30" 
Transition detection : surface. Pitot tubes 
Computations : Maddalon et al[1051, COSAL code 
n factor : > 12 for the case reported in [loa 

4 NASA Lear Model 28/29 aircraft with glove [lOal, 
M, from 0.55 to 0.82 
Transition detection: hot films. XT at first 

Computations : Obara et al[107l, COSAL code 
n factor: between 12.7 and 15.2 for adiabatic wall 
temperatures. between 13 and 19.2 for non adiabatic 
wall temperatures (transition dominated by 
streamwisedisllabances 1 

app"of*tspots 

TABLE 2 - ENVELOPE METHOD : 
WIND TUNNEL EXPERIMENTS 

1- Boltz. Kenyon. Allen [1081. swept wing, low speed, 
low Tu 
Transition detection : microphones 
Computations : Srokowslri and Orszag t691. SALLY 
code 
n factor : 10 to 12 for streamwise and crossflow 
disturbances 
Remark : only stationary vortices were considered for 
crosstlow instability (n factor underestimated) 

Z poll [SO], [109], swept cylinder, low speed. Tu close 
to0.l percent 
Transition detection : surface pitot tube (minimum 
m) 
Computations : Mali and Poll [811, COSAL code 
n factor : of the order of 17-18 

3- Amal and Juillen [34]. swept, symmetrical wing. 
Low speed, Tu between 0.1 and 0.2 pwcent 
Transition detection : pressure fluctuations near the 
Wall 
Computations : C a d i  [71], CERT code 
n factor : between 7 (crossflow) and 10 (streamwise). 
see paragraph 5.2.4. 
Remark : transition induced either by sueamwise or 
by crossflow instability 

4- Amal et al[41], swept wing with a cambered leading 
edge. Low speed, Tu c 0.1 percent 
Transition detection : hot films, XT at first 

Computations : Amal et al [41], Casalis [711, CERT 
code 
n factor : 7 to 11. see paragraph 5.2.4. 
Remark : same as above 

appmnce of turbulent spots 

I Quast [IlO]. swept wing with different wall 
curyaaue~ at the upper and at the Lower surfaces. Low 

Transition detection : b"d camera 
Computations : Laburthe [191, CERT code 

speed 
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n factor: 13 at the upper surface, 11 at the lower 
surface. Takiig into account the curvature terms 
gives n = 11 on both surfaces 

6- Meier and Kreplin [lll]. prolate spheroid at 
incidence (10 deg.). Low speed 
Transition demtion : hot film sensors 
Computations : Cebeci et al[661 with saddle-point 
method.SpallandMaliiI1121 withCOSALcode 
n factor: 10 for [MI and [1121 

TABLE 3 - CLASS B METHODS 

1- See Table 1. no 1 
Computations : Hefner and Bushnell [73]. SALLY 
code, fixed (U I fued I method 
n factor : from 6.1 to 9.2, average value : 7.2 
Remark : average value with the envelope method : 
9.1 

2- See Table 2. no 1 
Computations : Srokowski and Orszag [691, SALLY 
code, fued o I fixed I method 
n factor: around 7 for zero frequency crossflow 
dis- 
Remark: n between 10 and 12 with the envelope 
memod 

3- See Table 2, no 4 
Computations : Amal et al [41], Casals [71]. CERT 
code, fued o I fixed p method 
n factor : around 5 
Remark : n = 10 to 11 with the envelope method 

4- See Table 2, no 5 
Computations: Seitz 11131. SALLY code and 
Labunhe [191, CERT code, fixed o /fixed X 
me&od. only stationary dhrbances 
n factor : 8 at the upper surface, 5 at the lower 
sclrface 

5- Radwky et al [114]. swept airfoil. Low s p d .  low 
Tu 
Transition detection : naphtalene flow visualization 
Computations : MARIA code, fixed o I fixed I 
memod 
n factor : between 7 and 12, depending on the level 
of polishing of the model 
Remark : transition induced by pure crossflow 
instability 

5 - SHORTCOMINGS AND USEFULNESS 
OF THE en METHOD 

5.1. What the en method is lacking 

5.1.1. Recep t i v i t y  

In the c“ method, the transition location is determined 
by a single number : the n factor. The implicit 
assumption is that all the eigenmodes have more or less 
the same initial amplitude AIJ. This is of course a very 
crude assump+ion, kcause. the eigenmodes can be excited 
by several types of forced disturbances (noise, free 
stream turbulence. roughness ...) which do not 
necessarily have the same efticiency. In addition, this 
effciency depends ML the nature of the mean flow. For 
insmnce.micnm-sizedmug~elementssrepactically 
unable to generate any Tollmien-Schlichtiog waves in a 
two-dimensional boundary layer, but they provide the 
initial amplitude of highly unstable stationary vortices 
on a swept wing. It is the objective of the receptivity 
theories to establish the link between A0 and the 
amplitude of the forced disturbances. M a c  precisely. the 
mptivity (this terms fmt appears in Morkovin [41) 
M b e s  the means by which the forced disturbances 
enter the laminar boundary layer as well as their 
signature in the disturbed flow. 

The receptivity issues and the state-of-thc-art in this 
problem were reviewed by Nishioka and Morkovin 
[1221. Goldstein and Hultgm [1231, Kerschen [I241 and 
Saric (1251. The basic ideas are briefly summarized 
below. 

It has been demonstrated fiom asymptotic analyses 
(triple deck themy) that the receptivity to iuautk 
&&uhwss occm in regions of the boundary layer 
where the mean flow exhibits rapid changes in the 
saeamwise direction. This occurs near the leading edge 
of a flat plate and/or in any region farther downst” 
where some local feature forces the boundary layer to 
adjust on ashoastnamwisekngth scale(sudden change 
in the wall slope or in the wall curvature, suction 
strip ... ) ; this is the so-called localized receptivity. 
These theoretical results have b m  substantiated by low 
speed experiments. The vends are the same for high 
speed conditions, in the sense that the acoustic 
receptivity seems to increase when dwdx increases (8 is 
the boundary layer thickness). This could explain why 
the receptivity of a supersonic boundary layer on a cone 
is less than that of a supersonic boundary layer on a flat 
plate, since Mangler transformation implies that dsldx is 
d3 times lower on a cone than on a flat plate. 

The receptivity to free stream velocity fluctuations, i.e. 
to- . is v g r  different. In contrast to 
acoustic disturbances, they have a random, three- 
dimensional character, and their phase speed is close to 
the mean flow velocity. Systematic experiments 
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U, 

2 0  30 Breakdown 
waves waves 

Fig. 5.1 Smoke visualization of the different stages leading to transition on a cylinder 

conducted by Kmdall[126] with different free stream 
turbulence levels demonstrated that the receptivity 
pocess is not localized in the leading edge region. bur 
that it takes place all along the flow : there exists a 
continuow Icceptivity. Moreover, Kendall found that the 
amplitude of the Tollmien-Schlichting waves did not 
inaease k l y  with Tu. 

Depending on the sweep angle and on the Reynolds 
number, the. instability in a U"e.nsional boundary 
layer is governed either by a streamwise or by a 
crossflow instability. For the sake of simplicity (and 
also due to the lack of information !), possible 
cmstlow-streamwise intemtim will not be considered 
hen. 

As the streamwise eigenmodes are similar to those 
developing in a wo-dimensional boundary layer, the 
receptivity mechanisms are pobably not very different. 

When the instability is cmsSnow dominated, Stationary 
vortices as well as mveling waves can be amplified, so 
that there are huo separate receptivity problems. 

First problem : Stationary vortices. It is now recognized 
that these vortices are initiated by stationary non 
uniformities of the mean flow field. As mentioned 
earlier. Radetslry et al [1141 clearly demonsuated the link 
between the amplitude of the crossflow vortices and the 
chsracteristics (height, spacing, ... ) of micron-sized 
roughness elements near the attachment line of a swept 
wing. Bippes [33] suggests that another efficient 
dishubmce source is provided by very small spanwise 
variations of the potential flow, which are generated by 
the screens in the sewing chamber of a wind tunnel. 

Second problem : traveling waves. The disturbance 
s o m  are pressure and velocity fluctuations in the free 
stream. Bippes [33] reported experiments in a water 
towing tank where the model was displaced through a 
stagnant water in ader to avoid free stream disturbances. 
The result was that traveling waves could not be 
identifxxl in flow visualizations for these experiments. 

Fundamental receptivity theories exist for two- 
dimensional flows, and some receptivity mechanisms 
have been identified for three-dimensional flows. 
However, very little quantitative information is 
available. On the otha side, the detailed characteristicS 
of the disturbance sources (fluctuations, roughness. ... ) 
are not veq well known in many practical problems. 
We agree with Saric's sentence that the work on 
mxptivity is important, but "it is a long way from 
having an impact on mansition prediction" [1251. 

5.1.2. Nonlinear effects 

Our objective is not to describe and analyze the different 
nonlinear mechanisms that lead to transition, but simply 
to IIY to estimate the ratio between the extent of the 
nonlinear regime and the extent of the linear 
development of the disturbances. If this ratio is small. 
the use of the linear theory up to the onset of transition 
can be justified. If it is large, the en method becomes 
highly questionable. The nonlinear phenomena can be 
modelled by direct numerical simulations & l e k  [127]. 
Reed [128]) or by solving the parabolized stability 
equations @Ie.rbwt [1291). 

Most of our knowledge about the last stages of the 
transition process come from studies with 
zero pressure gradient. The experiments show that the 
initial two-dimensional Tollmien-Schlichting waves a~ 
distorted into a series of "peaks" and "valleys" (see figure 
5.1, Knapp et a1 [1301, which shows a smoke 
v i s u a l i o n  on an ogive nose cylinder). The origin of 
this peak-valley system is explained by the secondary 
instability theories developed by Herbert [1311. Further 
downseeam, three-dimensional and nonlinear effects 
become more and more important. The nonlinear 
development of the disturbances terminates with the 
"breakdown" phenomenon : the peak-valley srmCtures 
are stretched and form horseshoe vortices which break 

smalla vortices, figure 5.1. Thc fluctuations finally take 
a random character and form a turbulent "spot" : this is 
the o m t  of m i t i o n .  

down into smaller vortices. which again beak down into 



2 4  

The distance between the end of the Linear region and the 
breakdown to turbulence is very short, because the peak- 
valley srmcture evolves at a very fast mte. For typical 
flat plate conditions, the streamwise extent of linear 
amplification coven about 75 to 85percent of the 
distance between the W g  edge and the beginning of 
eansition. The relaiive extent of the nonlinear region is 
even s d e r  for decelrratcd flows. This explains why 
prediction methods based on linear theory only (e" 
meth0d)cangivesatisfactOrydts. 

has not been extensively studied so far for 
npBls. The l i  theay and the experiments show that, 
at high Mach numbem, the tem- and the density 
fluctuations exhibit a sharp pak at the height of the 
genaalized inflection point, i.e. near the outer edge of 
the boundary layer. Nonlinearities probably start to 
develop at this peak, but the details are not well 
doclrmenttd. 

The deve-ent of secondsry and n o n l i i  instabilities 

As for the receptivity pmblems. the discussion will be 
restricted to the case of sccclerated laminar boundary 
layers for which the crossflow instability is the 
dominantmcchanism. 

In the nonlinear range of instability. the most striking 
feature is the tendency towards saturation in the 
distlrrbancc growth. E i  5.2 shows the growth rates 
measured by Bippes [331 on a swept flat plate. for the 
stationary vorticcS and for the most unstable traveling 
mode. The pressure gradient is negative all along the 
plate, and no transition is detected up to the last 
measuring station. Discrepancies with the linear 
stability results in the linear range of amplification have 
been previously pointed out @ungraph 2.62). Nonlinear 
saturation is observed for XK: > 0.7. This indicates 
that the disturbance development is dominated by 
nonlinearities during a large part of the transition 

breakdown location Overestimates the waveamplitude by 

and noalinear tbeoricsbeamcof special intenst for the 
understanding of the transition phenomena in three- 
dimensional boundary layers (Reed 11321. Fder and 
Dallrmmn [1331, El Hady 11341). 

the mean flow due to the presence of the stationary, 
Corotating vortices. Figure 5.3 presents typical rcsults 
obtained by Michd et al[351 on a swept airfoil a short 
distance upstream of the transition onset; the variations 
of the streamwise mean velocity BIC ploaed in the 0.. 2) 

The measurements cover about two spanwise 
wavelengths of the vortices. Ihe profiles are strongly 
disrorted and some of them exhibit multiple intlection 
points. Similar results were rem in [%I and [331. In 
thisnonlinear regime where the vortices and the bmic 

process and hat the use of the linear theory up to the 

sevsalardasofmagnilU&.ASacoosequcncc-secondary 

A n o k  remarkable result is the spanwise distortion of 

plane d t o t h e  Wall and parallel to the leading edge. 

- X I C  
Fig. 5.2 Comparison between measured and 

computed disturbance growth rates 
on a swept flat plate cp = 42.5", 
Q - = 1 9  m s - 1 .  In the 
experiments, A0 is the disturbance 
amplitude at X/C = 0.4 

t 

Fig. 5.3 Mean velocity field on a swept wing 
cp = 40°, angle of attack = - 8 O ,  

0 ,  = 4 8  m s - 1 ,  x/c = 0.69 
with C = 0.35 m - Transition 
begins at WC = 0.85 

flow interact, dU/dZ and dU/dy have the same 
magnitude. 

The find stages of the transition process depend on the 
relative magnitude of the stationary and of the traveling 
modes. This was demonstrated by Muller and Bippes 
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It is now established that the growth rates of 
is only weakly affected by non 

parallel effects. This was demonseated for the Blasius 
flow by the wmputatim of Gasta [I371 who used the 
method of multiple scales. The numerical results of 
Gaster were cwfirmed by PSE and DNS calculations. 
PSE computations by Airiau and Casalis [1381 showed 
that the mean flow nonparallelism could still be 
neglected for low speed flows submitted to strong 
p i t i v e  pressure gradients. Other PSE results were 
obtrined by Batobtti [139] and by Chang et al [I401 for 
supenurnic Mach numbers. A good agreement was 
achieved with the multiple scales analysis of El Hady 
[134] at % = 1.6. Figure 5.4 shows the integrated 
growth rates for a two-dimensional wave (the 
dimensionless frequency F I 2nfvJUe is 5 at 

several Mach numbers. The streamwise Reynolds 
number RI is defined as the square root of 
peUex/@&Q. The curves obtained under the @le1 
flow assumption are compared with the B E  results of 
Bertoloai [139] with the growth rate computed at the 
maximum of the mass flux. The non paraUel effects are 
quite negligible, except at the bighest Mach numbers. 

This mnclusion, however, is no longa valid for 9 l i i ~ 1 ~  
a as it can be seen in figure 5.5 (Bermlotti [1391) 
which displays the evolutions of the total growth rate 
for the same frequency but with Q = 559 The mean 
flow nonparallelism exerts a smng destabiiing effect, 
and this effect inaeases with increasing Mach number. 
The importance of this diffemnce on the n factor wuld 
be significant for supersonic flows since the oblique 
waves are the most unstable ones. 

b) 

DNS computations were performed by Spalart [I411 for 
the. flow which forms near the attachment line of a 
swept wing (swept-Hiemenz flow, see. section 6). The 
same problem was also studied by Malik and Li [I361 
by using the B E  approach. Spalart concluded that the 
parallel flow assumption was a very satisfactory 
approximation for the crossflow disturbances. The 
differences were smaller than the scatter resulting from 
different definitions of the growth rate in his DNS 
calculations. Mali and Li agreed with this conclusion, 
but they observed that nonparallel effects were 
destabilizing for Reynolds numbers lower than those 
studied by Spalart, although the magnitude of this effect 
was weak when the growth rate was computed with the 
maximum value of w'. 

2 .  

[135] who performed expaiments with the same model 
in different wind tunnels. When the free stream 
turbulence level is very low, the amplitude of the 
traveling modes is weak. and the s t a t i o q  vortices 
dominate the transition mechanisms. as described by 
Saric [125] : a secondary, high fquency instability 
appears W l y  at the inflection points of the mean flow, 
and thebeaLdown isconfined fo a very short spanwise 
distance (this leads, of come., to some tmuble in the 
definition of the "transition point" as pointed out in 
paragraph 4.0.). when the free stream turbulence level is 
larger. the amplitude of the meling modes can exceed 
that of the stationary modes (as is the case for the 
experiments reported in figure 5.3, where 
Tu = 0.15 %). and the transition p r o c ~ s  is differrnt, 
see PSE wmputations by Malik and Li 11361. 

when instability is crmsflow dominated, the nonlinear 
range of amplification can hardly be neglected. 
Moreover, the value of n at Wansition depends not only 
on the free stream turbulence level, but also on the 
stationary disturbance sources. This can explain the 
scatter of the n factors over swept wings. Transition 
prediction is easier for two-dimensional flows and 
perhaps for three-dimensional flows when s m w i s e  
instability is dominant. 

5.1.3. Non parallel effects 

The locally parallel flow assumption implies that the 
dimensional m c ~ n  velocity compcnents U and W depend 
on y only. It follows from the continuity equation that 
V = 0 if there is no suction or mass injection at the 
wall. This assumption is obviously exact for some 
particular flow such as channel flow, but it is only an 
approximation for boundary layers. especially when the 
free struun velocity varies rapidly (neighbowhood of the 
amhment line of a swept wing) or when the bodary  
layer grows rapidly (leading edge of a flat plate, smng 
positive pressure gradient). 

The non parallel effects can be detected by comparison 
with the results given by m m  sophisticated approaches 
such as multiple scale methods. PSE or DNS. In the.% 
computations, the mean flow nonparallelism is 
accounted for, hut, as a consequence, the growth rate 
depends on the disturbance that is considered (velocity 
fluctuation U', v' or w', mass flow fluctuation (pu)'). It 
also depends on the distance to the wall. The latter 
problem is usually "solved" by looking at the maximum 
value of U'. v'. w' or @U)'. or at the disturbance kinetic 
eoergy integrated across the boundary Layer. 

3 
An important distinction must be made between two- 
dimensional waves (ty = Oo) and oblique waves 
tv * O0). 

c) Comment 

In the framework of a linear appmach, the PSE represent 
an attractive solution for taking into account the 
nonparauel efrecLs. 
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Fig. 5.4 Integrated amplification rates for 

two-dimensional waves (v - Oo) 
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Fe. 5.5 Integrated amplification rates for 
oblique waves (v = 55") 

5.2. Parametric studles 

The major shortcomings of the e" method have been 
clearly poinred WL Howevrrthis method remains a very 
practical and efficient tool. in particular for panmerric 
studies : for a given test model and for a given 
disturbance environment, it is often able. to predii the 
variation of the transition location when changing a 
panunem which govems the stability properties of the 
mean flow. In addition, the value of the n factor at the 
measured onset of transition gives an idea of the 
disturbance environment and allows comparisons of the 

flow quality in different facilities. Some examples are 
given below. 

5.2.1. Streamwise pressure gradient 

To illuseate the effects of streaunwise pnssure gradients. 
we consider at first two-dimensional experiments 
performed in a wind tunnel (Amal et al[1421). 
The experimental set-up is shown in figure 5.6. The 
bouodary lay= develops on a cylinder aligned with the 
axis of an axisymmetric wind tunnel. Increasing or 
decreasing the divergence. angle of the conical wall 
around the cylinder made it possible to generate various 
streamwise pressure gradients. Six cases (A to F) were. 
studid The eombponding distributions of the extemal 
velocity are plotted in figure 5.6, where Uref refers to 
h e  velocity measlned at the ogivwylinder junction. The 
case A camponds to the zao pressure g d e n t  flow : 
in the other case.^, the boundary layer flow is decehatd 
The free sueam turbulence level Tu is nearly constant 
and close to 0.15 percent: according to Mack's 
relationship (4.3). this corresponds to n = 7.2. Mean 
velocity profiles wen measured at closely spaced 
locations, and the transition onset was defmed as the 
point where the shape factor became lower than its 
laminar value. 

"'.9.& 
OP + 

: . 
1 x m )  

1 0 :  
0 085 

i - - - 
Fig. 5.6 Streamwise pressure gradient 

effects : experimental sei-up 

Figure 5.7 gives the variation of the msition Reynolds 
number R ~ T  as a function of the shape factor at 
transition location. For case P. HT is equal to 3.5, 
indicating that transition occurs just upstream of a 
laminar separation. Two theoretical cmves computed fa 
n =  7 and 8 are also plotted. The dezrease in the 
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F i .  5.7 Streamwise pressure gradient 
effects : measured and computed 
transition Reynolds numbers 

I Experiments 

msition Reynolds number with increasing pressure 
gradient ( i i m g  FIT) is well repoduced. 

The second example deals with a two-dimensional airfoil 
(CAST IO airfoil) which was tested in the 
wind tunnel T2 at the IERTDNERA [143]. The upper 
part of figure 5.8 shows the free strcam Mach number 
distributions fn Wmnt values of the angle of atrack a. 
The lower part of the m e  figure presents a comparison 
between “red and predicted bansition locations. as a 
function of a. Two values of n are used: n = 8  and 9. 
The agreement is satisfactory. The dotted curve was 
obtained with n = 8 from incompressible stability 
computations. i.e. the fire stream Mach number was set 
to zero in the stability equations. The stabilizing effect 
of compressibility in this Mach number range is very 
important, since it reduces the amplication mtes by a 
factor 2 ! 

5.2.2. Cooling and heating 

The stabilizing influence of wall cooling in air was fmt 
demonsmted by the computations of Lees (1947, [71). 
On the contrary, heating the wall increases the growth 
rates, as it was already mentioned in pamgraph 2.4.2. 
These effects are particularly important for two- 
dimensional or streamwise mean velocity pmfiles : they 
are very small for crossflow profiles, because the 
inflection point is hardly affected by the wall conditions. 

These resulul were illustrated by the flight tests 
performed on the AEDC cone [32]. Let us recall that 
this model was mounted on the nose of an F-15 aircraft 
and tested at subsonic, transonic and supersonic Mach 
numbers. Figure 5.9 gives an idea of the intluence of the 
wall temperature T, on the transition Reynolds 
number : the ratio RXT/RXTO is plotted as a function of 

RXTO is the value of RXT for Tw = TU,,.. The angle of 
attack of the cone is zem. Some of the data were 

TwRaw, Where Taw is the adiabatic wall temperam and 

Compressible Theory 1 --- 
_. Incompressible 

0- 0 - 0.5 -1 

Fig. 5.8 n factors for two-dimensional, 
transonic experiments : CAST 10 
airfoil, M, = 0.73, chord 
Reynolds number = 4 I O 6  

obtained in the AEDC wind tunnel for Moo = 1.2 and 
are in good agreement with the flight results. The 
stabilizinghkaabilizing effect of wall cooling/heating is 
clearly demonstrated. The figure also presents a 
theoretical curve computed for M, = 0.85 and n = 9 
(reported in [32]). The experimental trend is well 
repoauced 
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AEDC wind tunnel 

0.92 1.00 1.04 

Fig. 5.9 In-flight determined transition 
Reynolds number as a function of 
the wall temperature 
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Fig. 5.10 Predicted effect of unit Reynolds 
number on transition Reynolds 
number - Comparison with the 
ballistic range data of Potter for a 
cone with 0.005 inch nose radius 

5.2.3. Nose bluntness and unit Reynolds 
number 

The effect of nose bluntness on hansition at high s p e d  
has been studied by many investigators due to its 
impmance for many hypersonic configurations. Stetson 
el al [144], for instance, studied the transition 
mechanisms on a cone. which could be equipped with 
interchangeable spherically blunted noses of various 
radii. The free StRam Mach number was 8 and the half- 
angle of the  ne 7O. The main result was that transition 
location moved Qwnsaeam for small values of the nose. 
radius. 

MaliL et al I1451 paformed a linear stability analysis for 
the experimental conditions studied by Stetson et al. In 
order to properly d c u W  the enmpy layer effects, the 
basic flow was computed by solving the Parabolized 
Navier-Stokes (PNS) equations ; the initial conditions 
for the PNS solution was provided by solving the full 
compressible Navier-Stokes equations around the cone 
nose. By using the en method. Malik et al found that the 
predicted hansition Reynolds number increased due to 
small nose bluntness, in qualitative agreement with 
Stetson's results. The rearward movement of transition 
could partly be explained by the smng reduction in local 
boundary layer Reynolds number associated with the 
detached shock. In fact, RXT increases for increasing 
values of the Reynolds number R, = U,r/v,, where r 
is the nose radius. This implies that, for a given value 
of r. RXT depends on the unit Reynolds number U&,. 

Malik et al [I461 demonstrated that the nose bluntness 
effect could explain the unit Reynolds number effect 
found in the aeroballistic range data of Potter [146]. 
Figure 5.10 shows the transition Reynolds number 
computed for n = 6. 8 and 9 as a function of the unit 
Reynolds number Re. The predicted behavior is within 
the sxtm of poads experimental data. 

d C = 0.3 m 

h o t  films 

Fig. 5.11 ONERA D airfoil with a cambered 
leading edge - a)  Airfoil 
b) Experiment arrangement 
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Fig. 5.12 Transition location as a function of the wind tunnel speed 

5.2.4. Swept wing f lows 

Let us consider a typical pressure distribution over a 
wing : the flow is accelerated from the leading edge to 
the point of minimum pressure, then it is decelerated 
towards the trailing edge of the wing, see figure 2.8. 
When the angle of sweep and the angle of attack am kept 
constant, the transition location depends on the chord 
Reynolds number, i.e. on the velocity Qm of the 
undisturbed flow. At low values of Qm , transition 
occurs in the rear part of the wing (positive pressure 
gradient) and it is induced by a streamwise instability. 
When Q- increases, transition moves towards the 
leading edge (negative pressure gradient) and it is now 
triggered by crossflow disturbances. The practical 
problem is to know if a single value of the n factor is 
able to "follow" all the transition movement. For the 
two examples which are discussed below, the n factor 
was computed using the envelope method ; the spatial 
theory was used with the assumption pi = 0 (Casalis 
WI). 
The first example was already presented in paragraph 
3.3.2. The model is an ONERA D airfoil equipped with 
a cambered leading edge, figure 5.1 la. The experiments 
were carried out in the F1 and in the F2 wind tunnels at 
Le Fauga-Mauzac Center near Toulouse. In both series 
of experiments, the wing was mounted on a half 
fuselage with an angle of sweep cp of 49' and an angle of 
attack of - 2". Ten hot films were used to detect the 
onset of transition, figure 5.11b. The free stream 
velocity distribution was shown in figure 3.6; its 
maximum is located at X/C = 0.233, with the chord C 
equal to 0.3 m. 

These results are compared with theoretical curves 
corresponding to different values of the n factor. 
Although the use of the envelope method is highly 
questionable in this case, a single value of n correlates 
the experimental data for each wind tunnel. It seems 
however that the flow quality in the F2 wind tunnel 
(n 5 11 at the onset of transition) is slightly better than 
in the F1 wind tunnel (n 8 to 9 at the onset of 
transition), even if the free stream turbulence level is 
practically the same (Tu 5 0.1 %). In the region around 
the minimum pressure peak, the total growth rates 
increase very rapidly, so that the transition location is 
not very sensitive to the value of the n factor. 

Fig. 5.13 Symmetrical ONERA D airfoil : free 
stream velocity distribution 
normal to the leading edge 

The experimental results obtained in both wind tunnels 
are reported in figure 5.12, where the transition location 
is plotted as a function of the free stream velocity Q-. 
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The second example is relative to experiments performed 
in a small, open circuit wind tunnel at the 
CERT/ONERA [NI. The test model is a swept wing 
with an ONERA D section normal to the leading edge. 
The chord C is 0.35 m. The transition location is 
determined by measurements made with a surface pitot 
tube. Figure 5.13 shows the free stream velocity 
distribution which exhibits a negative pressure gradient 
from the leading edge to 55 percent chord and then a 
positive pressure gradient in the rem part of the wing. 

Figure 5.14 presents the evolution of the transition 
location as a function of the wind tunnel speed, for 
cp = 60" and a = - 4". Theoretical curves obtained with 
n = 7, 8, 9 and 10 are also plotted for comparison. In 
contrast to the preceding example, the curves associated 
with different values of n are nearly parallel. When 
transition is crossflow dominated, the experimental 
results are correlated with n = 7, but a significantly 
higher value is necessary for situations where transition 
is induced by streamwise instability. 

- Computations 

-+ Q m ( m i " l  
I I I I I 
50 70 90 0 

Fig. 5.14 Transition location as a function of 
the wind tunnel speed 

6 - A PARTICULAR PROBLEM : THE 
ATTACHMENT LINE FLOW 

All the transition problems which have been discussed 
so far take place downstream of the origin of the laminar 
boundary layer ; this is particularly true for unswept 
bodies, where the Tollmien-Schlichting waves start to 
develop at a relatively large distance from the stagnation 
point. In the case of swept wings, it has been shown 
that the crossflow instability can amplify unstable 
waves very close to the leading edge, typically between 
1 and 5 percent chord. In addition, a particular type of 
instability is likely to exist along the so-called 
"attachment line" ; in incompressible flow, it is 
possible to analyze this instability by an appropriate 
linear stability theory which is somewhat different from 
that described in the previous sections. 

It is not easy to give an accurate definition of the 
attachment line, except for simple geometries such as 
symmetrical bodies of constant chord and infinite span : 
it is the line along which the static pressure is 
maximum. More intuitively, the attachment line 
represents a particular streamline which separates the 
flow into one branch following the upper surface and 
one branch following the lower surface, see figure 6.1. 
The characteristics of the mean flow along the 
attachment line and its stability properties are 
summarized below for low speed flows (paragraphs 6.1 
and 6.2). The extension to high speed flows is discussed 
in paragraph 6.3. 

6.1.The flow along the attachment line (low 
speed) 

6.1.1. Potential  f l o w  and characterist ic 
parameters 

Let us consider first the simple case of a swept cylinder 
of infinite span (figure 6.1). cp is the sweep angle. The 
free stream velocity Q, has a component U, = 
Q, coscp normal to the leading edge and a component 
W, = Q, sincp parallel to the leading edge. Z is the 
spanwise direction and X the direction normal to it, 
X = 0 corresponding to the attachment line. U and W 
designate the projections of the mean velocity along X 

Fig. 6.1 Attachment line flow on a cylinder 
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and 2, respectively. Along the attachment line, W 
represents the streamwise velocity, whilst U is the 
crossflow component. If it is assumed that the potential 
flow does not exhibit any spanwise variation, the free 
stream velocity components Ue and We around the 
attachment line are given by : 

Ue = kX (6.la) 

To study the leading edge problems, two parameters are 
introduced : 

0 the Reynolds number F = Weq/V (6.3) 

For a circular cylinder of radius r, k and F can be 
expressed as : 

and (6.4) 

For cylinders of elliptic section at zero angle of attack, it 
can be shown that : 

and (6.5) 

= (Qm r sing tgg) ln  
v 1 + t/C 

where r is the leading edge radius and t/c the thickness 
ratio. 

The boundary layer which develops along the attachment 
line can be either laminar or turbulent. A distinction can 
be made between two possibilities : 

a) If the swept model is attached to a solid wall on 
which the flow is turbulent (fuselage, wind tunnel 
wall ...), the attachment line can be contaminated by the 
turbulent structures originating from the wall. This so- 
called "leading edge contamination" is likely to occur as 
soon as exceeds a value around 250. It is a fully non 
linear phenomenon which constitutes a typical example 
of "bypass". This problem will not be discussed in this 
paper, see the overviews in [lo91 or [147] for example. 

b)If the swept model is not in contact with a solid 
surface (figure 6.2). a laminar boundary layer starts to 

Fig. 6.2 "Natural" transition on a Swept 
model - Hot wire records from 
Pfenninger and Bacon [148] 

develop at point A, then possibly becomes turbulent 
further downstream : this is a so-called "natural" 
transition. The situation is the same for a swept wing 
attached to the wall if the occurrence of leading edge 
contamination is avoided by a suitable device such as a 
"Gaster bump". In this case, transition is the result of 
the amplification of internalized small disturbances 
which are present in the free stream. Pfenninger and 
Bacon [148] made hot wire measurements along the 
attachment line of a 45O swept wing. They observed the 
Occurrence of regular, quasi sinusoidal oscillations in the 
form of modulated wave packets; as these waves 
packets are convected along the leading edge, their 
amplitude increases and turbulent spots (breakdown) 
eventually appear. In this case, a part of the leading edge 
is laminar, another part is transitional, and a third part is 
turbulent, figure 6.2. Similar observations were reported 
by Poll [80], [lo91 and more recently by Bippes [149]. 
It is clear that these mechanisms present strong 
similarities with those observed in a flat plate boundary 
layer with a low free stream turbulence level. For this 
reason, it is possible to develop a linearized stability 
theory to obtain more quantitative information. This 
requires one to compute the basic flow, i.e. the laminar 
velocity profile developing along the attachment line 
upstream of the transition location. 

6.1.2. The laminar mean velocity profile 

For the sake of simplicity, we consider the attachment 
line boundary layer at large distances from its origin, so 
that it can be assumed that the mean properties of the 
basic flow no longer depend on the spanwise location, 
i.e. the shape factor, the skin friction coefficient, the 
physical and integral thicknesses become constant. 
Computations reported by Pfenninger and Bacon [1481 
have shown that this asymptotic state is reached within 
a small spanwise distance from point A of figure 6.2. It 
is then possible to obtain an exact solution of the 
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Navier-Stokes equations which is a generalization of the 
classical Hiemenz flow. The vetocity field can be 
expressed as follows : 

-- -- 
u=kX U (11) ; V = G k  V (q) ; 

By assuming that the spanwise derivatives - -  of velocc 
and pressure are equal to zero, U ,  V and W 
satisfy : 

- - -- 
V "' + V I2 - V V " - 1 = 0 (6.8) 

- - - 
v '(0) = 0 v (0) = 0 v I(=) = - 1 

(6.10) 

where the denote derivatives with respect toy.  Let us 
recall that this system is a solution of the full Navier- 
Stokes equations, not just the boundary layer equations. 
Along the attachment line (X = 0), the ratio U/Ue has 
non zero values, but U=O from the wall to the free 
stream because Ue = 0 : there is no cross flow 
component along the attachment line. As it can be Seen - 
in figure 6.3, the streamwise mean velocity profile W 
= W/We resembles the Blasius solution for two- 
dimensional flat plate flow. Its main characteristics are : 

H = 2.54 (Blasius : 2.59) 

R e  = W&/v = 0.404 

cf = 0.46ime (Blasius : o.&ime) 

(6.11) 

6.2. Stability and transition (low speed) 

6.2.1. Linear stability of the attachment line 
f l o w  

The simplest idea is to introduce small disturbances 
having the same expression as the Tollmien-Schlichting 
waves. In the framework of the spatial theory : 

(u'.v'.w',p') = (u,v,w,p) exp(aZ) exp[i(aZ - ot)] (6.12) 

0 

Attachment l i n e  

0.2 0.4 0.6 0.0 1 .o 
Fig. 6.3 Attachment line and flat plate mean 

velocity profiles 

This relation represents periodic fluctuations of 
wavenumber a and frequency w, growing (a > 0) or 
decaying (a < 0) in the spanwise direction Z. The 
amplitude functions U, v, w, p depend only on y . 
The parallel flow approximation is then used : the 
vertical mean velocity component V is set equal to zero, 
as well as the X and 2 derivatives of U and W. With the 
condition U = 0, the following equation is obtained : 

A- - U W " V I  (6.13) 

A 
with a = a - io. The derivatives are taken with respect - 
to q = yiq. 

This fourth-order differential equation is exactly the Om- 
Sommerfeld equation written for the attachment line 
profile W. 
It is possible to follow a more rigourous approach by 
considering a special class of small-amplitude 
disturbances, first introduced by GCIrtler [ 1501 and 
Hammerlin [ 15 11. These G(lrtler-Hammerlin (GH) 
disturbances are of the form : 

U' X U exp(o2) exp [i(aZ - at)] 
(6.14) 

v'.w'.p' (v,w,p) exp(aZ) exp [ i ( a  - wt)] 

As for the Tollmien-Schlichting waves, U, v, w and p 
depend only on y . There is no real justification for the 
X-dependence of the U' fluctuation. GOrtler chose it for 
reasons of "mathematical feasibility" and later 
investigators also used this form, with little comment. 
However recent computations performed by Spalart 
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(1988, [ 1521) supported this assumption : having 
introduced a white noise as initial disturbances in his 
direct numerical simulations, Spalart found that 
infinitesimal disturbances of the form of equations 
(6.14) were the most amplified ones and therefore the 
most relevant from a stability point of view. 

Introducing (6.14) into the Navier-Stokes equations and 
linearizing in U. v, w create. of course, an eigenvalue 
problem. But. by contrast with the Orr-Sommerfeld 
approach (Tollmien-Schlichting waves), the system of 
ordinary differential equations are obtained without using 
the parallel flow approximation. In other words, the GH 
disturbances are a solutions of the linearized Navier- 
Stokes equations. This system is of sixth-order, while 
the Orr-Sommerfeld equation is of fourth-order. 

Figure 6.4 presents a comparison between the neutral 
curves computed for the Tollmien-Schlichting-type 
disturbances (Om-Sommerfeld equation) and for the GH 
disturbances. In both cases, the mean velocity profile is 
the attachment line flow described in paragraph 6.1.2. 
Two series of computations are presented for the GH 
disturbances: the first one was published by Hall, 
Malik and Poll [ 1531, the second one was obtained at the 
CERT by Powilleit [154] with a completely different 
numerical technique. The critical Reynolds numbers 

are 662 and 582 for the Tollmien-Schlichting and 
for the GH disturbances, respectively. According to 

- 
R 

Gortler-Hammerlin 
/ 

0.100 ' 

0.075 

0.0% 

I\ \ Orr-Somme$eld 

1 . :  . . .  l . . . . I . . . . l . . . . I  

500 ' 750 1000 1250 1500 - R=W,q/v 

Fig. 6.4 Neutral curves computed for TS 
disturbances (Orr-Sommerfeld) 
and for GH disturbances - 
Symbols : Hall et al [153] - 
Lines : CERT computations [154] 

relation (6.1 1). these values correspond to ROcr3 = 267 
(TS) and 235 (GH). Inside the unstable region, the 
amplification rates of the GH disturbances are 
significantly larger than those of the Tollmien- 
Schlichting disturbances. 

As previously stated, Pfenninger and Bacon U481 and 
Poll [80], [ 1091, observed naturally occurring 
disturbances along the attachment line of different swept 
models. It was found that such disturbances existed 
above a critical value of Re  close to 230, in excellent 
agreement with the linear stability results obtained for 
the GH disturbances. Bippes [ 1491 performed hydrogen 
bubble visualizations around the leading edge of a swept 
model displaced in a water towing tank. He observed 
waves propagating along the attachment line. A 
remarkable result is that these waves were never found 
"to spread as far in the streamwise direction as to 
interfere with crossflow instabilities developing further 
downstream", but no quantitative comparison with the 
theory was made. 

6.2.2. Application of the en method 

The application of the en method to the case of the 
attachment line flow is straightforward if one assumes 
that the laminar boundary layer is uniform from its 
origin to transition, i.e. R e  is constant from point A 
of figure 6.2 to transition. In this case, the calculation 
of the total amplification rate A/& of a given frequency 
is very simple. Since Re does not depend on Z, A/& is 
expressed by : 

A/& = exp(az) (6.15) 

where Z = 0 corresponds to point A. This means that, 
if we plot ln(A/&) as a function of Z, we obtain a 
straight line for each value of a, as is shown in figure 
6.5. The envelope curve is reduced to the line associated 
with the most unstable frequency (the frequency for 
which a is maximum). By applying the en rule, the 
transition location ZT is : 

ZT = damax (6.16) 

Figure 6.6 presents the results of computations 
performed by Poll [lo91 who solved the Orr-Sommerfeld 
equation for the attachment line flow (Tollmien- 
Schlichting waves). The transition Reynolds numbers 
calculated for n = 6, 10 and 14 are plotted as functions 
of the spanwise distance Z. Experimental data are also 
reported for comparison. The lower limit of the 
transition Reynolds number is the critical Reynolds 
number, which is close to 270 when Tollmien- 
Schlichting-like disturbances are considered (see previous 
paragraph). If Re increases above Rea, transition occurs 

Let us recall that Recr is equal to 200 for the Blasius 
flat plate flow. 
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Fig. 6.5 Amplification rates of the attach- 
ment line laminar boundary layer 

at lower values of Z. Theoretical values with n = 6 give 
the best agreement with the experiments. 

The same comparison is made in figure 6.7 by 
considering GH disturbances. The agreement with the 
experiments is improved, particularly for large values of 
Z. The experimental data are well correlated with n = 8 
to 10 (Powilleit [154]). 

6.2.3. Non linear problems 

When TS waves are observed in a two-dimensional flat 
plate flow, their frequencies usually correspond to those 
of the most amplified disturbances, i.e. the disturbances 
associated with the locally largest values of A&. In the 
stability diagram, the theoretical location of these 
frequencies is just below the upper branch of the neutral 
curve. Such a behaviour is no longer valid for the 
attachment line flow : the frequencies of natural 
disturbances measured by Pfenninger and Bacon [148] 
and by Poll [lo91 correspond to the lower branch of the 
neutral curve. Hall and Malik [154] tried to explain why 
the flow exhibits a preference for lower-branch modes by 
developing a weakly non linear approach based on the 
Stuart-Watson expansion procedure. This analysis is 
applied in the neighbourhood of a point on the neutral 
curve and it is assumed that the amplitude A of the 
disturbances depends on a slow time variable 7 = Et, 
with 0 e E cc 1. Keeping the non linear terms in the 
goveming equations leads to a Landau-type equation : 

(6.17) 

Depending on the values of (J (temporal amplification 
rate) and I (Landau coefficient), equilibrium states, 
subcritical or supercritical bifurcations can be found. 

0 T A 4 Experiments 
*0° t 

Critical Reynolds 
number 
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100 

I 

Fig. 6.6 "Natural" transition Reynolds 
number : TS waves 

400 \ 
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Fig. 6.7 "Natural" transition Reynolds 
number : GH disturbances 

Hall and Malik demonstrated that finite-amplitude 
solutions bifurcate subcritically from the upper branch. 
Since these solutions are unstable, they would not 
correspond to an observable equilibrium state. To 
confm this result, Hall and Malik [154] investigated 
numerically the full non linear stability equations. They 
found that the basic state might be non linearly unstable 
to sufficiently large finite-amplitude disturbances at 
wavenumbers that correspond to the upper branch and for 
Reynolds numbers subcritical to the linear limit. It must 
be noted, however, that recent direct numerical 
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simulations by Jimenez et al [I551 did not support these 
results. 

Even if the non linear stability of the attachment line 
flow is not fully understood, many experiments have 
shown that leading edge transition ean occur at Reynolds 
numbers lower than the critical Reynolds number given 
by the linear theory. Pfenninger and Bacon [148] for 
instance placed a small wire 1 m upstream of the 
attachment line of their swept wing and parallel to it. 
This wire generated free stream fluctuations which 
induced large-amplitude disturbances in the boundary 
layer ; in this case, transition was observed for 
R = 385. Gaster [I561 and Poll [109], among others, 

detected transition at Reynolds numbers significantly 
below the linear critical point by introducing roughness 
elements into the attachment line boundary layer. All 
the details of the nonlinear processes are not yet 
explained, but the experiments show - that transition 
cannot occur on the attachment line if R is lower than 
a threshold value of about 250. This corresponds to the 
criterion for leading edge contamination. 

6.3. Extension to compressible. flow 

When compressibility effects become significant, it is 
not sufficient to study two-dimensional waves (i.e. 
disturbances the wavefront of which is normal to the 
attachment line) because three-dimensional waves (i.e. 
oblique waves) can be more unstable. This implies that 
the wavenumber vector now has a second component P 
in the chordwise direction X. It is still possible, of 
come, to assume that the expression of the waves is 
similar to that of the GH disturbances : 
U' X U exp(aZ) E 

VI, w', p'. p'. T 
with E = exp [i(aZ + PX - at)] 

(v, w, p, p, T) exp(a2) E (6.18) 

but, due to the X dependence of the U' fluctuations, this 
does not lead to a system of homogeneous, ordinary 
differential equations. A simpler approach consists in 
considering the stability of classical Tollmien- 
Schlichting waves : 

r' = r(y) exp(o2) exp [i(aZ + PX L at)] (6.19) 

with r' = u',vl,w~,p'.p' or T. This expression is given 
for the spatial theory, but a temporal evolution can also 
be studied. In both cases, the parallel flow 
approximation needs to be introduced, and the eigenvalue 
problem is exactly the same as in the previous sections. 

This approach was used by Malik and Beckwith [158] to 
analyze transition experiments performed on a swept 
cylinder in the pilot quiet tunnel at NASA Langley (free 
stream Mach number M, = 3.5, angle of sweep 
cp = 60"). The basic flow was obtained by solving the 
three-dimensional boundary layer equations along the 
attachment line, with a pressure distribution given by an I 

Euler code. At the estimated transition location, the n 
factor was of the order of 10. Computations at higher 
Mach numbers were performed by h a 1  et a1 [38] and 
Da Costa [159]. However, the relevance of these results 
to transition prediction may be limited because other 
disturbances might be more unstable than Tollmien- 
Schlichting waves along the attachment line. The 
problem of subcritical transition also needs to be 
investigated. 
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7 - GORTLER INSTABILITY 

7.1. General features 

For flows developing over a convex surface, centrifugal 
forces exert a stabilizing effect, in the sense that a 
displaced fluid element tends to be restored to its 
equilibrium position. The magnitude of this effect is 
small : in incompressible flow, it was found (Liepmann 
[54], [160]) that, on convex surfaces up to 
61/R = 0.0026 (R  is the radius of curvature), the same 
Tollmien-Schlichting instability occurs as for flat plates 
and the transition Reynolds number remains unchanged. 

On the other hand, the destabilizing effect of centrifugal 
forces on concave walls leads to the formation of pairs 
of counter-rotating vortices, the axes of which are 
parallel to the principal flow direction, as it is sketched 
on figure 7.1. This instability was first treated by 
Gtrrtler (1940) and now bears his name. The practical 
importance of the Gtrrtler vortices is well documented : 
they increase significantly the wall heat flux in a 
compressible boundary layer ; they also affect the 
transition process in such a way that the breakdown to 
turbulence occurs earlier than on a flat plate. 

X 

Fig. 7.1 Gtirtler vortices in a flow along a 
concave wall 

In a nominally two-dimensional flow, the main effect of 
these vortices is to make the laminar boundary layer 
three-dimensional due to redistribution of streamwise 
momentum. This causes spanwise variations in 
streamwise velocity component and in boundary layer 
thickness. These effects are quite similar to those of 
crossflow vortices, but there are some differences 
between the two types of disturbances (figure 7.2) : the 
Gtrrtler vortices are pairs of Gounter-rotatine: vortices 
with a spanwise wavelength h of the order of the 
boundary layer thickness 6, while the crossflow vortices 
are Go-rotating vortices, with h of the order of 3 to 46. 

A remarkable feature of the Gtrrtler vortices is that the 
normal-to-the-wall (v') and spanwise (w') disturbance 

000000 
- Z 

156 
a- Gortler vortices 

Z 
4 - 

h= 46 
b- Crossflow vortices 

Fig. 7.2 Gtirtler vortices and crossflow 
vortices 

velocity components4, which create the rotational 
motion, are very small, so that the vortices rotate very 
slowly: they turn by slightly more than 90" before 
causing transition [161]. In contrast, the streamwise (U') 
disturbance velocity component is very large (10 percent 
of the free stream velocity) and it can be easily 
measured. The difference in the magnitudes of U', v' and 
w' is a key ingredient of the linear theory of the Gtrrtler 
vortices. 

7.2. Linear stability of the Giirtler vortices 

7.2.1. Local approximation (normal mode) 
method 

The early attempts to develop a linear theory for the 
Gtrder problem were reviewed and discussed by Herbert 
[162]. A consistent formulation of the linear disturbance 
equations was first given in 1979 by Floryan and Saric 
[163] who used a curvilinear system of coordinates 
representing streamlines and potential lines of the mean 
flow. In the case of a curved wall with a uniform free 
stream velocity, it has been shown that the mean 
velocity profile, i.e. the basic flow, is given by the 
Blasius solution. The large disparities in the magnitude 
of the disturbance velocity components (v' and 
w' << U') have been taken into account by introducing 

4 As for the crossflow vortices, U', v' and w' are 
stationary quantities. They represent the mean velocity 
defect (or excess) with respect ot the undisturbed basic 
flow. 
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two distinct scales : U' is scaled with the free stream 
velocity U,, while v' and w' are scaled with Um/RL, 
where RL is a Reynolds number calculated with U, and 
a boundary layer reference length L ; for instance, 
L =. 8 or L = (v, x/U,)1/2. The pressure disturbance 
p' and the X, Y, Z directions (see notations in figure 
7.1) are scaled using P,/RL, LRL,  L and L, 
respectively. 

The resulting disturbance equations which are obtained 
in the leading order of approximation can be found, for 
instance, in [la11 or [163]. It must be emphasized that 
the parallel flow assumption is not correct for the 
GUrtler problem, so that no analogy exists with the 
Tollmien-Schlichting instability. The Reynolds number 
RL does not appear explicitly in the disturbance 
equations ; here the stability parameter is the GUrtler 
number GL, which is defined as : 

It is now possible to assume that the disturbances are 
expressed by : 

The amplitude functions U, v, w, p depend only on Y . 
a is a dimensionless growth rate in the streamwise 
direction and a denotes a dimensionless wavenumber ; 
it is equal to 21e/X-, where A represents the spanwise 
wavelength of the vortices. Introducing (7.2) into the 
disturbance equations gives a system of homogeneous, 
linear, ordinary differential equations for the amplitude 
functions. Since this system has homogeneous boundary 
conditions, it constitutes an eigenvalue problem for the 
three real parameters a, a and GL. 

Figure 7.3a shows a stability diagram computed for the 
Blasius boundary layer, with L = (v, X / U , ) ~ / ~ .  
Curves of constant amplification rate are plotted in the 
(GL, a) plane. If the radius of curvature of the wall is 
constant, the GUrtler number can be interpreted as a 
measure of distance from the leading edge. When a goes 
to zero, the neutral curve (a = 0) appears to level off 
asymptotically at GL = 0.47, which can be defined as 
the critical GUrtler number for the Blasius flow. Ragab 
and Nayfeh [ 1641 computed the neutral stability curves 
for different Falkner-Skan profiles. They found that 
favorable pressure gradients (accelerated flows) are 
stabilizing, whereas positive pressure gradients 
(decelerated flows) are destabilizing, but these effects 
diminish rapidly as the wavenumber increases. 

The linear stability problem has been generalized to 
include compressible flows by El Hady and Verma 
[165], see also Jallade [166]. An interesting result is that 
the shape of the stability diagrams remains similar to 
the case of an incompressible fluid ; this is illustrated in 
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iich compares two diagrams computed for 
an adiabatic wall and two Mach numbers, Mm = 0 and 
3 (Jallade [166]) : not only the general character of the 
curves does not change very much, but also the values 
of a are practically the same. This behaviour strongly 
differs from that which was observed for the Tollmien- 
Schlichting instability, see Section 2. Computations by 
El Hady and Verma [167] showed also that GUrtler 
instability is more difficult to influence and control by 
suction or cooling than Tollmien-Schlichting 
instability, and Malik [23] demonstrated that real gas has 
very little effect on GUrtler vortices. 
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7.2.2. PSE approach 

The previous local approach was criticized by Hall [ 1681 
who showed that the normal mode solution (7.2) was 
not justified from a mathematical point of view. A more 
c o m t  expression for the disturbances is : 

where U, v, w and p now depend on both Y X. 
Substituting (7.3) into the disturbance equations gives a 
system of partial differential equations of the parabolic 
type which can be solved using a marching procedure in 
X with specified initial conditions ; this is the PSE 
approach for the GCIrtler vortices problem. The initial 
stages of the vortex development depend on the assumed 
form of the initial disturbances ; in particular, the 
neutral curve is not unique, especially at low 
wavenumbers. Further downstream, however, the 
classical approach and the PSE approach produce 
equivalent results provided that the initial conditions of 
the PSE are physically realistic. 

The PSE method was used by Hall [168] for low speed 
flows and by Spa11 and Malik [169] for supersonic and 
hypersonic boundary layers. The latter authors observed 
that their results and the normal mode solutions were 
not very different, at least in the regions where the total 
growth rates become of practical importance. The 
following discussion will be based on the results 
obtained using the local method. 

7.2.3. Total growth rates 

Let us now consider a pair of GBrtler vortices having a 
dimensional wavelength h in the spanwise direction. It 
is often convenient to use the wavelength parameter A : 

If the wall curvature remains constant in the streamwise 
direction, A is also constant. As L/h is proportional to 
the dimensionless wavenumber a, it follows that A 
varies with GL w3l2. We deduce that a straight line 
with a slope of 3/2 corresponds to a constant wavelength 
h in the stability diagram if GL and a are plotted in 
logarithmic coordinates (figure 7.3). When a fluid 
element travels downstream, i.e. when GL increases, it 
moves from the stable to the unstable part of the flow 
field with increasing values of the growth rate Q. It is 
then possible to define an integrated growth rate : 

As for the Tollmien-Schlichting and crossflow 
instabilities, this total growth rate is the ratio of the 
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disturbance amplitude A at a given location X and at a 
location Xo corresponding to the neutral curve where the 
"initial" amplitude is Ao. Here, the dimensional 
wavelength h plays the same role as the dimensional 
frequency f for the Tollmien-Schlichting and crossflow 
disturbances. Figure 7.4 shows the evolutions of the 
integrated growth rates computed for the Blasius flow at 
several values of A ; these curves are plotted as 
functions of the GBrtler number GL. It is interesting to 
note that the value of the most amplified wavelength 
(A = 210) does not depend on GL, and that large 
variations in A (from 210 to 1 250 in the figure) result 
in much smaller differences in ln(A/&) at a fixed value 
of GL. This means that the wavelength selection 
mechanism is weak and that it can easily be affected by 
the receptivity process. The experiments confirm this 
observation, in the sense that the wavelength of the 
observed GCIrtler vortices is often very different from the 
theoretical value A = 210. As for the crossflow 
disturbances, paragraph 5.1.1.. it can be assumed that 
the GCIrtler vortices are generated by stationary 
disturbances which are present in the free stream (small 
flow inhomogeneities coming from the grids of the 
settling chamber) or on the model (small roughness 
elements near the leading edge). Changing the 
characteristics of these oncoming disturbances will 
generate different vortices -or no vortices at all-. 
Unfortunately, the mechanism of the receptivity process 
itself is not well understood (Floryan, [161]). 
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7.3. The en method for the Gortler vortices 

7.3.1. Examples of application 

Once the total growth rates of the unstable wavelengths 
have been calculated. it is easy to define a n factor for 
the GUrtler vortices : 

Correlation of transition data on concave walls using the 
en method was first proposed by Smith in 1955 [SI, 
one year before the first published applications of the e" 
method to the Tollmien-Schlichting waves problem. 
Smith applied the en method to seven series of 
experimental data on curved plates and airfoils with 
concave curvature. He found that the n factor was around 
10 at the measured transition location, except for one 
case where it was close to 6. This low value could be 
explained by a flow separation. 

Since 1955, many experimental investigations have 
been devoted to the GUrtler vortices, but the values of 
the n factors have been computed only in a few cases . 
Two examples are given below, one for low speed 
flows, the second for supersonic flows. 

Low speed data were published quite recently by Winoto 
and Low [170], [171]. In these experiments, the 
boundary layer develops along a curved wall which is 
placed inside a duct forming a 90" bend. The curvature is 
constant ; it is sufficiently small to ensure that there is 
no pressure gradient in the streamwise direction, so that 
the n factor can be computed using the stability diagram 
of the Blasius solution. Winoto and Low found that the 
measured transition locations were well correlated with 
n = 9. 

The en method was also applied to the compressible 
GUrtler problem during the design and the development 
of "quiet" wind tunnels at NASA Langley 11721, [1731. 
[95]. It is well known that high noise levels in 
conventional supersonic wind tunnels cause premature 
transition on test models and that this noise is generated 
by eddy Mach waves radiated from the turbulent 
boundary layers on the nozzle walls (paragraph 4.3). In 
order to obtain transition Reynolds numbers on test 
models as high as those measured in flight, it is 
necessary to have a large percentage of laminar flow 
along the nozzle walls, i.e. to delay transition. 
Assuming that the boundary layer is laminar at the 
throat and that the wall is perfectly smooth, it is now 
admitted that this transition is the result of the 
amplification of GUrtler vortices which develop along 
the concave part of the nozzle walls. Due to the flow 
acceleration, Tollmien-Schlichting instability plays a 
minor role. Oil flow visualizations conducted in the 
pilot quiet tunnel confirmed the presence of streamwise 
striations along the walls, and stability computations 
indicated that the values of n were in the range of 9 to 
11 at the measured transition location [172]. The en 

method was then used as a predictive tool to design the 
contour of new quiet tunnels ; the objective was to 
delay the onset of GUrtler instability and to minimize 
the growth rates of the vortices. This was done by 
moving the inflection point far downstream of the throat 
[173]. 

7.3.2.  Discuss ion 

It cannot be concluded from this very limited number of 
examples that the e" method (with n =  10) can be 
applied with confidence to the GUrtler problem. To 
highlight the shortcomings and the limitations of this 
technique, it is sufficient to look at the available 
experimental results. Since the discovery of the GUrtler 
instability, many hot wire measurements and flow 
visualizations provided us with detailed information 
regarding the transition mechanisms on concave walls 
(see Floryan [161] for a careful analysis of these data), 
so that the most important features are relatively well 
known : 

+ In the region of amplification, the development 
of the vortices leads to a low momentum fluid moving 
away from the wall ("upwash section"), whilst a high 
momentum fluid moves towards the wall ("downwash 
section"). This results in a regular spanwise periodicity 
of the mean flow. 

+ The mnlineag evolution of the vortices begins with a 
change of the lateral spacing of the vortices. They 
approach each other on both sides of the upwash section, 
which becomes narrow and sharp. The streamwise mean 
velocity profile at this section is strongly inflectional. 
High shear layers (large values of aU/aY and aU/aZ) 
form at and around the upwash section. At this stage, 
several modes of secondary instability are likely to 
appear : development of horseshoe vortices, meandering 
motion (low frequency oscillation of the vortex system) 
or both mechanisms together. These instabilities are 
generated by the high shear layers. They lead to a chaotic 
breakdown and transition to turbulence. 

It is now established that each pair of vortices undergoes 
transition separately from the others, so that there is a 
spanwise variation of the transition front. The 
downwash region can still be laminar even though the 
upwash region is already transitional. This difficulty in 
defining a "transition point" was previously encountered 
for cases of transition induced by crossflow vortices 
(paragraph 4.0). A more fundamental problem is the 
extent of the nonlinear region. Floryan I1611 indicates 
that this extent is very large, about 50 percent of the 
total distance from the critical point to the onset of 
transition. The use of a linear theory the entire length of 
the unstable region is therefore highly questionable. It 
appears that the use of the e" method in the case of the 
GUrtler instability exhibits the same shortcomings as in 
the case of a pure crossflow instability. 
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not imply that "universal" values of the n factor will be 
obtained at the measured transition location, especially 
for three-simensional flows. Beside the development of 
these new numerical tools, more and more detailed 
experiments need to be performed in order to undestand 
the rich physics of the instability mechanisms. In the 
long run, the final objective is to replace the actual 
"amplification methods" by "amplitude methods" which 
are mom relevant from a physical point of view. 

8 - CONCLUDING REMARKS 

The en method was first developed in 1955 with regard 
to Gdrtler vortices and in 1956 for Tollmien-Schlichting 
waves. Nearly 40 years later, it remains the most widely 
used method to estimate the transition location, 
although many experimental and numerical studies have 
clearly pointed out its deficiencies : the receptivity 
mechanisms are not accounted for, and nonlinear 
saturation as well as higher order instabilities are 
replaced by a continuous linear amplification up to the 
onset of transition. 

It seems, however, that the en method can be applied 
with some confidence for two-dimensional flows. In the 
presence of free stream disturbance levels of the order of 
0.05 to 0.1 percent, n factors from 9 to 11 correlate 
experimental data for subsonic, transonic and supersonic 
flows. This can be explained by the relatively short 
extent of the nonlinear region (at least for low speed 
flows) and by the fact that the results were obtained in 
rather similar disturbance environments. The situation is 
not so clear for three-dimensional flows. The first 
problem is to know if there exists an optimum strategy 
for the computation of the n factor. The envelope 
method is widely used, but we think that it is physically 
meaningless when the wavenumber angle changes 
rapidly from the crossflow to the streamwise direction. 
Other procedures such as fixed o I fixed P I  
fixed o 1 fixed 5, fixed w I fixed w, n c F  I n T S  
methods need to be more systematically tested. The 
second problem is that the transition mechanisms in a 
three-dimensional boundary layer are much more 
intricate than in two-dimensional flows. For instance, 
micron-sized roughness elements play a major role in 
the formation of stationary vortices, and the transition 
process depends on the ratio between the amplitude of 
the stationary and traveling modes. In addition, 
nonlinearities strongly affect the development of 
disturbances, and "it seems like "straining the gnat ..." 
to discuss the direction of disturbance growth or the 
most amplified linear disturbance when the real issue is 
a full nonlinear problem" [125]. When the streamwise 
instability becomes dominant, another difficulty is to 
take into account the interactions between crossflow and 
streamwise disturbances. The same problem is likely to 
occur when Tollmien-Schlichting waves are 
superimposed on Gdrtler vortices. 

How is it possible to improve the transition prediction 
methods ? Whatever the case might be, a key problem 
is to know the initial amplitude of the disturbances in 
the laminar boundary layer. It must be kept in mind that 
neither the Parabolized Stability Equations nor the full 
Navier-Stokes simulations are able to solve this 
problem, since the initial amplitudes of the normal 
modes are usually imposed rather than computed. 
Clearly, receptivity is a long term issue. As far as the 
nonlinear phenomena are concerned, the Parabolized 
Stability Equations represent a promising approach, as it 
will be shown by Herbert during this Special Course 
[129]. Let us recall that the PSE are also able to take 
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SUMMARY 

The linear and nonlinear evolution of unsta- 
ble disturbances in high-Reynolds-number flows is 
reviewed from the perspective of asymptotic the- 
ory. For non-parallel and/or unsteady flows, quasi- 
parallel and quasi-steady approximations can only be 
strictly justified by asymptotic expansions based on 
the smallness of the inverse Reynolds number. Fur- 
ther, such’an asymptotic approach allows the inclu- 
sion of nonlinear effects in a self-consistent manner. 

Attention is focussed primarily on three asymp- 
totic regions: (i) the lower-branch Tollmien- 
Schlichting (TS) scaling for boundary layers, (ii) the 
upper-branch TS scaling for boundary layers, and 
(iii) the Rayleigh scaling for (decelerating) boundary 
layers, free shear layers, jets and wakes. For fixed- 
frequency disturbances in a decelerating boundary 
layer, these asymptotic regions occur at increasing 
distances from the leading edge. A disturbance prop- 
agating downstream from the leading edge will pass 
through each region in turn. The larger the initial 
disturbance, the further upstream nonlinear effects 
must be taken into account. 

Weakly nonlinear theory is possible when the 
relative growth-rate of disturbances is small, e.g. 
near a neutral curve. Close to the lower branch, 
it is possible to take into account non-parallelism, 
wavetrain modulation (i.e. wavepackets), and three- 
dimensional effects such as those that lead to TS- 
wave/vortex interactions. A number of different 
models are described and critically assessed. Sim- 
ilar possibilities are examined on the upper-branch 
scaling, where an additional feature is the effect of 
nonlinear critical layers. Critical layers play a pre- 
eminent r61e on the Rayleigh scaling. 

Physical effects explained include (i) the non- 
linear saturation of two-dimensional disturbances in 
free shear layers and decelerating boundary lay- 
ers, (ii) the explosive growth in amplitude of three- 
dimensional disturbances, and (iii) the generation of 
surprisingly large longitudinal vortices and spanwise- 
dependent mean flows. 

Xuesong Wu 
Department of Mathematics 

Imperial College 
180 Queen’s Gate 
London SW7 2BZ 

UK 

1. INTRODUCTION 

One of the parameters characterising a fluid 
flow is its Reynolds number. Low-Reynolds-number 
flowst are invariably laminar; the corresponding so- 
lutions of the Navier-Stokes (NS) equations are sta- 
ble. At moderate or high Reynolds numbers, the 
NS equations admit solutions which describe laminar 
flow, but such solutions may be unstable to small per- 
turbations; this is almost always the case when the 
Reynolds number is very large. When instability is 
present, the observed flow may be ‘turbulent’. While 
it is difficult to give a precise definition of turbulence, 
Tennekes & Lumley (1972) list irregularity, ‘diffusiv- 
ity’, vorticity fluctuations and ‘dissipation’ among its 
characteristics. ‘Hydrodynamic stability theory’ (i.e. 
the analysis of the stability of NS solutions) provides 
a possible starting-point for an understanding of tur- 
bulence. Moreover, such analysis may be directly 
relevant to those physical situations where a flow is 
observed to change from laminar to turbulent - as 
often happens on aircraft wings or turbine blades, 
for example. The process by which a laminar flow 
becomes turbulent is termed ‘transition’; the reverse 
process is usually referred to as ‘relaminarization’. 

By its very nature, turbulence is a ‘fully’ non- 
linear phenomenon, and hence a complete explanai 
tion of transition must also be nonlinear. In many 
cases, however, the initial variation from laminar flow 
caused by a disturbance can be described by a linear 
analysis. Furthermore, if in the transition process 
the linear-growth stage is much longer than the non- 
linear stage, as often happens in the case of small 
initial disturbances, useful ‘engineering’ predictions 
of transition can be obtained using the e” method 
(e.g. Arnal, 1993). However, such an approach makes 
many empirical assumptions, and it answers no ques- 
tions concerning the nonlinear dynamics. 

t The term ‘low Reynolds number’ means R < 1. 
We note that in certain circles ‘low Reynolds number’ 
is sometimes used synonymously with ‘laminar’. 

Presented at an AGARD-VKI Soecial Course on ‘Prowess in Transition Modelline’, March-AprilI993. 
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Transition from laminar to turbulent flow has 
been a subject of intensive study for many decades 
and has been frequently reviewed. Recent reviews 
include those by Herbert (1988), Bayly & Orszag 
(1988), Kleiser 8z Zang (1992) and Huerre & Monke- 
witz (1990). The aim of the current review is to 
survey some of the methods by which nonlinear ef- 
fects in transition can be taken into account with- 
out resort either to empirical modelling or to di- 
rect numerical solution of the NS equations. While 
such direct Navier-Stokes (DNS) simulations can of- 
ten model specific flows, it is sometimes difficult to 
extract from them the underlying physical mecha- 
nisms causing transition. Analytically-based mod- 
els, on the other hand, do highlight the underlying 
physics. In addition the influence of changes in dis- 
turbance amplitude, frequency, etc. are often more 
self-evident in such models. 

The models we shall examine are systematic 
mathematical approximations based on asymptotic 
expansions. Terms in the governing equations will 
not be arbitrarily included or excluded to fit experi- 
mental data. This makes the underlying assumptions 
somewhat clearer than in some other models. On the 
other hand, since there are few empirical parame- 
ters, outstanding quantitative agreement with exper- 
iment is difficult to achieve - although not unattain- 
able (e.g. Hultgren, 1992). Another advantage of the 
asymptotic approach is that once an effective model 
has been found, its application to different flows is 
not necessarily accompanied by a need to retune pa- 
rameters. 

1.1 The parallel-flow approximation 
In order to illustrate the differences between, and 

relative merits of, ad hoc and systematic asymptotic 
approximations, let us consider the derivation of the 
well-known Orr-Sommerfeld (OS) equation. This 
equation is widely used to test the linear stability 
of both parallel flows (when it is exact) and almost 
parallel flows (when it is empirical). In particular, 
consider an incompressible unidirectional flow with 
a dimensional t velocity distribution 

where (i, y, 2 )  are Cartesian coordinates. Suppose 
that a typical lengthscale .in the $-direction is 6, 
and that a typical velocity is U e .  We may define 
a Reynolds number, R, by 

ue 6 R = -  
t ’  

t Dimensional quantities will be denoted by symbols 
with a caret over them. 

where L is the kinematic viscosity of the fluid. As is 
well known, a velocity profile of the form of (1.1) is 
only a n  exact solution of the NS equations for certain 
very specific configurations, e.g. Couette flow, plane 
Poiseuille flow (PPF). However, at large Reynolds 
numbers, 

R > 1 ,  (1.3) 

many boundary-layer and shear-layer flows have ve- 
locity profiles of the form of (1.1) to leading order in 
an expansion in inverse powers of R, i.e. such shear 
flows are ‘quasi-parallel’ in that limit. The stability 
of such flows is often studied by performing a per- 
turbation analysis about the basic flow. To this end 
we write 

u = ( U E + G , G , 6 )  , (1.4) 

where lengths, velocities and time have been non- 
dimensionalised by 6, Ue and lUL1 respectively, and 
variables with a tilde represent perturbation quanti- 
ties. Next (1.4) is substituted into the NS equations, 
which are then linearised on the basis that: 
(a) (1.1) is an exact solution to the NS equations 

( 6 )  IiiI << 1. 
The resulting linear equations for ii have coefficients 
that, according to the parallel flow assumption, are 
independent of 2 ,  z and i .  Hence solutions propor- 
tional to 

(the ‘parallel-flow assumption’), and 

E = exp(iaz + ipz - i d )  , (1.5) 

can be sought. The final equation for ii is 

(iaR)-’ (D2 - a’ - pa)’ ii + UeYyii 
- ( ( / E  -.) (D2 -aa2 -pz) = 0 9 (1.6) 

where c = wa-’  and D E $. Equation (1.6) is 
the OS equation. Together with suitable boundary 
conditions it yields a dispersion relation 

f ( a , P , w ;  R) = 0 . (1.7) 

A key point in the derivation of the OS equation has 
been assumption (a), which is untrue in general. 

In effect the Reynolds number has been assumed 
to be asymptotically large for (1.1) to be a leading- 
order approximation, but then it has been assumed 
to be finite when substituting (1.4) into the NS equa- 
tions. This is inconsistent (e.g. Smith, 1979a). To 
this extent the OS equation is an ad hoc approx- 
imation. Despite this rather shaky mathematical 
foundation linear stability results based on the OS 
equation can yield respectable agreement with exper- 
iment. To illustrate this consider solutions to (1.7) 
for which a, p and w are all real. Under these condi- 
tions disturbances are pure travelling waves, i.e. they 
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neither grow nor decay. If p is known, then these so- 
lutions define a 'neutral curve' in the R - cr plane; 
equivalently a neutral curve can be defined in the 
R - w plane. Conventionally, the former/latter plane 
is used in the case of temporal/spatial stability anal- 
yses in which the wavelength/frequency is assumed 
to be real. The neutral curve for two-dimensional 
(p  = 0) disturbances to the Blasius boundary-layer 
profile is plotted in figure 1; superimposed are exper- 
imental results. It can be seen that the agreement 
between the OS theory and the experiments is rea- 
sonably good at moderate Reynolds numbers, and 
improves at higher Reynolds numbers. This was to 
be expected since the quasi-parallel assumption is 
better justified at large Reynolds numbers; indeed 
it is then a valid leading-order approximation (see 
below). 

The OS equation, in conjunction with the e" 
method, has proved to be a useful engineering tool. 
On strict mathematical grounds, however, a stability 
analysis of boundary-layer flows at finite Reynolds 
numbers requires solution of the full linearised NS 
equations; even the (linear) parabolised stability 
equations (PSE) are an ad hoc approximation. Thus 
it might be argued that the agreement between OS 
theory and experiment is fortuitous. Indeed, there 
are a number of other instances where the quasi- 
parallel approximation (or a close relative) has been 
used to much less effect. For example: 

0 Nonparallelism is a leading-order effect for 
Gortler instability in a boundary layer in the 
sense that the linear equations describing the in- 
stability have z-dependent coefficients (e.g. Hall 
1983); this is so even if the Reynolds number 
of the boundary layer is large. At high Gortler 
numbers a quasi-parallel systematic spproxima- 
tion can be made (e.g. Hall, 1982), but this is not 
so at finite Gortler numbers. As in OS theory, 
an ad hoc quasi-parallel approximation can be 
tried. However, the agreement with experiment 
is not particularly good, and spurious results for 
the existence of very short wavelength Gortler 
vortices are easily obtained (see Hall (1990) and 
references therein). 

0 Quasi-parallel theory for cross-flow instability 
has had mixed success. For flow over a rotating 
disk, reasonable agreement with experiment has 
only been obtained by arbitrarily including and 
excluding certain terms in the generalised OS 
equation (e.g. see comments by Spalart, 1990). 

There is a close relation between the stability 
of unsteady shear layers and non-parallel shear 

layers. At finite Reynolds numbers the stabil- 
ity analysis of unsteady flows involves the s e  
lution of the linearised NS equations with time- 
dependent coefficients (e.g. von Kerczek & Davis 
1974, Hall 1978). A quasi-steady approxima- 
tion, in which the velocity profiles are frozen 
in time, is the equivalent of the quasi-parallel 
approximation for spatially-developing bound- 
ary layers. For Stokes layers, such an approach 
yields Reynolds numbers for instantaneous in- 
stability far below those at which Stokes layers 
are observed to become unstable for even part of 
their period (e.g. Cowley (1987) and references 
therein). The quasi-steady approximation can 
be mathematically justified, but again only at 
large Reynolds numbers. 

We conclude that many linear theories of transition 
based on OS theory at finite Reynolds numbers can- 
not be justified rigorously. Of course, thirty or more 
years ago, such simplifications were often necessary 
in order to make progress; indeed a number of these 
approaches resulted in exceptionally useful tools for 
design and development. However, because of their 
ad hoc nature, it is often mathematically difficult to 
extend such theories into the nonlinear rCgime. For 
example, if certain terms have been arbitrarily omit- 
ted in the linear theory, when should they be reintro- 
duced in the nonlinear theory? Such difficulties can 
be avoided by taking the Reynolds number (or other 
appropriate parameter) to be large throughout the 
analysis. Furthermore, such an asymptotic approach 
identifies the dominant terms in the NS equations, so 
enabling improved finite-Reynolds-number approxi- 
mations to be proposed (e.g. Smith, Papageorgiou & 
Elliott 1984). 

In the last twenty-five years there has been a 
rapid increase in the number of papers published that 
have adopted a high-Reynolds-number asymptotic 
approach. As such this review cannot be exhaustive. 
For the most part we will concentrate on incompress- 
ible flows. The extension to subsonic flows often just 
requires a rescaling based on Mach number. How- 
ever, a number of the asymptotic scalings change 
significantly for transonic, supersonic and hypersonic 
flows, and there a number of new phenomenon (e.g. 
Smith & Bowles 1993, Smith 1989, Cowley & Hall 
1990). Only passing references to such flows will be 
made. We also do not review asymptotic approaches 
to receptivity (e.g. see the review by Goldstein & 
Hultgren 1989), Gortler instability (e.g. see the re- 
view by Hall 1990), crossflow instability (e.g. Bassom 
& Gajjar 1988) or vortex breakdown (e.g. Leibovich 
& Stewartson 1983). We are also aware that we make 
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inadequate reference to the Russian literature. 

This review is organised as follows. In $2, we 
outline the scalings governing the linear TS insta- 
bility in the lower- and upper- branch rkgimes. In 
$3, we survey some of the major ideas behind weakly 
nonlinear analysis, upon which much modern asymp- 
totic theory, in one way or another, is based. In $4, 
we concentrate on nonlinear instability in the lower 
branch rdgime. The flow here is, in general, governed 
by the fully nonlinear triple-deck equations. However 
depending on the nature of the disturbance, different 
scalings can be derived, leading to different [weakly] 
nonlinear interactions. In $5 we turn to nonlinear 
instability in the upper-branch rdgime. Two distinct 
features which differ from the lower-branch rCgime 
are the r6le of nonlinear interactions within criti- 
cal layers, and resonant-triad interactions. In $6, we 
summarise recent work on the nonlinear development 
of Rayleigh instability waves in shear layers. Much 
of this analysis involves nonlinear, nonequilibrium, 
viscous critical layer effects. While nonlinear inter- 
actions in different scaling rdgimes exhibit different 
features, the connections that exist are indicated. 

2. ASYMPTOTIC LINEAR THEORY 

Before the prevalence of modern computers, 
asymptotic methods were one of the principle means 
of solving the OS equation. To this end, uniform 
asymptotic approximations were derived on the as- 
sumption that aR >> 1 (for a review see Drazin & 
Reid, 1981). Since codes to solve differential equa- 
tions numerically are now widespread, such approxi- 
mations have diminished in importance as far as ob- 
taining quantitatively accurate solutions to the OS 
equation. However, asymptotic methods still have an 
important r61e to play in understanding transition. 
In particular, for large Reynolds numbers they can 
be used to obtain consistent solutions to the full NS 
equations, rather than just the OS equation. In this 
way non-parallelism, unsteadiness, and nonlinearity 
can be incorporated in a mathematically consistent 
manner (e.g. Smith 1979~). 

2.1 Plane Poiseuille flow 

In order to illustrate the high-Reynolds-number 
asymptotic approach, we begin by considering PPF. 
This flow has the advantage that it is exactly par- 
allel. Hence, the OS equation can be derived 
without approximation, and linear high-Reynolds- 
number asymptotic solutions can be sought from ei- 
ther the OS equation or the NS equations. The 
structure of the modes depends on whether they are 
‘nearer’ the lower or upper branch of the neutral 

curve. t These different structures reflect the fact 
that there are different physical balances within the 
flow close to the upper and lower branches. Each 
of the branches can be said to represent a ‘distin- 
guished’ asymptotic scaling. In many asymptotic 
analyses, a major aim/difficult.y is to identify the 
appropriate distinguished scaling. As illustrated be- 
low, one approach to deriving such scalings is based 
on seeking ‘maximal-interactions’ between compet- 
ing processes. Once derived, the asymptotic scal- 
ing can include rather exotic powers of the expan- 
sion parameter. However, the advantage of seeking 
a distinguished scaling is that a much wider range 
of parameter space can then be described by taking 
appropriate limits. 

As an example of the derivation of a distin- 
guished scaling, consider modes with a scaling near 
the lower branch of PPF. Since the Reynolds number 
is large, we begin by hypothesising that the modes 
have a three-zone asymptotic structure, i.e. a cen- 
tral inviscid core region, and two viscous layers of 
width A immediately adjacent to the walls (see figure 
2a).  Within the viscous layers we assume that there 
is a ‘maximal-interaction’ balance between the un- 
steady inertia (&), convective inertia ( U ~ i i ~ ) ,  pres- 
sure gradient (&) and viscous (It-1&,) terms in the 
z-momentum equation. Since U ,  - A in these lay- 
ers, it follows that 

A - (crR)-f , w - (a2R-’)f , 
Since the two types of inertia term balance, these vis  
cous wall layers are sometimes referred to as ‘critical’ 
layers, i.e. regions where the phase speed of the mode 
approximately equals the velocity of the undisturbed 
flow. 

@ -  (aR)-fi i  . 
(2.1a) 

The flow in the viscous wall layers interacts with 
that in  the core region through pressure variations. 
Hence we assume that the magnitude of the pressure 
variation is of the same order both in the core and the 
viscous layers (by analogy with classical boundary- 
layer theory there is almost no pressure variation 
across the viscous layers). Also, since the core is 
inviscid, the slip-velocity at the walls has the same 
magnitude as ii in the viscous layers. Normal modes, 
known as Tollmien-Schlichting (TS) waves, can be 
supported when there is a pressure variation across 
the core. This occurs when the U,& and &, terms 
in the y-momentum equation balance. Hence 

f i - a G f f % ,  (2.16) 

t Note that the lower and upper branches are some- 
times referred to as branches 1 and 2 respectively. 
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where the latter relation follows from the continuity 
equation. A comparison of the two expressions for fi 
in ( 2 . 1 ~ )  and (2.lb) yields 

(Y - R-Q . (2.2) 

Based on this three-layer scaling, t governing equa- 
tions can be derived from the linearised NS equa- 
tions and solved. Three-dimensional effects can be 
accounted for by assuming that P - R-t .  For a 
non-dimensionalisation based on the centreline ve- 
locity and half the channel width, the lower branch 
for tw-dimensional modes is given by 

a1 E aRQ M 2.15 (2.3) 

(Lin 1946). For both temporal and spatial sta- 
bility problems, the fastest-growing mode is two- 
dimensional and occurs for finite values of a1 and 

Solutions of the dispersion relation 

0 for the temporal problem, i.e. for a1 = O( 1) and 
PI PR+ = 0(1) ,  the scaled growth-rate '3(wI)  
is neither significantly smaller nor larger than 
the scaled frequency %(wl);  similarly 

0 for the spatial problem, i.e. for wI = 0(1)  and 
PI = 0(1), the scaled growth-rate S(-ar) is sim- 
ilar in size to the scaled real wavenumber %(a/). 

However, near the neutral curve specified by 
(2.3), the growth-rate is much smaller than the 
frequency/real-wavenumber for the temporal/spatial 
case respectively. This is a key observation, since a 
relatively small growth-rate is a central assumption 
for much weakly nonlinear theory. 

For this 'lower-branch' scaling there is another 
region of parameter space where the growth rate 
is relatively small and weakly nonlinear theory can 
be exploited; namely when la11 >> 1 and lwll >> 
1 (e.g. Smith & Burggraf, 1985). In this high- 
frequency/large-wavenumber limit the viscous wall 
regions in figure 2a each split into three subregions 
(see figure 2b): 

0 a thin viscous region (the 'Stokes layer') of thick- 

0 an invjscid region of thickness wra;' further 

0 a thin viscous critical layer of thickness a;" sited 
within the inviscid region at the level where the 

WI E wR3. 

fl(al,Pl,wl) = 0 show that 

ness w;; adjacent to the wall, 

from the wall, and 
1 

t In some sense this is the equivalent scaling for PPF 
to the famous 'triple-deck' scaling for boundary-layer flow 
(Stewartson 1969, Messiter 1970, Neiland 1969, Smith 
1979a,c,d, Smith 1976a,b). See also the next subsection. 

phase speed of the wave equals the velocity of 
the undisturbed flow. 

Detailed consideration of this asymptotic limit shows 
that to leading order the (real) phase speed of the 
modes is fixed by inviscid dynamics. However, the 
small non-zero growth-rate is a viscous effect and 
arises from a phase shift in the velocity due to the 
Stokes layer near the wall. 

The upper branch of the linear neutral curve 
cannot be found from an analysis based on scal- 
ing (2.2). However, the high-frequency/large- 
wavenumber limit indicates how the analysis 
should be modified. In particular, in the high- 
frequency/large-wavenumber limit described above, 
the critical layer plays a passive r6le in determining 
the leading-order (linear) growth-rate; this is not so 
once the (scaled) frequency and wavenumber are suf- 
ficiently large. Specifically, when (a/, P I )  = O(RA) 
and W I  = O(RG), i.e. when 

R%a, P)  = ( au,Pu) = O(1) , RAW = w,  = 0(1) , 

the curvature U B ~ ~  in the velocity profile leads to 
a velocity jump in ii across the critical layer that 
modifies the leading-order growth-rate (e.g. Lin 1955, 
Reid 1965). The upper branch neutral curve for two- 
dimensional modes is given by a, 55: 1.79 (Lin 1946). 

Since R-fr >> R-Q, the seven-layer upper- 
branch scaling covers a larger region of parameter 
space than the three-layer lower-branch scaling. This 
makes it an attractive scaling to study, especially 
since the relatively small growth-rates allow for an 
approach based on weakly nonlinear theory. On the 
other hand the fastest-growing modes occur on the 
lower-branch scaling. 

2.2 The Blasius boundary layer 
In the case of the Blasius boundary layer, asymp- 

totic solutions of the OS equation similar to those 
described above can be sought when the Reynolds 
number is large. The lower-branch neutral curve for 
two-dimensional disturbances is given by 

a - 0.25Re-i  , (2.4) 

where Re = O e b - ' ,  We is the freestream velocity, t 
is the distance from the leading edge and, as is con- 
ventional, we have introduced the Reynolds number 
Re based on distance from the leading edge. In or: 
der to facilitate comparison with the above results 
for PPF, the scale of the flow in the y-direction ma 
be taken to be 5 = Re-4 L ,  in which case R=Rei. r 

Since the Blasius boundary layer develops over a 

The displacement thickness, $1, is sometimes used as 
the scale normal to the wall. It is then conventional to 



3-6 

non-dimensional length of order R, it follows that the 
O(R4) wavelength of ‘lower-branch’ TS waves (see 
(2.4)) is much less than the lengthscale over which 
non-parallelism is noticeable. In other words, at large 
Reynolds numbers the quasi-parallel approximation 
is asymptotically valid to leading order. 

For boundary-layer flows, non-parallel effects 
can be taken into account by means of an asymp- 
totic solution based on the triple-deck structure il- 
lustrated in figure 3a. Smith (1979a) solved the 
linearised NS equations by seeking solutions of 
WKBJLG/multiple-scales form, e.g. in the ‘lower 
deck’, where p = O(Re-iL), he wrote 

p’= Re-f(jjo(z) + Re-’ “pl(z) + . . .)E , (2.5a) 

where 

E = exp (iRei /a l ( r )dr  + $12 - i W I T )  , (2.56) 

and the independent coordinates have been non- 
dimensionalised according to 

2 = Lz , = LRe-22,  i!= Re-f L o i ’ T ,  

In the analysis, the scaled frequency W I  and span- 
wise wavenumber PI are taken as known, while crl  is 
expanded in powers of Re-6 and IogRe. t 

One of the major quantities of interest in  such 
a calculation is the growth-rate; in the case of the 
pressure perturbation at the wall this is given by 

(2.6) 

p’s POI = iReicrl(z) + : + . . . . 
P Po 

In a non-parallel flow, the growth-rate depends on 
the quantity being measured (e.g. Bouthier 1973), i.e. 
while the leading-order term in (2.7) is universal, the 
second term clearly depends on the physical quantity 
in question. Further, we see that non-parallel effects 
enter the calculation at O(Re-i) - as might be ex- 
pected since this is the ratio of the TS wavelength to 
the development length of the boundary layer. 

The lower-branch neutral curve for the Blasius 
boundary layer as calculated by Smith (1979a) is 
illustrated in figure 36; also plotted is the neutral 
curve as calculated by the successive approxima- 
tion method of Bouthier (1973) and Gaster (1974). 
The advantage of the latter method is that a ‘full’ 
neutral curve can be calculated; its disadvantage is 
that the Reynolds number again has to be assumed 

define a Reynolds number 

t If the neutral frequency is sought then wl must also 
be expanded. 

schizophrenic (i.e. finite at certain points in the anal- 
ysis, but asymptotically large elsewhere). 

As for the case of PPF, at large frequencies and 
wavenumbers the viscous wall region splits into three 
sub-layers (cf. figure 26), and the TS waves described 
by the scaling (2.5) and (2.6) become almost neu- 
tral. The existence of a small parameter, i.e. the 
(relative) growth-rate, again makes this parameter 
rCgime amenable to asymptotic analysis. For exam- 
ple, Smith & Burggraf (1985) and Stewart & Smith 
(1987) have examined the linear stability of non- 
parallel flows such as separating boundary layers. 
In particular, Stewart & Smith (1987) find that for 
disturbances of given frequency the mode with the 
largest spatial growth-rate in a non-parallel flow may 
be three-dimensional. 

The upper branch of the neutral curve again 
occurs for asymptotically large values of W I ,  i.e. 
W I  = O(Re$). As before, +e curvature of the un- 
perturbed velocity profile results in a velocity jump 
across the critical layer; it is this velocity jump 
which is responsible for the stabilisation. In a steady 
boundary layer above a stationary wall, the curva- 
ture of the unperturbed velocity profile at the wall is 
proportional to the pressure gradient (i.e. from the 
&momentum equation, PCJ~fifi = p g  on y = 0, where 
ji is the fluid viscosity). Since there is no pressure 
gradient in the Blasius boundary layer, the curvature 
of the velocity profile near the wall is therefore very 
small. As a result the upper-branch scaling is differ- 
ent from that for a boundary layer in a favourable 
pressure gradient (see 32.3 and Bodonyi & Smith, 
1981). 

For the upper-branch scaling, (2.56) is replaced 
by 

a,(z)dz + ip,Z - iw,T 

(2.8a) 
where 

E = Lz , i = LRe-%Z, i =  Re-gLfiL’T. 
(2.86) 

Solutions can be obtained in each of the five regiocs 
illustrated in figure 4a in terms of asymptotic expan- 
sions in powers of Re-h and log Re. Non-parallel ef- 
fects are found to be of relative order Re-A log Re; 
this is much larger than the O(Re-%) correction 
that might have been anticipated from the ratio of 
the TS wavelength to the development length of the 
boundary layer (Bodonyi & Smith 1981). 

A comparison between the asymptotic theory, 
OS theory, and experiment is illustrated in figure 
46 for the upper-branch neutral frequency of two- 
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dimensional disturbances. The agreement between 
the raw four-term asymptotic expansion and exper- 
iment is distinctly worse than OS theory. Bodonyi 
& Smith (1981) observe that agreement can be im- 
proved either by an ‘origin’ shift of 300 in Ra = 
1.720R, or by adding the leading-order non-parallel 
effect to a solution of the OS equation. Unfortu- 
nately, most (weakly) nonlinear theory is based on 
the leading-order (one-term) approximation which 
yields significant disagreement between linear the- 
ory and experiment. This does not bode well for 
quantitative comparisons between experiment and a 
leading-order nonlinear theory based on the upper- 
branch scaling. 

However, Hultgren (1987) has shown that a sur- 
prisingly accurate prediction of the OS upper-branch 
neutral curve is possible by keeping the expansion for 
the lower-branch dispersion relation in what he refers 
to as its ‘naturally occurring’ form. In particular, a 
matched asymptotic solution for a lower-branch dis- 
persion relation yields a solution 

-. (2.9) 
where the coefficients l j ,  L and r are known in terms 
of the wavenumber and distance down the plate, and 
the frequency parameter, 

(2.10) 

can be viewed as an inverse Reynolds number for a 
disturbance with given frequency. Solutions to (2.9) 
obtained without expanding the wavenumber, etc. in 
powers of F i  (cf. Smith 1979a, Bodonyi & Smith 
1981), yield quite good agreement with solutions to 
the OS equation for F 5 this is so even for 
asymptotically large wavenumbers for which (2.9) is 
strictly not valid, e.g. at the upper branch. 

For an important class of experiments, it is in 
fact more natural to work in terms of the frequency 
parameter, F ,  than the local Reynolds number, Re. 
For instance, suppose a perturbation of fixed (di- 
mensional) frequency & is introduced into a Blasius 
boundary layer. As the disturbance propagates along 
the plate its Reynolds number varies with down- 
stream distance. In particular: 

0 The lower-branch scaling corresponds to down- 
stream distances for which 

Re = O ( F - 5 )  . (2.110,) 

In this region TS disturbances have O(F$oef i - ’ )  
wavenumbers. In addition it follows from (2.56) 
that as the disturbance propagates through this 

region the logarithm of its amplitude experiences 
an integrated net growth of O(F-4). 
Further downstream where 

Re = O(F-%) , (2.1 lb) 

the disturbance enters the region described by 
the upper-branch scaling. Here TS disturbances 
have O( F G  Oefi-’)  wavenumbers, i.e. marginally 
longer wavelengths than for the lower-branch 
scaling. As a disturbance propagates through 
this region it follows from (2.8a), and the fact 
that 3(aU) = O ( F + )  (e.g. Reid 1965), that there 
is again an O ( F - i )  net increase in logarithmic 
amplitude. 

0 However, the greatest net increase in amplitude 
occurs in the ,‘matching region’, or ‘intermediate 
region’, between the upper and lower branches; 
specifically, the logarithmic amplitude experi- 
ences a net growth of O(F-3 log F )  here (e.g. 
Goldstein & Hultgren 1989). 

In the light of the above observations, arguments 
can be put forward for in-depth study of each of the 
asymptotic regions. For instance: 

0 From a theoretical standpoint, the upper-branch 
scaling is possibly a more attractive proposition 
than the lower-branch one, since from (2.11~1, b), 
the former covers almost the entire unstable re- 
gion (e.g. Goldstein & Durbin 1986). Further, 
i n  a n  experiment where the size of the input dis- 
turbance is slowly increased, nonlinear effects are 
likely to become important first where the am- 
plitude of the disturbance is largest, i.e. near the 
upper branch. This scaling also has the advan- 
tage that a weakly nonlinear approach is possi- 
ble, since the distance over which TS waves grow 
is much larger than the T S  wavelength, i.e. the 
growth-rate is relatively small. However, as will 
be discussed below, the upper-branch scaling can 
involve very messy algebra when nonlinear ef- 
fects are included. 

0 The lower-branch scaling also has attractions for 
theoretical study, not in the least because the 
agreement between linear theory and experiment 
is much better for the lower-branch neutral curve 
(see figure 3 b ) .  In addition the disturbance has 
its largest growth rate in this region. 

0 However, as an alternative to both these scalings, 
a number of studies have concentrated on the 
intermediate scaling, i.e. 

F-5 < R e  << F-3 . (2.11c) 

It is i n  this ‘fuzzy’ intermediate region between 
the two distinguished scalings that the great- 
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est net increase in amplitude occurs. This re- 
gion can be viewed either as a far-downstream 
lower-branch scaling, or a far-upstream upper- 
branch scaling. While both approaches are 
asymptotically equivalent, most authors have ap- 
proached the problem by taking the limit of the 
lower-branch scaling since the analysis is some- 
what simpler from this direction, e.g. Smith & 
Burggraf (1985). t Further, Hultgren’s (1987) 
observation on the agreement between lower- 
branch analysis and numerical solutions to the 
OS equations possibly adds credence to this ap- 
proach. Another advantage of this intermediate 
scaling is that while the analysis is to a certain 
extent simpler than for the upper-branch scal- 
ing, the relative growth-rate is still small; hence 
a weakly nonlinear approach to finite-amplitude 
effects is possible. 

2.3 Boundary layers with pressure gradients 

At high Reynolds numbers the lower-branch 
triple-deck scaling of figure 3a also applies to steady 
boundary layers driven by a pressure gradient; the 
pressure gradient does not affect lower-branch TS 
waves at leading order. In fact this scaling de- 
scribes the lower branch of most unbounded shear 
flows adjacent to a wall, including supersonic flows 
if three-dimensional disturbances are allowed (e.g. 
Smith 1989). An exception is when the wall shear 
is zero, i.e. for velocity profiles close to the onset 
of backflow (Goldstein e2 al. 1987, Elliott & Smith 
1987). % 

t There is a slight problem with nomenclature here. 
Smith & Burggraf (1985) used a non-dimensionalisation 
based on distance from the leading edge. Hence for a dis- 
turbance with a fixed dimensional frequency, the scaled 
non-dimensional frequency increases downstream. This 
means that the intermediate region specified by (2 .11~)  
corresponds to the  ‘high-frequency’/‘large-wavenumber’ 
region of the lower-branch parameter space studied by 
Smith & Burggraf (1985) and others. Further, this no- 
tation is even less intuitive if the wavenumber of a fixed- 
frequency disturbance is considered. In dimensional vari- 
ables, the wavenumber of a fixed-frequency disturbance 
decreases as the disturbance propagates downstream out 
of the lower-branch region and into the intermediate re- 
gion; however, with Smith & Burggraf’s (1985) non- 
dimensionalisation, this region corresponds to the large- 
wavenumber limit! 

$ We prefer to use the term ‘backflow’ (or reversed 
flow) rather than ‘separation’ since it is only in two- 
dimensional steady flow adjacent to a non-moving bound- 
ary that the onset of backflow is synonymous with the 
separation of the boundary layer from the wall, e.g. El- 
liott et al. (1983). 

As indicated above, in a boundary layer the 
curvature of the streamwise velocity profile at the 
wall is proportional to the pressure gradient. As for 
the Blasius boundary layer, curvature plays a crw 
cia1 rBle in stabilising/destabilising disturbances suf- 
ficiently far downstream. The larger curvature near 
the wall induced by the pressure gradient means that 
the ‘upper-branch’ scaling occurs for lower nondi- 
mensional frequencies than those specified by (2.8b): 
for an  order-one pressure gradient, the scales of the 
wavenumbers and frequencies of such modes are 

(&,b)  = O ( R e - A i )  and D = O(ReSOeL-’) , 
(2.12) 

respectively (Reid 1965). 

If the pressure gradient is favourable, so that the 
flow at the edge of the boundary layer is acceler- 
ating, then UBOC < 0 near the wall and the veloc- 
ity jump across the critical layer is stabilising; an 
upper-branch neutral frequency can then be identi- 
fied. However, in an adverse pressure gradient, the 
velocity jump across the critical layer enhances the 
growth-rate of the disturbances with the result that 
no upper branch exists on this scale. 

Whatever the sign of the pressure gradient, 
(2.12) specifies a ‘distinguished’ <asymptotic scaling. 
As a shorthand, we will refer to this scaling as a 
‘viscous-layer/critical-layer balance’ (VCB) scaling, 
since the contributions to the growth rate of linear 
TS waves from the viscous wall layer and the critical 
layer are comparable on this scaling. * The growth- 
rate of disturbances is relatively small for this VCB 
scaling. Hence, in principle, a weakly nonlinear anal- 
ysis is possible. 

In terms of the frequency parameter F, the VCB 
scaling corresponds to downstream distances where 

Re = O ( F - 4 )  ; (2.13a) 

TS disturbances have O(J’;fieP1) wavenumbers on 
this scaling. Again we note from comparison with 
the lower-branch scaling, that the wavelength of 
fixed-frequency TS waves increases as they propa- 
gate downstream. Since 9(au) = O(Ff )  at dis- 
tances specified by (2.13~) (e.g. Reid 1965), the net 
growth in logarithmic amplitude on this scaling is 
again O ( F - 4 ) .  In the case of a favourable pressure 
gradient, the total growth over the relatively ‘long’ 
upper-branch TS scaling is thus comparable with the 
total growth over the ‘short’ lower-branch scaling. 

* An alternative name might be the  ‘quintuple-deck’ 
scaling. However, in certain nonlinear calculations, more 
than five asymptotic layers are needed on this scaling, 
e.g. Wu (1993a). 
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The greatest net growth in logarithmic amplitude 
is O(F-4 logF), and, as for the Blasius boundary 
layer, this occurs in the intermediate region between 
the lower-branch and upper-branch TS scalings. 

For a flow in an order one adverse pressure gra- 
dient, the absence of a neutral curve on the VCB 
scaling (2.12) means that the amplitude (and wave- 
length) of linear fixed-frequency waves continues to 
grow downstream until 

Re = O(F2) . (2.136) 

Analysis shows that the modes then have O(FUefi-') 
wavenumbers, or in terms of the local Reynolds num- 
ber, R = R e f ,  

= O(RL- ' )  b = O(RfieL- ' )  . (2.14) 

(2.14) is just the classical Rayleigh-wave scaling, i.e. 
the mode wavelengths are comparable with the width 
of the boundary layer. The dynamics of the modes 
in this region are thus inviscid to leading order. The 
growth-rate of downstream propagating disturbances 
is larger in this Rayleigh region than in either the 
lower-branch or VCB regions. Moreover, since this 
region also 'covers' a much larger extent than both 
the lower-branch scaling ( 2 . 1 1 ~ )  and the VCB scaling 
(2.13a), the largest net growth in amplitude (specifi- 
cally an O(F- ' )  increase in logarithmic amplitude), 
occurs on this Rayleigh scale. However, the net 
growth in amplitude is bounded because sufficiently 
far downstream a neutral point is reached beyond 
which the waves decay. The structure of such de- 
caying modes is a little surprising. In particular, in 
the direction normal to the boundary there are fi- 
nite regions where viscous effects are important and 
where the modes have a very fine oscillatory struc- 
ture (Foote & Lin, 1950). 

In general, the spatial growth-rate for Rayleigh 
modes is not relatively small compared with the real 
wavenumber. However, the growth rate is small close 
to the neutral point, with the result that a weakly 
nonlinear analysis is possible if attention is focussed 
on disturbances with wavelengths/frequencies close 
to the neutral frequency (see $6). Similarly the in- 
termediate region between the VCB scaling ( 2 . 1 3 ~ )  
and the Rayleigh scaling (2.136), i.e. 

F-9 < R e  << F - 2  , ( 2 . 1 5 ~ )  

is amenable to weakly nonlinear analysis because dis- 
turbances have relatively small growth-rates. For 
a scaling specified by (2.15) the analysis can be 
approached from two directions: either as a 'far- 
upstream' expansion of a Rayleigh scaling, or as a 

'far-downstream' expansion of the VCB scaling. t 
However, details differ particularly when nonlinear 
effects are included. This is because the critical layer 
for the Rayleigh scalings is of 'non-equilibrium' (or 
'unsteady') type, while the critical-layer is of viscous 
type for the VCB TS scaling. As a consequence there 
is an intermediate distinguished scaling 

Re = O ( F - y )  , (2.156) 

where the critical layer is both of non-equilibrium 
and viscous type. This is a natural scaling to study 
especially as regard nonlinear effects since the distur- 
bance modes might be viewed as viscous TS waves 
for Re << F - v ,  but inviscid Rayleigh modes for 
Re >> F-Y (cf. Goldstein, Durbin & Leib 1987, Gaj- 
jar 1994). 

If there is a mild adverse pressure gradient, then 
the only unstable Rayleigh modes have wavelengths 
much longer than the local boundary-layer thick- 
ness. Since all such modes have relatively small 
growth-rates, a weakly nonlinear analysis is again 
feasible (e.g. Goldstein, Durbin & Leib 1987, Gold- 
stein & Lee 1992). For even milder adverse pres- 
sure gradients, only (Blasius) upper-branch TS waves 
are unstable (i.e. there is no distinct inviscid, 'long- 
wavelength', Rayleigh scale). However, whenever the 
adverse pressure gradient is sufficiently strong that 
unstable waves exist downstream of the VCB scal- 
ing, the largest net growth in amplitude of fixed- 

t In terms of a non-dimensionalisation based on 
boundary-layer thickness rather than the frequency of 
the disturbance, such an analysis is equivalent to a low- 
frequency expansion based on the Rayleigh scaling, or a 
high-frequency expansion based on the VCB scaling. We 
note, however, that there is not necessarily an unique 
low-frequency expansion based on the Rayleigh scaling. 
I n  the case of velocity profiles that have a local maximum 
or minimum there may exist additional low-frequency 
Rayleigh modes. Such modes have an asymptotic struc- 
ture similar to that for a jet (e.g. Drazin & Howard 1962). 
When their frequencies are not excessively low, the modes 
have an inviscid structure. However, viscous forces mod- 
ify the growth-rate of such modes for frequencies 

LJ = O ( R e - h o e & - ' )  = O ( R e 4 U e L - ' ) ,  

and wavenumbers 

Due to non-parallel effects no unique lower-branch neu- 
tral curve can be identified for these modes (e.g. Cowley, 
Hocking & Tutty 1985). While velocity profiles with such 
turning points are unusual in steady two-dimensional 
boundary-layer flow over stationary walls, they are rela- 
tively common in motion over downstream-moving walls, 
in three-dimensional boundary layers, and in unsteady 
flow. 
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frequency waves occurs downstream of this scaling. 
This is despite the fact that, for a range of mild ad- 
verse pressure gradients, the fastest growing mode 
can occur on the lower-branch scaling. 

2.4 Free shear layers, jets and wakes 

The high-Reynolds-number asymptotic theory 
described above for boundary layers can also be ap- 
plied to free shear layers, jets and wakes. For all 
these flows the velocity profiles have inflection points, 
and are inviscidly unstable to Rayleigh modes of fre- 
quency 0(6&lR),  where fie is here a typical veloc- 
ity, and 8 is the width over which there is a significant 
change in vorticity in the shear-layer/jet/wake. t 

At least for a convectively unstable flow, non- 
parallelism can be accommodated by a straightfor- 
ward multiple-scales approach since the wavelength 
of the Rayleigh modes is much shorter than the de- 
velopment length of the shear layer. To fix ideas, sup- 
pose that a fixed-frequency disturbance is introduced 
near the start of the shear layer (we will refer to 
this as the ‘upstream’ region). Assume also that the 
modes excited have a wavelength much greater than 

propagates downstream, the ratio of wavelength to 
shear-layer thickness decreases as the local Reynolds 
number increases. At first this variation leads to 
an increase in growth-rate, but sufficiently far down- 
stream the disturbance stabilises when, according to 
linear theory, the non-dimensional wavenumber of 
the disturbance equals that of the ‘inflectional’, or 
‘upper-branch’, neutral mode (this part of the flow 
will be referred to as the ‘downstream’ region). 

As we have emphasised already, weakly nonlinear 
theory is in general only feasible when the growth- 
rate of the instability wave is relatively small. This 
is clearly the case in the (downstream) region close 

I the thickness of the shear layer. As the disturbance 

Since Rayleigh’s theorem and Fjortoft’s criterion are 
suficient rather than necessary conditions for inviscid in- 
stability, the existence of an inflection point satisfying 
Fjortoft’s criterion does not guarantee that the flow is 
unstable. While unbounded shear flows that tend to a 
constant velocity at infinity almost always admit unsta- 
ble modes, this is not so in the case of parallel flows that 
tend to a constant shear at infinity (e.g. Smith & Bodonyi 
1985, Tutty & Cowley 1986). 

Certain complications can arise if the flow is abso- 
lutely unstable, e.g. as can occur immediately behind 
a body. Huerre & Monkewitz (1990) review aspects of. 
linear and weakly nonlinear absolute instability. Ex- 
actly how current ideas on this problem can be incorpo- 
rated into a consistent high-Reynolds-number asymptotic 
framework, especially when nonlinear effects need to be 
included, still needs some clarification. 

to the neutral point (e.g. Goldstein & Leib 1988). 
However, unlike a boundary layer, the growth-rate 
in a subsonic shear layer is not relatively small for 
disturbances with wavelengths long compared to the 
shear-layer thickness, i.e. in the upstream region 
close to the source. As a consequence of this ob- 
servation, most of the weakly nonlinear theory that 
has been developed has concentrated on describing 
the ‘downstream’ development of very small initial 
disturbances (although certain progress may be pos- 
sible for disturbances which become nonlinear fur- 
ther upstream, through an extension of the long- 
wavelength analysis of Cowley, Tanveer, Baker & 
Page 1993). For sufficiently supersonic shear lay- 
ers, matters are more tractable in the upstream re- 
gion, since the growth-rate of long wavelength dis- 
turbances is small and a weakly nonlinear analysis 
is feasible (Miles 1958, Balsa & Goldstein 1991 (per- 
sonal communication)). 

2.5 Unsteady boundary/shear layers 

As explained in $1, for both parallel and non- 
parallel unsteady shear flows, the OS equation for 
normal modes can only be derived by making an 
ad hoc quasi-steady approximation. Moreover, this 
quasi-steady approximation often turns out to be 
less accurate than the quasi-parallel assumption. An 
alternative approach at high Reynolds numbers is 
to study the stability of unsteady shear flows using 
the analytical methods developed for steady almost 
parallel flows. For instance, the stability of high- 
Reynolds-number Stokes flow can be examined in a 
mathematically consistent manner by an expansion 
i n  inverse powers of the Reynolds number (Tromans 
1977, Cowley 1987). Such a multiple-scales approach 
is possible since in general the timescale of the insta- 
bility waves is asymptotically small compared to the 
timescale for the evolution of the shear layer. 

3. WEAKLY NONLINEAR THEORY 

If a flow is convectively unstable to exponen- 
tially growing travelling waves, then the question 
arises as to how the flow evolves when previously 
neglected nonlinear effects are included. If the spa- 
tial/temporal growth-rate is comparable with the 
wavenumber/frequency, then this question can only 
be answered, in general, by a fully numerical solution 
of the NS equations. However, when the growth-rate 
is relatively small, a weakly nonlinear theory is often 
possible. 

At large Reynolds numbers, many scalings lead 
to weakly nonlinear theories. Some of these are ex- 
tremely pertinent to experimental observations and 
place earlier ad hoc theories on a sound basis; oth- 



3-1 1 

ers might be viewed as little more than displays of 
‘asymptotic muscle’! However, almost all turn out to 
be based on one or two basic concepts, which have 
their origin in the classical weakly nonlinear theory, 
even though the extension sometimes turns out to be 
rather elaborate mathematically. 

In order to illustrate these basic concepts, we 
begin by briefly reviewing weakly nonlinear theory 
for PPF. This flow has the advantages (a) that non- 
parallel effects are absent and (b) that there is a well- 
defined finite critical Reynolds number, R,, above 
which small disturbances may be amplified. 

I 

I 
’ 

3.1 Uniform travelling waves in PPF 

Since PPF is an exactly parallel flow, it is consis- 
tent to examine its stability from either a temporal or 
spatial approach; however, most of the nonlinear the- 
ory has taken the temporal approach. Weakly non- 
linear calculations are possible when the timescale 
over which a (linear) wave grows is much longer than 
the period of the wave. 

At the critical Reynolds number, R = R,, there 
is a neutral mode with a (real) frequency U e 8 - l w c  
and a (real) wavenumber a-’&,. At slightly dif- 
ferent wavenumbers a - a, = O(c) ,  where e = 
IR- R,lt << 1, the growth-rates of the fastest grow- 
ing linear disturbances are 0(e2ee8-’), i.e. much 
smaller than typical frequencies. This allows the in- 
troduction of a ‘fast’ timescale, t = Ue8-’i, and a 
slow timescale, T = c2Ue8-li. Nonlinear effects in- 
fluence the growth of the disturbance through a cu- 
bic interaction. Specifically, suppose from (1.4) and 
(1.5) that the cross-stream velocity perturbation is 
given by 

6 = E(A(T)E + c.c.) + . . . , (3.1~1) 

where 

E = exp(ia,z - iw,t) , and 0 < C << 1 . (3.lb, c) 

Then as a result of the quadratic inertia terms 
in the NS equation, O(E2) mean-flow and second- 
harmonic terms will be excited. The quadratic in- 
teraction of these terms with the original harmonic 
leads to an O(a)  forced harmonic. If this forced har- 
monic is as large as the O(c2e) correction that arises 
because the Reynolds number differs from its critical 
value by an O(c2) amount, i.e. if 7 = O(c),  then non- 
linear effects cannot be neglected in estimating the 
growth of the wave. Stuart (1960) showed that this 
scaling leads to the ‘Landau equation’ 

where k l  and k2 are known complex constants, and 
the sign of SJZ(kl).depends on the sign of (R - Re) .  

For PPF, k2r > 0 and sgn(k1,) = sgn(R- R,), where 
kl, = %(kl), k1i = Q(k1) etc.. The Landau equation 
describes the evolution of weakly nonlinear travelling 
waves. 

0 If kl , .k~,  < 0, there is a non-zero equilibrium 
amplitude corresponding to a nonlinear travel- 
ling wave. 

o A subcritical bifurcation. If kz, > 0, the 
equilibrium solution is unstable and rep- 
resents a ‘threshold’ amplitude; for PPF 
this corresponds to the case R < R,. If 
the disturbance amplitude is smaller than 
this threshold, it decays, while larger dis- 
turbances grow to an ‘infinite’ (scaled) am- 
plitude in a finite time. Of course, the 
unbounded growth in the latter case indi- 
cates that the asymptotic expansion proce- 
dure must ultimately fail and a new scaling 
must be tried. 

o A supercritical bifurcation. If kzr < 0, the 
equilibrium amplitude is stable, and distur- 
bances of any amplitude evolve to it. 

0 If klrk2r  > 0, there is no equilibrium amplitude. 

o If k2r > 0, all non-zero disturbances become 
unbounded within a finite time; for PPF, 
this is the case when R > R,. 

o If k2, < 0, all disturbances decay to zero. 

Note that instead of deriving the time-evolution 
equation (3.2), we could have sought nonlin- 
ear travelling-wave solutions, i.e. the equilibrium- 
amplitude solutions. This only leads to minor sim- 
plifications in the weakly nonlinear case, but has sig- 
nificant advantages for finite amplitudes. In partic- 
ular, Herbert (1977) has pursued such an approach 
for two-dimensional travelling waves. The equilib- 
rium amplitudes so found map out a nonlinear neu- 
tral surface in the parameter space of Reynolds num- 
ber, wavenumber and amplitude (see figure 5 ) .  

Whether these travelling-wave solutions are sta- 
ble to two-dimensional disturbances is a delicate 
question, and depends on whether the mass flux or 
the mean pressure gradient is fixed (e.g. Pugh & 
Saffman 1988). Small-amplitude travelling waves are 
certainly unstable to two-dimensional disturbances if 
the bifurcation is subcritical (see above). In addition, 
travelling waves that are stable to two-dimensional 
disturbances can be unstable to three-dimensional 
perturbations (Orszag & Patera 1980, 1981, Herbert 
1983). However, whether such a linear stability anal- 
yses of travelling waves provides a (quantitative) de- 
scription of transition in PPF is debatable since it 
is not clear how the unstable equilibria organise the 
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long-time behaviour of the unstable motion. Never- 
theless, in subcritical regimes the amplitude of the 
travelling wave may provide a useful indication of 
threshold amplitudes for instability. 

3.2 Wavepackets in PPF: R % R, 
A restriction of the formulation leading to the 

Landau equation (3.2) is that it assumes a uniform 
wavetrain for all i; this is physically unrealistic. 
Stewartson & Stuart (1971) and Davey, Hocking & 
Stewartson (1974) have shown how to generalise this 
formulation to wavetrains modulated in the stream- 
wise direction, 5, and/or the spanwise direction, i. 
They consider the region of parameter space close to 

R = R , ,  & = a ,  and p = O .  (3.3) 

From the dispersion relation (1.7), the neutral wave 
specified by (3.3) has a group velocity, 

that is real (in fact $ = 0 by symmetry). This is 
important since it proves useful to transform into a 
frame moving with the group velocity. The appro- 
priate scalings are 

c2 = IR- R,I, t = U e k l i ,  r = c 2 U e k 1 i ,  
(3.5u - c )  

(3.5d- f) 
where the amplitude A in (3.1) is now a function of 
7, < and 7. The resulting governing equations are 
(after a suitable normalisation) 

(3.6b) 
d2B d 2 B  - a21AI2 - +- - - .  

The function B(r,  t ,  77) arises because of the need to 
account for a secular pressure term related to the 
mean-flow correction. 

An initial condition for (3.6) needs to be speci- 
fied. Stewartson & Stuart (1971) and Hocking, Stew- 
artson & Stuart (1972) proposed to study the evo- 
lution of a small localised disturbance introduced at 
i = 0. For R > R,, this slowly grows as it propagates 
downstream. A, (linear) steepest-descents analysis 
shows that for 617;' << i << c - ~ ~ U ; ' ,  the ampli- 
tude of the disturbance is largest in a small elliptical 
region that propagates downstream with the group 
velocity (see also Benjamin 1961, Gaster 1968u, b ) .  
It was proposed that appropriate initial conditions 

a p  ay2 at72 

to (3.6) as T 4 0 might be 

A A - 7exp (-E) 4ar 
T T  

(3 .74  

for a line (two-dimensional) disturbance, and 

for a point (three-dimensional) disturbance. How- 
ever, it is relatively straightforward to show that 
(3.7) do not provide uniformly valid initial conditions 
to (3.6) (Hocking, Stewartson, & Stuart 1972). Nu- 
merical calculations have been performed by instead 
applying (3.7) at some time TO > 0 (e.g. Hocking 
1974). 

For this modified initial condition, Davey et al. 
(1974) and Hocking & Stewartson (1971) consid- 
ered wavepackets of two-dimensional waves that were 
modulated in one (possibly oblique) direction, i.e. 
A A ( a (  + Pq, r).  For wavepackets skewed at an- 
gles greater than 57.3' to the mean flow, they showed 
that a finite-time singularity develops for R > R,, 
while for angles less than 57.3' the solution remains 
bounded. Hence modulation can suppress the un- 
bounded growth of a uniform wavetrain. 

Hocking & Stewartson (1971) refer to solutions 
that become unbounded in a finite time as 'bursts'. 
However such solutions are not directly related to 
the physical bursts commonly observed in transi- 
tion. The-latter have length and time scales much 
shorter than those of TS waves, while the modula- 
tional 'bursts' represented by solutions of (3.6) de- 
scribe a 'focussing' of the wavetrain envelope from 
an initial O(6c-l) length to, for instance, a still large 
O((  logrlf8) length (Hocking et al. 1972). Thesubse- 
quent evolution of the flow, and its susceptibility to 
secondary instabilities, etc., have yet to be examined 
in  detail. 

Further, Hocking (1974) finds that, with the 
modified initial condition, a point-centred initial dis- 
turbance does not apparently 'burst' - that is, its 
amplitude remains bounded. This suggests that the 
system of equations (3.6) may not be the most per- 
tinent to a description of transition in PPF. It also 
en~phasises that the knowledge that a non-modulated 
disturbance 'bursts', should not be used to conclude 
that a localised initial disturbance 'bursts'. Since the 
theory is easier for the former, while experiments are 
often closer to the latter, this is a point not to be 
forgotten - no matter how tempting it might be to 
do so! 

While the results for the modified initial condi- 
tion are interesting, the question remains as to how 
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nonlinearity modifies the evolution of an initially lo- 
calised linear disturbance. As discussed above, this is 
a physical situation that can in principle be realised 
experimentally. Analysis suggests that because of 
a necessary logarithmic shift in the time origin, the 
Landau equation (3.2), rather than the system (3.6), 
is recovered when the flow becomes nonlinear. Hence 
the spatial modulation plays a passive d e .  Further, 
it follows immediately (see $3.1) that the scaled dis- 
turbance A becomes unbounded at a finite time due 
to nonlinear effects. Hence an initially localised lin- 
ear disturbance in PPF eventually ‘bursts’. 

3.3 Extensions 

Hocking (1975) has extended this weakly nonlin- 
ear analysis to the (exactly-parallel) asymptotic suc- 
tion profile. The most significant change in equations 
(3.6) is that q = 0, because the absence of an upper 
rigid boundary means that an induced pressure gra- 
dient cannot be supported. For the initial conditions 
(3.7) applied at r = TO > 0, Hocking (1975) finds 
that both line- and point-centred initial disturbances 
can develop into localised modulational ‘bursts’ in a 
finite time. 

The analysis leading to (3.6) is for modulated 
two-dimensional waves. The carrier wave cannot be 
three-dimensional, since when R = R, there is no 
neutral three-dimensional wave. However, a weakly 
nonlinear analysis can in principle be performed close 
to any point on a neutral curve; as indicated above, 
weakly nonlinear two-dimensional travelling-wave so- 
lutions have been obtained in this way. It is rel- 
atively straightforward to extend this analysis to 
the time-evolution of modulated wavetrains of two- 
dimensional waves, etc.. However, for R # R,, the 
group velocity, cg = V,, is in general not real; hence 
the scaling (3.5e) for [ has to be replaced by 

< = €2z. (3.8a) 

For example, in the case of the asymptotic suction 
profile, (3.6) becomes 

d A  d A  d 2 A  - - d- - b- = k1A + k21AI2A , (3.8b) dT a[ a V 2  

where d is complex. Care must be taken in the formu- 
lation of suitable initial conditions for disturbances 
that start as linear localised wavepackets. This is 
because (3.4) is derived by expanding about a neu- 
tral mode, and there exist modes with neighbouring 
wavenumbers that have larger growth-rates. Since 
a linear localised disturbance includes some of the 
faster-growing modes, it is necessary to ensure that 
these modes do not grow to dominate the solution be- 
fore the slow timescale defined by ( 3 . 5 ~ )  comes into 

play. Of course, there is also the question of how 
such disturbances can be experimentally realised. 

Likewise, the evolution of three-dimensional 
oblique almost-neutral modes could be studied. Sup- 
pose that R! is the ‘critical’ Reynolds number above 
which unstable TS waves with spanwise wavenum- 
ber /3 can be found. Then weakly nonlinear expan- 
sions, based on either a single neutral carrier wave, 
or a pair, are in principle possible for IR- RCl << 1. 
This problem does not appear to have been tackled 
at finite Reynolds numbers, either for uniform wave- 
trains or for modulated wavepackets (but see Hall & 
Smith (1990), Smith & Blennerhassett (1992), Smith 
& Bowles (1992) for aspects of the high-Reynolds- 
number limit). In a situation where disturbances 
with a broad band of wavenumbers are excited, there 
is a good reason for not doing this, namely that the 
fastest-growing disturbance is likely to dominate. In 
a carefully controlled experiment, however, or possi- 
bly in flow through a grooved channel, near-neutral 
waves might be preferentially excited with larger am- 
plitudes and so cause transition. We will return 
to this point later, particularly in relation to non- 
parallel flows and wave/vortex interactions. 

3.4 Suiiiinary of finite-Reynolds-number re- 
sults 

At finite Reynolds numbers we have seen that: 

(a) Weakly nonlinear theory can be used to de- 
scribe both two- and three-dimensional, small- 
amplitude, equilibrium travelling waves (al- 

have been sought). It is possible to test the sta- 
bility of these solutions (a) to disturbances of the 
same wavelength using (3.2), and (b) to distur- 
bances of slightly different wavelengths by means 
of a ‘sideband’ instability analysis using (3.6). If 
stable, the flow may evolve to these waves; if un- 
stable, the equilibrium wave amplitude predicts 
a threshold amplitude for nonlinear instability. 

(b) Weakly nonlinear theory can also be used to 
describe the nonlinear evolution of both uni- 
form wavetrains (see (3.2)) and wavepackets, i.e. 
wavetrains modulated in the streamwise and/or 
spanwise directions (see (3.6) and (3.86)). Un- 
bounded growth (‘bursts’) can occur for both 
types of disturbances. ‘Bursting’ indicates the 
development of large-amplitude waves and, in 
the case of wavepackets, the focussing of the dis- 
turbance on the slow modulational lengthscale. 
This type of ‘bursting’ does not describe the de- 
velopment of sub-wavelength turbulent bursts, 
although it may be a precursor of the latter. 
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(c) The method can be applied at any point on the 
neutral curve, although the governing equations 
for streamwise-modulated wavetrains differ ac- 
cording to whether the group velocity is real or 
complex. 

( d )  For disturbances with a broad band of wavenum- 
bers, the theory is most applicable for R a R, 
since weakly nonlinear theory can then describe 
the fastest-growing mode. However, in exper- 
iments where (almost neutral) two- or three- 
dimensional disturbances with a preferred wave 
number are excited, the theory can also be ap- 
plied for R > R,. 

(e) Little quantitative agreement between theory 
and experiment has yet been presented for PPF 
(but see Smith & Bowles 1992), or for boundary 
layers with suction - the two best-known exactly- 
parallel unstable profiles. 

In summary, the key assumption (or restriction) 
in weakly nonlinear theory is that the growth rate is 
small. As such, the leading-order dispersion relation 
and the eigenfunction can be determined by a linear 
analysis while nonlinear effects are included at higher 
order. By taking advantage of this, the nonlinear de- 
velopment of uniform or modulated wavetrains in ex- 
actly parallel flows can be described. For nonparallel 
flows, a high-Reynolds-number asymptotic approach 
is crucial if nonlinearity and nonparallelism are to be 
included in a self-consistent and systematic manner. 
As will be seen, the modern asymptotic approach has 
both revealed new features in transition, and pro- 
vided deeper insight into the physical mechanisms. 
However, many (if not all) of these theories are based 
on the assumption of small growth rate, and as such 
should be regarded as being weakly nonlinear; this is 
so despite the fact that sometimes nonlinear partial 
differential equations have to be solved. 

3.5 High-Reynolds-number weakly nonlinear 
theory 

Before 1979, attention concentrated on the pa- 
rameter rCgime where R NN R,, since in that rdgime 
the fastest-growing modes can be described by an 
asymptotic theory; this is crucial if disturbances with 
a broad band of wavenumbers/frequencies are ex- 
cited. However, there are important problems where 
there exists a preferred frequency (e.g. arising from 
engine noise or vibration of the structure) and/or a 
preferred lengthscale (e.g. corresponding to the size 
of particles impinging on the flow). Furthermore, in  
a spatially-dependent or unsteady flow, disturbances 
with preferred frequencies/lengthscales may be sta- 
ble in one part of the flow rCgime but unstable in  

another. 

For much of the rest of this review we will con- 
centrate on examples of transition which are caused 
by disturbances with a preferred frequency. An oft- 
repeated experiment modelling this type of transi- 
tion is that of Schubauer & Skramstad (1947), on 
the evolution of TS waves in a Blasius boundary 
layer. By means of a vibrating ribbon, waves of 
fixed frequency and known amplitude are introduced 
into the flow. Suppose that the forcing occurs up- 
stream of the lower branch (see figure 6, where the 
abscissa measures the distance downstream). The 
waves initially decay as they propagate downstream, 
until they reach the lower branch; beyond this, there 
is a region of amplitude growth. When the upper 
branch is crossed, decay once again sets in, provided 
that nonlinear effects are still not significant. Due 
to the region of exponential growth, the initial am- 
plitude at the point of forcing is usually required to 
be exponentially small (in some sense) if the flow is 
to remain linear everywhere. If the amplitude of the 
initial disturbance is suitably adjusted, nonlinear ef- 
fects can be made to come into play as the waves 
reach the upper branch. If the forcing amplitude is 
increased further, nonlinearity becomes important at 
positions upstream of the upper branch, and for suf- 
ficiently large input disturbances, nonlinear effects 
may develop near the lower branch. 

The analysis describing the evolution of the dis- 
turbance differs depending on where the flow first 
becomes nonlinear. For the Blasius boundary layer, 
there are three major regions to be considered -these 
are illustrated schematically in  figure 7a. For defi- 
niteness, suppose that a fixed-frequency disturbance 
is introduced at the lower branch neutral point. As 
discussed above, for very small initial amplitudes 
the disturbance can remain linear at all points. For 
slightly larger disturbances, the initial amplitude can 
be adjusted so that the perturbation becomes non- 
linear at an O(F-4 Ceb-') distance downstream, i.e. 
in the region described by the VCB scaling. Aspects 
of this case are discussed in $5 on the assumption 
that the flow does not become nonlinear very  close 
to the upper branch. In the latter special case, the 
very small growth rate of the disturbance can mean 
that non-parallel effects, inter  alia, play an enhanced 
role, with the result that the asymptotic analysis is 
modified. 

If the initial amplitude is larger, then the distur- 
bance can become nonlinear in the triple-deck region, 
i.e. an O(F-4Ueb-')  distance from the leading edge. 
In general, since the growth-rate is not small here, a 
numerical solution of the fully nonlinear equations 
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(see (4.1)) is required (e.g. Duck 1985, 1990, Cow- 
ley e l  al. 1990). However, if the initial amplitude is 
sufficiently large, then the disturbance can become 
nonlinear close to the lower branch. A weakly non- 
linear analysis is then possible; this case is discussed 
in $4. Further, as discussed there, if the initial dis- 
turbance is large enough, then the flow can become 
nonlinear sufficiently close to the neutral curve for 
non-parallel effects to be important. 

For an accelerating boundary layer, there are 
again three major regions to be considered where the 
disturbance can first become nonlinear (see figure 
7b). These correspond to the three regions for the 
Blasius boundary layer. As explained in $2.3, the 
major difference is that the VCB scaling occurs at 
an O(F-+Oefi- ' )  distance downstream of the lead- 
ing edge. Much of the nonlinear analysis described 
in $5 remains valid after an appropriate change of 
scaling. 

For a decelerating boundary layer the distur- 
bance can first become nonlinear in one of at least 
seven distinguished regions. The three upstream re- 
gions closest to the lower branch are the same as for 
an accelerating boundary layer (see figure 7c). How- 
ever, there is no upper-branch neutral point on the 
VCB scaling. The fourth distinguished region oc- 
curs at an O ( F - v  Oefi-') distance downstream (see 
(2.15b)). While on the VCB scaling the critical layer 
is primarily viscous, in this region the dynamics in 
the critical layer involves both 'unsteady' and viscous 
forces (e.g. Goldstein, Durbin & Leib, 1987). Since 
nonlinearities first come into play within the criti- 
cal layers, this change in the dynamics of the critical 
layer affects the amplitude-evolution equation. Since 
this scaling and the VCB scaling differ only by a fac- 
tor of F - A ,  before any comparison with experiment, 
it is probably best to form a composite expansion 
of the two scalings (Dr M.E. Goldstein 1992 (per- 
sonal communication)). If the disturbance becomes 
nonlinear for F - Y  << Re << F-2 ,  then the weakly 
nonlinear analysis is primarily inviscid. 

If the initial disturbance amplitude is even 
smaller, so that the flow becomes nonlinear in 
the fifth distinguished region (defined to be an 
O(F-'Oefi-') distance downstream), then a fully 
nonlinear analysis is in general necessary since the 
growth-rate of the linear waves is not relatively 
small. However, for suitable initial amplitudes the 
flow perturbation can become nonlinear in the vicin- 
ity of the upper branch (which we take to be at 
Re = Re,); a weakly nonlinear analysis is then pos- 

sible. t There are two distinguished regions close to 
the upper branch. The first is an O(F-SOefi- l )  dis- 
tance upstream of the upper branch. The analysis 
here is not dissimilar to that for the fourth region 
since both unsteady and viscous effects are signifi- 
cant in the critical layer (e.g. Goldstein & Hultgren 
1988). The limits F-4 << IRe - Re,I << 1 and 
!Re - Recl << F-4 correspond to predominantly in- 
viscid and viscous limits respectively (e.g. Goldstein 
& Leib 1988). However, the latter limiting solution 
is not valid arbitrarily close to the upper branch. For 
I Re-Re, I = O( F - q )  there is a seventh distinguished 
region. Here the growth-rate of the disturbance is so 
small that nonparallel effects cannot be neglected at 
leading order (e.g. Shukhman 1989, Smith, Brown & 
Brown 1993). 

The above classification is not comprehensive, 
particularly if two or more disturbance modes are 
excited and/or subsequent nonlinear stages are con- 
sidered. However, the different scalings serve to 
emphasise the different physical mechanisms that 
can influence transition. Further, while the multi- 
tude of scalings makes comparison with experiment 
less than straightforward, some spectacular successes 
have been achieved by use of composite expansions. 

3.6 Types of disturbance 

I n  addition to varying the position where the 
perturbed flow becomes nonlinear, the evolution of 
a number of different types of disturbance can be 
considered. For example the 'carrier' TS/Rayleigh 
wave can be 

(Q) a two-dimensional mode, 
(b) a single oblique mode, 
(c) a pair of oblique modes, or 

(d )  a combination of the above, 
while the wavetrain may be 
(i) uniform, or 

( i i )  be modulated so as to form a wavepacket that, 

Further, the disturbance may 
(a) evolve from an initially linear state (as in $3.5), 

(p )  be introduced as a weakly nonlinear perturba- 

for instance, is localised in time and/or space, 

or 

tion. 

t The fact that the initial amplitude has to be tuned 
so that the flow becomes nonlinear in the vicinity of the 
upper branch may at first sight suggest that the analysis 
has limited validity. However, in an analogous problem 
for a shear layer (see f6.2), Hultgren (1992) has shown 
that the weakly nonlinear analysis has a surprisingly large 
range of validity. 
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It is also possible to consider disturbances excited 
(A) at a point, 
( B )  along a line, or 

(C) over some broader region. 
A number of these possibilities will be reviewed be- 
low. 

4. ASYMPTOTIC NONLINEAR THEORY 

In this section we will assume that a disturbance 
is introduced into the boundary layer in such a way 
that the flow becomes nonlinear very close to the 
lower branch. For definiteness we start by assuming 
that the disturbance is introduced in a region where 
its evolution can be described by linear dynamics. 
We then briefly review a situation where ‘nonlinear’ 
disturbances are introduced in the neighbourhood of 
the lower branch - an example of bypass transition. 

- TS LOWER BRANCH 

4.1 Growth of a two-dimensional carrier wave 
If the carrier wave is two-dimensional, and the 

disturbance initially linear, then an analysis similar 
to that in $3 is expected to hold. Smith (19796) and 
Hall & Smith (1982) have derived the Landau equa- 
tion for an attached boundary layer (e.g. the Blasius 
boundary layer) and Poiseuille flow respectively. In 
addition Hall & Smith (1982) allow for a wavelike 
forcing at the flow boundary. Their analysis is based 
on a nonlinear extension of the triple-deck scalings 
discussed in $2. For boundary-layer flow, the scaled 
governing equations are 

UT + UUx + VUY + WUz = -Px + U y y  X4.la) 
WT + UWx + V W Y  + WWz = -Pz + WYY (4.16) 

9 . ~ 0 ,  U x + V y + W z = O ,  (4.lc,d) 

with boundary conditions 

U = V = W = O  on Y = O ,  (4.le) 
U -A(z) (Y  + A ) ,  W - 0  as Y - + C O ,  (4.lf) 

U -+ A(I)Y as X + -CO , (4.lg) 

and interaction relation 

(4.lh) 
where for future convenience we have included a 
spanwise dependence with the same scale as the 
triple-deck TS wavelength. The slow variable z 
(which is here non-dimensionalised by the distance 
from the leading edge), represents the slow down- 
stream evolution of the boundary layer. Its effect is 
felt through the slowly-varying wall shear A ( I ) .  

For a given disturbance frequency, there will be 
a location, say 2: = I O ,  where the TS wave is neu- 

tral. The weakly nonlinear analysis assumes that 
the wave remains linear as it propagates downstream 
until it reaches a position z = 20 + c2zl ,  where 
0 < c << 1 and z1 = 0(1)  (this downstream displace- 
ment corresponds to the O(c2) variation from the 
critical Reynolds number in (3.5a)). At this point 
the [scaled) spatial growth-rate of the wave is O(c2), 
while the (scaled) wavenumber is O(1). As in $3, if 
the wave has a (scaled) amplitude of O(c), a nonlin- 
ear interaction ensues. The governing equation for 
the amplitude is then the spatial Landau equation 

(4.2a) 

where 17 = c2X and P is the scaled amplitude of the 
leading-order pressure perturbation. 

Note that if a disturbance is introduced at a fixed 
value of I ,  then 6 can be deduced in terms of the ini- 
tial amplitude by the condition that the disturbance 
should have an O(c) amplitude at a distance O(c2) 
downstream of neutral. Observe also for future refer- 
ence that there are four lengthscales involved in this 
calculation: 

( 1 )  the very ‘slow’ downstream boundary-layer evo- 
lution scale, I = O(1); 

( 2 )  the distance downstream from the lower branch 
at  which nonlinear effects develop, i.e. z - 2 0  = 
W2);  

(3) the ‘slowish’ lengthscale over which the TS waves 
grow, i.e. X = O(1) or X = O ( C - ~ )  or z - zo = 
0 ( ~ - ~ R e - ~ l ~ )  ; 

(4) the ‘fast’ wavelength of the TS wave, i.e. X = 
O(1) or z - I O  = o ( R ~ - ~ / ~ ) .  

Hall & Smith (1984) observed that non-parallel ef- 
fects enter the analysis at leading order if the second 
and third scales are identical, i.e. if 

- 

= 0 ( ~ ~ - 3 / 3 2 )  . (4.26) 

In terms of figure 7, this corresponds to nonlinear 
effects becoming important within an O(F-%) dis- 
tance of the lower neutral point. For such a scaling 
the Landau equation (4.2a) is slightly modified be- 
cause f and 1 1  are now the same variable. The so- 
lution to the linear equation is then proportional to 
exp( i123,y2); that this is correct can be easily checked 
by taking the lower bound of the integral in (2.5L) to 
be $ 1 ,  expanding in powers of ( I - z l ) ,  and using the 
fact that ‘3(ac(zl)) = 0. 

1 For boundary-layer flow, Smith (19796) and Hall 
& Smith (1982, 1984) show that solutions to (4.2a) 
tend to a slowly-varying amplitude downstream, 
i.e. the bifurcation is supercritical. This ‘equilib- 
rium’ amplitude is stable to two-dimensional distur- 
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bances of the same frequency, but can be unstable 
to three-dimensional disturbances of a different fre- 
quency. In te r  alia, Hall & Smith (1984) t show that 
such instabilities can force the disturbance amplitude 
to become singular a finite, i.e. x = O(l), distance 
downstream. As a result of this singular growth, the 
flow reverts to being described by the fully nonlinear 
system of equations (4.1). 

While such analyses yield interesting results, 
they are equivalent to a ‘uniform-waveform’ calcu- 
lation (cf. $3.1). No detailed consideration is given 
to how the wavetrain is established, e.g. by includ- 
ing some modulation in time. In addition, while the 
rapid growth in disturbance amplitude identified by 
Hall & Smith (1984) in their multi-mode analysis 
is consistent with transition, their weakly nonlinear 
analysis is based on the assumption that the dis- 
turbance consists of multi-frequency, almost-neutral 
three-dimensional waves. This may be possible in 
very carefully controlled experiments, but in most 
flows where the disturbance has a significant multi- 
frequency component, it is likely that at least some 
of the (linear) modes will have O( 1) growth-rates - in 
which case there will be other stronger instabilities. 

Smith & Walton (1989) have extended the two- 
dimensional analysis to include a slow spanwise mod- 
ulation over distances 2 = 6Z = o( 1). For the dis- 
tinguished limit when non-parallel effects are impor- 
tant, i.e. t = O ( R - 3 / 3 2 ) ,  the scaled amplitude equa- 
tion is 

, This equation has the same form as the finite- 
Reynolds-number amplitude equation (3.86) but 
with the inclusion of the linear non-parallel effects, 
and the exclusion of the modulation in time. For ap- 
propriate parameter values, Smith & Walton (1989) 
show that solutions to this equation can end in a 
finite-distance singularity due to a focussing of the 
spanwise modulation. The subsequent evolution of 
the disturbance is described by the full nonlinear 
equations (4.1). A time-modulated wavepacket cor- 
responding to a finite period of excitation does not 
seem to have been studied. 

~ 

t Inter alia, Hall & Smith (1984) derive equations 
which describe the nonlinear interaction of two or more 
almost neutral nodes. Note that a ‘diffusion layer’ of 
width O(E-5) seems to have been omitted in their anal- 
ysis. This layer is needed in order to eliminate a ‘steady- 
streaming’ spanwise mean flow induced far from the 
boundary. Since this velocity is independent of the span- 
wise coordinate it is presumably passive (cf. Smith & 
Walton 1989). 

4.2 A ‘weak’ TS-wave/vortex interaction 
Smith & Walton (1989) show that the large-X, 

two-dimensional, quasi-equilibrium solution to (4.3) 
is unstable to three-dimensional disturbances, par- 
ticularly those with large spanwise wavenumbers. 
However, if such disturbances can be suppressed 
then the two-dimensional equilibrium solution can 
lose stability to another type of interaction further 
downstream. In particular Smith & Walton (1989) 
show that if 6 = O(R-3/40) then this new ‘TS- 
wave/vortex’ interaction is described by the nor- 
malised amplitude equation 

where the vortex skin-friction factor, Ao, is given by$ 

These vortex equations arise because the 
quadratic interaction between the two-dimensional 
TS carrier wave and the spanwise TS wave induced 
by the modulation, drives a surprisingly large f f -  
independent spanwise velocity - indeed this grows 
logarithmically as Y + 00. The growth is resolved 
in a ‘diffusion layer’ (sometimes referred to as a 
‘buffer layer’) of thickness Y = O(6-l) far from 
the wall. Such diffusion layers are common in sit- 
uations where relatively large mean flows are forced 
as a result of nonlinear interactions in critical lay- 
ers (e.g. Brown & Stewartson 1978, Haynes & Cow- 
ley 1986). These mean flows are generated over the 
same lengthscale/timescale as that on which the non- 
linear effects evolve. In the problem under discussion 
nonlinear effects develop over a distance X = O(e3). 
Far from the wall the magnitude of the mean flow 
is O(Y), and hence from a balance between the 
convective-inertia and viscous terms it follows that 
the spanwise perturbation will have diffused a dis- 
tance Y = O(6-l) from the wall. The streamwise 
and spanwise lengthscales are then chosen (after ac- 
counting for logarithmic terms) so that this induced 
‘vortex’ feeds back, via the skin-friction factor Ao, to 
interact with the evolving (nonlinear) TS wave. 

Smith & Walton (1989) show 
( U )  that the two-dimensional quasi-equilibrium so- 

lution is unstable to three-dimensional pertur- 
bations, and 

(6) that three-dimensional solutions to (4.4) may ei- 
ther terminate in a finite-distance singularity, or 
decay downstream. 

$ The  original version of this analysis was corrected in 
outline by Smith & Blennerhassett (1992). 



Again, these solutions have features in common with 
transition, but ‘no quantitative comparison with 
transition experiments and computations have been 
attempted yet’ (Smith & Walton 1989). 

I 

I 

4.3 A ‘medium’ TS-wave/vortex interaction 

Having recognised the powerful influence that an 
induced longitudinal vortex can have on the evolu- 
tion of a wave, Smith & Walton (1989) also consid- 
ered disturbances with a spanwise lengthscale com- 
parable with the wavelength of the two-dimensional 
TS carrier wave. The flow is again assumed to evolve 
over a distance O ( E - ~ ) ,  where the amplitude of the 
wave for Y = O(1) is O(c(logc)-1/2). The anale 
gous equation to ( 4 . 4 ~ ~ )  yields a dispersion relation 
which has a nonlinear dependence on P through an 
unknown skin-friction factor. The equations gov- 
erning the vortex in the diffusion layer where Y = 
O(c-’) are the full classical three-dimensional, zero- 
pressure-gradient, boundary-layer equations, with a 
spanwise forcing at the boundary as a result of 
matching to the Y = O( 1) region. 

A key point in the analysis is that the leading- 
order wavenumber must be allowed to vary over 
the slow O(e-3) evolution scale, whereas in previous 
‘almost-neutral’ stability analyses the carrier wave 
wavenumber/frequency only varies slightly. As the 
flow evolves downstream the linear three-dimensional 
TS waves force the vortex flow. This in turn modi- 
fies the wall shear which governs the TS wavelength 
(i.e. assuming the frequency of the disturbance is 
known). The TS waves must remain neutral for the 
theory to be applicable. This is achieved by a feed- 
back loop in which the amplitude of the TS wave 
automatically adjusts itself so that the forced vortex 
leads to a value of wall shear consistent with a neutral 
wave. This condition might be viewed as a nonlin- 
ear secularity condition for fixing the amplitude of a 
three-dimensional, weakly nonlinear, TS wave. 

4.4 A ‘strong’ TS-wave/vortex interaction 

The above analysis has been extended by Hall & 
Smith (1991) to the case when 6 = O(Re-1/8); the 
downstream evolution lengthscale then merges with 
the non-parallel evolution scale of the Blasius bound- 
ary layer. The TS-wave/vortex interaction is then 
sufficiently strong to produce a complete alteration 
of the Blasius boundary-layer velocity profile. 

The governing equations for both the above 
TS-wave/vortex interactions are ‘strongly’ nonlinear. 
Numerical solutions have been obtained by Hall & 
Smith (1991) (see also Walton & Smith 1992). The 
initial conditions for these calculations are rather ar- 
bitrary, and in general require the spanwise veloc- 

ity to satisfy a compatibility constraint. A slight 
question-mark remains as to whether such initial con- 
ditions can be realised experimentally. However, as 
noted by Smith & Walton (1989), an alternative ini- 
tial condition can be constructed by consideringthe 
secondary instability of a two-dimensional TS wave 
to three-dimensional perturbations. As indicated in 
$4.4 another possible initial condition arises from the 
evolution of a pair of oblique waves (Hall & Smith 
1989, Blackaby 1993). 

The calculations of Hall & Smith (1991) and 
Walton & Smith (1992) suggest that TS-wave/vortex 
interactions of this kind terminate in singularities a 
finite distance downstream (see also Smith & Wal- 
ton, 1989). Smith & Walton (1989) and Walton & 
Smith (1992) tentatively suggest that the singular- 
ity formation is related to the creation of lambda 
vortices. However, in an extension of work by Hall 
& Horseman (1991), Hall (1992, personal communi- 
cation) has shown that before the singularity devel- 
ops, the three-dimensional distorted boundary-layer 
flow induced by the TS-wave/vortex interaction is 
itself unstable to a ‘secondary’ Rayleigh instability. 
Hall proposes that it is this instability which is re- 
sponsible for the so-called ‘spike’ formation (see also 
Greenspan & Benney 1963). 

Hall & Smith (1991) show how the ideas underly- 
ing the TS-wave/vortex interaction can be extended 
to other flows supporting almost neutral waves, e.g. 
Rayleigh-wavelvortex interactions (see also Bennett, 
Hall & Smith 1991). However, as noted by Smith 
e t  al. (1993), there are difficulties in establishing 
such Rayleigh-wave/vortex interactions from realis- 
tic upstream boundary conditions (see also Wu, Lee 
& Cowley 1993, Brown, Brown, Smith & Timoshin 
1993). 

4.5 A pair of oblique modes 

Other TS-wave/vortex interactions can be 
sought at locations close to the lower-branch neutral 
point (i.e. in region I of figure 7). For instance, Hall 
& Smith (1989), Smith & Blennerhassett (1992) and 
Blackaby 1993 consider the interaction of two oblique 
three-dimensional TS waves with an induced stream- 
wise vortex. 

t This point is possibly not surprising once it is re- 
alised that the almost-neutral Rayleigh (or TS) carrier 
modes are in fact weakly nonlinear, quasi-equilibrium, 
three-dimensional travelling waves which slowly evolve 
downstream - cf. equilibrium solutions to ( 4 . 2 ~ ~ )  when 
2 1  is viewed as a slowly varying parameter. Experience 
suggests that such quasi-equilibrium travelling waves are 
highly likely to be unstable to three-dimensional distur- 
bances at asymptotically large Reynolds numbers. 
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If the TS waves are weakly three-dimensional 
then the induced vortex is passive and the ampli- 
tude evolution equatian is just (4.3). However, if the 
TS waves are sufficiently oblique, the induced vortex 
can affect the nonlinear evolution of the disturbance. 
If p is the spanwise wavenumber based on the triple- 
deck scaling, then the distinguished limit where the 
two types of nonlinearity balance is given by t 

p = 0(€3(1Oge)-+) , (4.5) 

where e is as in $4.1 Nonparallel effects can be al- 
lowed for by scaling e as in (4.26). For stronger three- 
dimensionality than (4.5) the nonlinearity forced by 
the streamwise vortex dominates the cubic Landau 
nonlinearity. If /? = 0(1),  the scaled amplitude 
equation for two oblique waves of equal amplitude 
is (Blackaby 1993) 

where it has been assumed that the disturbance is 
introduced at X = 0. The same equation, but with 
different coefficients, is obtained if compressibility ef- 
fects are included. For incompressible flow, Black- 
aby argues that if the obliqueness angle, 8, of the 
TS waves satisfies 32.21’ < 0 < 45O, then their 
amplitude blows-up in a finite distance. The sub- 
sequent evolution of the waves is then described by 
the fully nonlinear triple-deck equations (4.1) (Hall 
& Smith 1989). For other values of 8 the distur- 
bance amplitude grows algebraically as X -+ 00. 

Hall & Smith (1989) argue that the disturbance sub- 
sequently evolves to a TS-wave/vortex interaction in 
which the entire boundary layer is altered (Hall & 
Smith (1991) and $4.4). As far as transition to tur-  
bulence is concerned (i.e. the development of short[er] 
scale motions), the existence of a finite-distance sin- 
gularity is potentially the most relevant result (see 
also $6.4). However, such singularities only develop 
for a relatively narrow range of obliqueness angles. 
Further, Blackaby (1993) shows that range of angles 
is dependent on Mach number, and disappears for 
Mach numbers above a. 

If the initial disturbance is sufficiently small so 
that nonlinear effects only become important in a re- 
gion where non-parallel effects are negligible to lead- 
ing order, i.e. if Re-3/32 << e << 1,  then instead of 
algebraic growth, nonlinear effects cause the distur- 
bance amplitudes to decay exponentially (cf. Smith 
& Blennerhassett 1992, Wu el  al. 1993). The dis- 
turbance only reverts to algebraic growth even fur- 

t University of Cambridge, Mathematical Tripos Part 
I11 (1993), Paper 33, Question 3. 

ther downstream as a result of non-parallel effects 
(cf. Smith e l  al. 1993) 

4.6 ‘Far-downstream’ lower-branch analyses 

As indicated in $2, if TS waves propagate to a po- 
sition far downstream from the lower branch (as mea- 
sured on the lower-branch scaling), then the growth- 
rate of TS waves is relatively small. This means 
that if a flow becomes nonlinear in this region, its 
evolution can in general be described by a weakly 
nonlinear analysis. Solutions for the weakly nonlin- 
ear evolution of two-dimensional disturbances in this 
so-called ‘high-frequency’ limit have been obtained 
by Smith & Burggraf (1985) and Smith (1986a). 
For two-dimensional disturbances of larger ampli- 
tude, the inviscid dynamics are apparently described 
by the well-known Benjamin-Ono equation. Theo- 
ries have been proposed (e.g. Rothmayer & Smith 
1987, Kachanov, Ryzhov & Smith 1993) suggesting 
that soliton solutions of this equation may be asso- 
ciated with the ‘spikes’ in the velocity profiles ob- 
served in many transition experiments. However, 
this idea cannot be fully evaluated until the theory is 
extended to three-dimensional disturbances. In addi- 
tion, the problem of incorporating viscous effects into 
the analysis appears to be unresolved at present. 

The nonlinear development of weakly three- 
dimensional wavetrains has been considered by Stew- 
art & Smith (1992) for boundary layers, and Smith & 
Bowles (1992) for channel flow. These authors make 
comparisons with the experiments of Klebanoff & 
Tidstrom (1959) and Nishioka, Asai & Iida (1980) re- 
spectively; their ‘wave-vortex’ interaction theory ap- 
parently captures the main features observed. Stew- 
art & Smith (1987) and Doorly & Smith (1992) have 
looked at various fully three-dimensional linear prob- 
lems. I n  addition, Smith & Stewart (1987) observe 
that a resonant-triad interaction is a possibility in 
the HFLB r6gime. Solutions of their equations ap- 
parently yield good agreement with the experiments 
by Kachanov & Levchenko (1984) on subharmonic 
transition in boundary layers. 

However, rather than reviewing this work in de- 
tail, we will proceed to consider analyses performed 
with the upper-branch scaling. The ‘far-upstream’ 
(or ‘low-frequency’) limit of such analyses should 
match with the above ‘far-downstream’ lower-branch 
sol ut ions. 

5. ASYMPTOTIC NONLINEAR THEORY 
- TS UPPER BRANCH 

5.1 Two-dimensional instability 

One of the major strands of work based on the 
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upper-branch scaling has been the derivation of two- 
dimensional travelling-wave equilibrium solutions for 
flows in favourable (or zero) pressure gradients. As 
the amplitude of a linear TS wave is increased, non- 
linear effects first come into play within the thin crit- 
ical layer situated in the buffer region adjacent to 
the wall (see figure 4a). The possibility that nonlin- 
earity could play a crucial r61e in critical layers was 
realised by Lin (1957), and then exploited by Ben- 
ney & Bergeron (1969) and Davis (1969). The latter 
authors concentrated on almost-inviscid critical lay- 
ers, while Haberman (1972) and Brown & Stewart- 
son (1978) incorporated viscous effects into nonlinear 
critical layers (and corrected earlier ideas). As a re- 
sult of these studies, the wavespeed of possible trav- 
elling waves could be identified, but the amplitude 
of the wave was not fixed. Smith & Bodonyi (1982a) 
explained how this could be done for a boundary 
layer in a favourable pressure gradient. ‘Like Haber- 
man (1972), they considered a scaling in which vis- 
cous and convective-inertia effects were compara- 
ble within the critical 1ayer.They showed how the 
amplitude-dependent ‘phase jump’ across the criti- 
cal layer (essentially one Fourier component of the 
cr i t ical-1 ayer velocity j u m p ) cou 1 d balance the phase 
jump arising from the Stokes layer adjacent to the 
wall, and so fix the amplitude. Bodonyi, Smith 
& Gajjar (1983) and Smith, Doorly & Rothmayer 
(1990) extended this analysis to larger-amplitude 
modes in which the critical layer is situated either 
in the middle of the classical boundary layer, or at  
the outer edge of the boundary layer, respectively. 

For P P F  and (non-decelerating) boundary lay- 
ers, it was shown by Reutov (1982) and Gajjar 
& Smith (1985), respectively, that upper-branch 
travelling-wave solutions are unstable - i.e. the bi- 
furcation is subcritical. Hence the amplitudes of the 
travelling waves may provide an indication of non- 
linear threshold amplitudes for two-dimensional in- 
stability (subject to the condition that the diffusion 
layers mentioned below are passive). Goldstein & 
Durbin (1986) also conclude that nonlinear critical- 
layer effects completely ‘eliminate’ the upper branch 
predicted by linear theory; this is in agreement with 
numerical results of Bayliss et d. (1985). 

We note that Gajjar & Smith (1985) and Gold- 
stein & Durbin (1986) base their analysis on the as- 
sumption that an induced mean-flow perturbation 
has diffused completely across the developing bound- 
ary layer. If the TS wave has grown from an ini- 
tially linear disturbance, this assumption is incor- 
rect. Instead, it is necessary to introduce extra ‘dif- 
fusion layers’ which sandwich the critical layer (e.g. 

Brown & Stewartson 1978). For two-dimensional dis- 
turbances, the diffusibn layers are expected to be 
passive, (e.g. Churilov & Shukhnian 1987, Goldstein 
& Hultgren 1988); however in three dimensions this 
may not be the case, since a wave/vortex interaction 
can arise in these layers (e.g. Wu 1993a). 

It is not immediately clear what the r61e of 
such diffusion layers is in equilibrium, travelling- 
wave analyses for developing boundary layers, e.g. 
Bodonyi el d. (1983) and Smith et al. (1990). t In 
a developing boundary layer, the equilibrium travel- 
ling waves must have evolved from some upstream 
initial condition. Unless this initial condition is cho- 
sen so that the mean-flow change is introduced across 
the whole boundary layer, then diffusion layers will 
be needed. However, even with such carefully cho- 
sen initial conditions, it is likely that diffusion layers 
will develop as the non-parallelism of the mean flow 
comes into play. Hence there seems a need to confirm 
that any such diffusion layers are passive. 

For boundary layers in adverse pressure gradi- 
ents, similar nonlinear critical-layer analyses can be 
performed. While no equilibrium travelling-wave so- 
lutions can be found, the growth of perturbations can 
be followed from the linear through to the strongly 
nonlinear stage, e.g. Gajjar & Smith (1985). In the 
vicinity of the ‘upper-branch’ scaling, the growth re- 
mains exponential even after the critical layer be- 
comes nonlinear. However, if the disturbance be- 
comes nonlinear far downstream of the VCB scal- 
ing, a simple extension of Gajjar & Smith’s (1985) 
analysis shows that the initial exponential growth of 
the linear wave gives way to algebraic growth, before 
reverting to a smaller exponential growth once the 
amplitude is large enough. 3 

We note that the distance of the critical layer 
from the wall can be amplitude-dependent. If an 
almost-inviscid nonlinear critical layer moves too 
rapidly through the ambient vorticity then there may 
not be time for the vorticity within the ‘cats-eyes’ of 

t 111 an exactly parallel flow, e.g. Hagen-Poiseuille flow 
(Smith & Bodonyi 19826), the diffusion layers need not 
be present since in principle there is always sufficient 
‘time’ for the mean flow perturbation to have diffused 
completely across the Row. 

3 Churilov & Shukhman (1987) and Goldstein & Hult- 
gren (1988) find algebraic growth in closely related prob- 
lems concerned with the growth of two-dimensional insta- 
bilities in shear layers. An important difference between 
shear layers and boundary layers is the existence of the 
Stokes layer adjacent to the wall in the latter case. When 
the effects of this Stokes layer are felt at leading order, 
the instability wave grows exponentially. 
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the critical layer, i.e. the region of closed stream- 
lines, to equilibrate to a uniform vorticity. Exam- 
ples of such non-uniform vorticity rkgimes in forced 
problems were found by Cowley (1981, 1985) and 
Haynes & Cowley (1986), while Gajjar & Smith 
(1985) proposed a scenario for a wavepacket of modu- 
lated upper-branch T S  waves that could lead to such 
critical layers. t 

If in a flow with an adverse pressure gradient, 
the disturbance first becomes nonlinear in tk fourth 
region of figure 7c, i.e. where Re = F - T ,  then 
the initial nonlinear evolution of the TS waves is 
governed by a non-equilibrium, nonlinear, viscous 
critical-layer equation (e.g. Gajjar 1994). Again non- 
linear effects result in a transformation from expo- 
nential to algebraic growth. Even further down- 
stream, i.e. effectively in the Rayleigh rdgime, viscous 
effects are initially negligible in the critical layer. In 
this case Goldstein, Durbin & Leib (1987) show that 
the growth-rate can oscillate about zero before vis- 
cous effects reassert themselves and lead to algebraic 
growth. 

5.2 Spatial modulation of a planar carrier 
wave 

Imperfections are invariably present in, say, a 
vibrating-ribbon experiment. As a result, a suppos- 
edly two-dimensional wavetrain may have an ampli- 
tude that is weakly modulated in the spanwise di- 
rection. Models for such flows when the disturbance 
first becomes nonlinear near the lower branch have 
been discussed in $4 (e.g. equation (4.3)). Suppose 
instead that the initial amplitude of the disturbance 
is smaller, so that nonlinear effects become important 
in the upper-branch (VCB) rkgime. As an example 
we discuss a boundary layer with a pressure gradient, 
but with a simple modification of scaling, the analysis 
also applies to the Blasius boundary layer, or to the 
‘high-frequency lower-branch’ rdgime. For our typi- 
cal lengthscale (see $1.1) we use the boundary-layer 
thickness and we write F = us. The leading-order 
pressure perturbation is assumed to be of the form 

c A ( a ,  2)exp  iu(iiz - uDt) + C.C. , (5 . la)  

where X ,  2 are ‘slow’ spatial scales, ii and 6 are of 
order one, and 6 << 1.  

_ _ _ _ ~  

t While studying the spatial stability of shear lay- 
ers, Goldstein & Hultgren (1988) and Hultgren (1992) 
find quasi-equilibrium nonlinear critical layers which have 
non-uniform vorticity within almost-inviscid ‘cat-eyes’. 
However, the source of this non-uniformity is vorticity 
swept downstream rather than a variation in the ambi- 
ent arising from the sideways movement of the critical 
layer. 

If the three-dimensionality is extremely weak, 
then the evolution of the disturbance will still be de- 
scribed by the two-dimensional analysis of the pre- 
vious section. However, if a ty ical spanwise length- 
scale of the warping is O(u-m) ,  then the solution 
to the strongly nonlinear critical layer is believed to 
be influenced by a diffusion layer that surrounds it. 
This problem has yet to be studied in detail. 

If the warping is more rapid than O(u-%) then 
the critical layer ceases to be strongly nonlinear. Wu, 
Stewart & Cowley (1994) identify a distinguished 
scaling which accommodates the effects of linear 
growth, linear spanwise dispersion and weak nonlin- 
earity at  the same order, viz. 

E 

X = u2z , 2 = ~ ~ ’ ~ 2  , c = u1‘I4 . (5.16) 

The dominant nonlinear effect arises in the critical 
layer and surrounding diffusion layer, and can be re- 
garded as a cubic ‘wave-vortex’ interaction between 
the fundamental mode and an induced spanwise- 
dependent mean flow. The amplitude equation takes 
the form 

d A  . d 2 A  -- i - = A  ax az2 

+iA -i-+ ( A ( X - C , Z ) A > ( X - C ,  Z))zdd(‘ .(5.2) 
J o  

It is straightforward to include a temporal modula- 
tion in this equation. 

Equation (5.2) has exact solutions describing 
pure plane waves. A linear secondary-stability anal- 
ysis shows that they are susceptible to a ‘sideband’ 
instability of ‘exponential-of-exponential form’. So- 
lutions of the full nonlinear equation can terminate in 
a finite-distance singularity associated with a short- 
ening of both spanwise and streamwise scales. The 
subsequent evolution of such solutions has not been 
studied in detail. However an analysis of scaling 
changes indicates that in the subsequent phase of 
development, the slow streamwise variation will en- 
ter a t  leading order in the critical layer equations, 
so that the critical layer becomes of non-equilibrium 
viscous type - a situation similar to that studied by 
Wu (19936); see $6.6. 

As an alternative to considering the warping of a 
two-dimensional mode, equation (5.2) can be used to 
study the nonlinear evolution of, say, a pair of slightly 
oblique TS waves. If the three-dimensionality is 
much stronger than that specified by (5.1), then the 
governing equations simplify. In particular, the en- 
ergy of the waves can be shown to grow exponentially 
in  a frame moving downstream with the group veloc- 
ity. 

In the next section we consider a case where the 
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pair of oblique TS waves have comparable spanwise 
and streamwise wavelengths. However, first we note 
that there is an intermediate scaling with spanwise 
lengthscale of O ( U - ' ~ / ~ ' ) .  On this scaling there are 
two competing forms of wave/vortex interaction: As 
a result the <-; kernel function in (5.2) needs to 
be replaced by (C-4 + K ) ,  where the magnitude of 
IC is proportional to the obliqueness (cf. Timoshin & 
Smith 1993). However, the precise form of the kernel 
function seems to have no significant effect on the 
qualitative form of solutions, which again display an 
exponential increase in both amplitude and phase. 

5.3 Resonant - t riad interactions 

Rather than considering a general pair of oblique 
modes (which can be viewed as a special case), we 
study the interaction of a pair of oblique modes with 
a two-dimensional mode. Such interactions are of in- 
terest because experiments have shown that subhar- 
monic resonance is a possible mechanism for tran- 
sition to turbulence in boundary layers (e.g. Raetz 
1959, Craik 1971, Kachanov et al. 1977, 1984). Res- 
onance occurs when for any three waves 

where the kj and w j  are the wavenumbers and fre- 
quencies of the waves respectively. The three waves 
need not all be of the same type, although in this 
section we only consider TS waves. 

The resonance condition (5.3) cannot be satis- 
fied by three almost-neutral lower-branch TS waves. 
However, Smith & Stewart (1987) show that this 
condition can be satisfied by three TS waves in the 
'high-frequency' limit of the lower-branch rdgime. In 
other words, for disturbances of given frequency, res- 
onance can take place sufficiently far downstream 
of the lower branch. Resonance can likewise take 
place in the upper-branch (VCB) rdgime (where the 
asymptotic structure is very similar). We focus on 
the VCB scaling since subharmonic resonance is ex- 
perimentally observed to occur near, and to continue 
downstream of, the upper branch neutral point. 

A resonant-triad interaction in the upper-branch 
rdgime has been studied by Mankbadi (1991) and 
Mankbadi, Wu & Lee (1993) for the Blasius bound- 
ary layer, and by Wu (1993a) for boundary layers 
with non-zero pressure gradients (see also $6.5). We 
take the latter case as an example. 

In the notation of $5.2, the leading-order pres- 
sure perturbation is assumed to be of the form 

where 6, 0, and W are all of order one and = $2. 

As shown by Smith & Stewart (1987), the resonance 
condition (5.3) is satisfied when 

tan-' 016 = 60'. 

Since upper-branch TS modes have an inviscid struc- 
ture at leading order, this resonance condition is the 
same as for long-wavelength Rayleigh modes. The 
three waves have (nearly) equal phase speeds, and so 
share the same critical layer. 

The maximal interaction scaling to ensure that 
the oblique waves are both influenced by the two- 
dimensional wave, and interact nonlinearly among 
themselves (cf. $5.2), is given by 

6 N U1313 , N (zs . 
For these scalings, quadratic interactions between 
the two-dimensional wave and one or other of the 
oblique modes within the critical layer lead to a para- 
metric resonance. Moreover, while the quadratic 
interaction between the oblique waves does not af- 
fect the development of the two-dimensional mode, 
it does drive a mean-flow distortion which becomes 
unbounded towards the edge of the critical layer. In 
order to match the mean-flow distortion in a self- 
consistent manner, a diffusion layer must be intro- 
duced. In this layer the slow-spatial-growth term 
balances the viscous diffusion term. The interaction 
between an oblique mode and the mean-flow distor- 
tion produces a cubic nonlinear term in the ampli- 
tude equations. This interaction is non-local because 
the diffusion layer is 'unsteady'. The final amplitude 
equations are found to be 

dA-  - = aA- + qA;B 
d X  

d B  - = b B ,  
d X  (5.5) 

where a, b ,  q and h are constants. The analy- 
sis can readily be extended to allow for temporal 
and/or spanwise modulation (Jennings, Stewart & 
Wu 1994). 

Numerical solutions of these equations indicate 
that if the oblique modes initially have small ampli- 
tudes, they first experience a rapid 'exponential-of- 
exponential' growth caused by parametric resonance 
(Goldstein & Lee 1992, Wu 1 9 9 3 ~ ) .  t In a sub- 

If/wlien the small growth-rate of the two-dimen- 
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sequent stage, the cubic interactions of the oblique 
modes inhibit the growth and lead to a wavelength 
shortening. On the other hand, if the initial ampli- 
tudes of the oblique modes are sufficiently large, the 
parametric resonance can be completely bypassed 
and the amplitude growth is merely exponential. Nu- 
merical solutions also suggest that oblique modes 
with unequal initial amplitudes evolve to an equal- 
amplitude state. 

Similar results to the above have been obtained 
by Mankbadi e t  al. (1993) for the upper-branch 
regime of the Blasius boundary layer, and by Jen- 
nings et  al. (1994) for the ‘high-frequency lower- 
branch’ regime . Mankbadi (1993) presents compar- 
isons between theory and experiment. However, in 
order to obtain good agreement, he has to include 
additional higher-order terms without performing a 
full systematic asymptotic analysis. 

Recently, Goldstein (1994) observed that if 
the initial amplitude of the subharmonic mode is 
sufficiently small, the ‘exponential-of-exponential’ 
growth of the subharominc induced by the para- 
metric resonance can lead it to evolve on a faster 
spatial scale. As a result, the viscous critical layer 
becomes of nonequilibrium type (see also Khokhlov 
1991, 1993). Goldstein (private communication) also 
points out that at the streamwise locations where 
experimental measurements were made, the critical 
layer has actually entered the nonequilibrium rdgime. 
Therefore, this regime must be considered in order to 
perform an appropriate comparison with experiment. 

6. RAYLEIGH WAVES IN SHEAR FLOWS 

So far we have discussed asymptotic approaches 
to transition when fixed-frequency disturbances ini- 
tially become nonlinear either very close to the lower 
branch, or in the upper-branch rdgime, i.e. regions I 
and I11 in figure 7. In this section we will concen- 
trate on disturbances that become nonlinear near a 
Rayleigh wave neutral point, i.e. regions VI and VI1 
in figure 7c. Although we do not discuss region IV in 
figure 7c explicitly, we note that many of the prop- 
erties of weakly nonlinear disturbances in this region 
are similar to those in region VI. This is because non- 
equilibrium, viscous critical layers play an important 

sional mode is much less than tha t  of the three- 
dimensional modes, then the secondary stability of the 
two-dimensional mode to three-dimensional disturbances 
can be tested using Floquet theory (e.g. Herbert 1988). 
When the three-dimensional modes have growth-rates 
comparable with, or even smaller than,  that of the two- 
dimensional mode, the multiple-scales approach seems 
necessary (Smith 19866, Goldstein & Lee 1992). 

role in both regions. There are also certain common 
properties between region I11 and region VI1 since a 
viscous critical layer surrounded by a diffusion layer 
is a key element of both regions. However, the am- 
plitude equations in region VI1 have a slightly more 
general form; additionally they include non-parallel 
effects. 

Rather than concentrating on a decelerat- 
ing boundary layer, we consider a general t w e  
dimensional spatially developing, and/or temporally 
varying, shear layer that has an inflectional veloc- 
ity profile. Such a shear layer usually has a verti- 
cal velocity component of magnitude of order R-I, 
where R is the Reynolds number based on shear-layer 
width. As indicated in $1.1, a quasi-parallel linear in- 
stability analysis can only be justified when R >> 1. 
Such an analysis shows that shear layers with inflec- 
tional profiles (e.g. a free shear layer, a decelerating 
boundary layer, a Stokes Layer) can often support 
inviscid Rayleigh instability waves ($2.4). For shear 
layers with a monotonic or symmetric velocity p r e  
file, e.g. the free mixing.layer or wake, the instabil- 
ity is ‘associated’ with an inflection point. However 
for shear layers with non-monotonic profiles, other 
modes may exist (Foote & Lin 1950). 

In general Rayleigh modes have order-one 
growth-rates, so that a weakly nonlinear analysis is 
not possible. However, as in $3.5 suppose that a 
small disturbance of given frequency is introduced 
upstream. Because of the viscous spreading of the 
shear layer, the (spatial) growth-rate varies, and 
eventually goes to zero a t  some location downstream, 
say to. A s  the disturbance approaches this neutral 
point, critical layers emerge in the structure of the 
modes. Owing to the singular nature of the eigen- 
function close to the critical layer, the vorticity dis- 
turbance generally has a larger magnitude within the 
critical layer than elsewhere. As a result that non- 
linear effects are most significant in the critical layer 
- a fact first highlighted by Lin (1957). 

Early weakly nonlinear studies exploiting the 
weak growth near the neutral curve include those of 
Robinson (1974), Huerre (1980) and Huerre & Scott 
(1980). In these studies, the critical layer was as- 
sumed to be viscous and in equilibrium. Goldstein & 
Leib (1988) criticised this work on the grounds that 
the growth-rates were so small that either the non- 
linear stage could not be matched onto the linear one 
upstream, or the quasi-parallel assumption could not 
be justified unless artificial body forces were applied 
(see also Huerre & Scott 1980). In particular, follow- 
ing Stewartson & Stuart (1971), Goldstein & Leib 
(1988) proposed that for a theory to  be relevant, the 
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nonlinear stage should be a natural continuation of 
an earlier linear development. They therefore chose 
scalings such that the slow spatial growth could be 
retained at leading order in the critical-layer equa- 
tions. Goldstein & Leib (1988) refer to such criti- 
cal layers as non-equilibrium critical layers, although 
they are also referred to as an unsteady critical lay- 
ers, e.g. Dickinson 1970. 

In this section we concentrate on cases where 
non-equilibrium viscous critical layers play a cen- 
tral r6le (i.e. region VI in figure 7c). However, we 
will indicate certain of the changes that occur if 
disturbances become nonlinear in the region where 
the critical layer is viscous and non-parallel effects 
are important a t  leading order (i.e. region VII). We 
consider in turn the evolution of (a) a ‘regular’ 
two-dimensional mode, (b) either a ‘singular’ two- 
dimensional mode or a single oblique mode, ( c )  a 
pair of oblique modes, (d) a resonant triad, and (e) 
a modulated two-dimensional mode. First we pro- 
vide an example of how a nonlinear scaling can be 
derived. 

6.1 An example scaling 

As appropriate for a weakly nonlinear analysis 
in the vicinity of a neutral point we write 

z = zo  XI , w = WO +pwl  , ( 6 . l ~ , b )  

where x is the slow variable describing the viscous 
spreading of the unperturbed shear flow, p << 1 , X I  = 
0(1 )  and w is the local Strouhal number. Since W O  

is real the local growth rate is O ( p ) .  The variables 

X = R x ,  Z = p X  (6 .1~)  

are introduced to describe the carrier wave and the 
slow streamwise development of the amplitude. 

The flow is described by a double-layered struc- 
ture: (i) an outer region occupying the main part 
of shear layer where the flow is basically linear and 
inviscid, and (ii) a critical layer centred at  y = yc, 
say, where nonlinear interactions are important. If 
the disturbance becomes nonlinear in region VI the 
critical is layer is required to be of viscous, nonequi- 
librium type. From a balance of terms in the z- 
momentum equation it follows that the thickness of 
the critical layer is of order p = O(R-i ) .  

The precise effect of nonlinearity depends on the 
type of disturbance introduced and the nature of the 
singularity associated with the critical layer[s]. Nev- 
ertheless, scalings for a number of different cases can 
be derived in a unified manner. Assume that as a 
critical layer is approached, the vorticity of the dis- 

turbance tiy can be expressed as 
~ 

I € 
iiy - 0  ( ) - 0 (s) , (6.2a) 

(Y - Y C l k  

where c is the amplitude of the disturbance in the 
outer region and 

IC = 0 for tw-dimensional disturbances with a 
‘regular’ critical layer, i.e. Uyg(yc) = 0, 

k = 1 for two-dimensional disturbances with a ‘sin- 
gular’ critical layer, i.e. Oyy(yc) # 0, 

k = 2 for three-dimensional disturbances. 

By means of a scaling argument it is possible 
to analyse how the nonlinear interactions inside the 
critical layers generate higher harmonics and a mean- 
flow distortion. In particular, the cubic interaction 
drives a fundamental of O ( C ~ ~ - ” ~ ) .  For this to af- 
fect the evolution of the disturbance, it must bal- 
ance the O(cp) linear, ‘slow-growth’, correction in 
the outer region (Hickernell 1984, Goldstein & Choi 
1989): 

0(63p-k-3) - 0(6p) , i.e. p = o(c&) . 
(6.26, c) 

Hence in region VI the critical amplitude for nonlin- 
ear effects to be felt by the disturbance is 

c=(XR)-*, (6.2d) 

where X is a (generalised) Haberman parameter. 

6.2 Two-dimensional ‘regular’ modes 

The development of nonlinear effects for two- 
dimensional modes in an incompressible free shear 
layer has been studied by Goldstein & Leib (1988), 
Goldstein & Hultgren (1988) and Hultgren (1992). 
For a free shear layer, the critical layer is located 
a t  the inflection point in the velocity profile; hence 
k = 0 in (6.2b,c) (Goldstein & Leib 1988, Goldstein 
& Hultgren 1988). 

I 

After an appropriate rescaling, the critical-layer 
dynamics in  this region is governed by 

)Q = 
a a - a2 - + Y --%(iAeix)- - A- 

% (eix(iA + -U-)) 1 - dA , ( 6 . 3 ~ )  

02: ax ay ay2 

2 dZ 

where A is the amplitude function, Q is the distur- 
bance vorticity within the critical layer, is a mea- 
sure of the mean speed of the critical layer, x is pro- 
portional to A, Y is a critical layer coordinate. From 
matching with the outer layer, and an upstream lin- 
ear mode, it follows that 

dA 
d5  

Qe-ixdXdY = ix- + J A  , (6.3b) 

I 



and 

A + e “  as Z+- -oo ,  (6 .3~)  

respectively, where x, J and IC are constants depend- 
ing on the shear-layer velocity profile. 

The system (6.3) uniquely determines A and 
Q. Similar equations were derived by Churilov & 
Shukhman (1987) when studying the evolution of a 
free Rayleigh mode on a /3 plane. This system also 
governs the development of a forced Rossby wave 
(Warn & Warn (1976, 1978), Stewartson (1978)). t 

Numerical solutions to (6.3) have been obtained 
by Goldstein & Leib (1988) in the inviscid, X = 0, 
case. Their results show that nonlinearity can cause 
the instability to saturate well upstream of the lin- 
ear neutral stability point. The vorticity rolls up 
under nonlinear effects, and small-scale eddies are 
generated downstream (Warn & Warn 1978). The 
‘large-time’ solution does not seem to tend to a well- 
defined limit (Stewartson 1978). However, when vis- 
cosity is included, Goldstein & Hultgren (1988) found 
that sufficiently far downstream viscous effects cause 
the vorticity distribution to diffuse into a much sim- 
pler pattern. Far downstream the instability wave 
grows algebraically and the critical layer evolves into 
a quasi-equilibrium state. This is similar to that 
of Benney & Bergeron (1969), but the detailed flow 
is different in that the vorticity within the cat’s-eye 
boundary is non-uniform. Of course there are the 
ubiquitous diffusion layers sandwiching the critical 
layer. As this quasi-equilibrium state propagates 
downstream, Goldstein & Hultgren (1988) show how 
to incorporate non-parallel effects. They demon- 
strate that on passing the neutral point of linear 
waves, the nonlinear quasi-equilibrium states decay! 

In both Goldstein & Leib (1988) and Goldstein 
& Hultgren (1988), the basic profile was chosen to 
be ‘tanh y’ so that the eigenfunction could be solved 
analytically. Strictly speaking, for complete self- 
consistency the basic flow should be obtained by solv- 
ing the steady two-dimensional boundary-layer equa- 
tions. Hultgren (1992) adopted this approach using 
an experimentally measured velocity distribution as 
an initial profile. Based on this more realistic pro- 
file and using composite expansions, Hultgren (1992) 
obtained theoretical predictions for the development 
of the wave that are in quantitative agreement with 
experiment (see figure 8). 

t While equation (6.30) is strongly nonlinear, we be- 
lieve that the theory as a whole should be regarded as 
being weakly nonlinear in the sense stated at the end of 
53.4. 

Using a similar approach, Leib & Goldstein 
(1989) have investigated the nonlinear interaction be- 
tween the marginally unstable sinuous and. varicose 
modes i n  the ‘Bickley jet’. Both modes are regular 
since the critical levels are located at the symmetric 
inflection points. The varicose mode is the subhar- 
monic of the sinuous mode, and thus they form a sub- 
harmonic resonance. The critical layers are strongly 
nonlinear, and the equations governing the evolution 
of the amplitudes and the distribution of the vortic- 
ity of each mode are coupled. 

In fact, ‘strongly’ nonlinear critical layers are 
not limited to flows with regular normal modes. As 
indicated a t  the end of $5.1, a strongly nonlinear 
critical-layer structure also describes the vorticity 
roll-up for long-wavelength modes in boundary layers 
with (weak) adverse pressure gradients (Goldstein, 
Durbin & Leib, 1987). In addition, Goldstein & 
Wundrow (1990) found that the nonlinear evolution 
of the so-called ‘acoustic’ mode in hypersonic bound- 
ary layers is governed by a nonlinear critical-layer 
vorticity equation coupled with a nonlinear energy 
equation. 

6.3 Two-dimensional ‘singular’ modes 

Not all flows of interest have regular critical 
layers (e.g. Stokes layers). In the case of a two- 
dimensional flow where a mode’s critical layer[s] 
islare not located at inflection points, the outer so- 
lution for the linear vorticity perturbation has a pole 
singular a t  the critical laye+]. On setting k = 1 
and p = 6 ;  in (6.2), we recover Hickernell’s (1984) 
scaling c = R-8. It  follows that the mode needs a 
smaller amplitude for nonlinearity to influence the 
disturbance. 1 

For this scaling Hickernell (1984) showed that, 
as in  classical weakly nonlinear theory (e.g. Stuart 
19GO), nonlinearity enters through inhomogeneous 
terms in the governing equations. Specifically, within 
the critical layer a sequence of linear partial differen- 
tial equations of the form 

a2 ) CP = F ( X ,  Z, Y) (6.4) a -++--A- 
a3 ax ay2 

need to be solved (cf. (6.30)). The evolution equa- 
tion for the amplitude then follows from matching 
the critical-layer solutions to those in the outer layer. 
In particular, as a result of retaining the slow growth 
term a t  leading order in the critical-layer equations, 
the amplitude equation is of integro-differential type 
(cf. (4.4), (4.6), (5.2), (5.5)). Hickernell (1984) as- 

1 Of course this statement on relative local amplitudes 
ignores any upstream region of linear exponential growth. I 
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sumed that a disturbance was introduced at a specific, 
upstream location, say at f. t An alternative initial 
condition is to  follow Stewartson & Stuart (1971) 
and assume that as f -+ -00, the nonlinear stage 
matches onto the earlier linear one. The amplitude 
equation in this case is 

where the sum is over all critical layers, go and g, are 
constants, and 

K ~ ( < ,  ,,,) = < 2 , - S V A 2 C 3 + 3 C 2 ~ )  , pj = . 
(6.56) 

Numerical investigations of this equation by 
Goldstein & Leib (1989) and others show that so- 
lutions can either blow up at  a finite distance down- 
stream, or evolve into an equilibrium state. The out- 
come depends on the relative size of the disturbance, 
the Reynolds number, and the % ( g j ) .  The rapid in- 
crease in amplitude associated with a finite-distance 
singularity indicates the development of a shorter- 
scale flow, consistent with observations of transition. 
We note, however, that  this result is analogous to  
a finite-time singularity of a uniform wavetrain de- 
scribed by the Landau equation (3.2). Since real ex- 
periments have finite spanwise extent, and are per- 
formed over a finite period of time, the effects of 
modulation on this result need to  be accounted for 
(§6.6). 

Hickernell's (1984) equation, and generalisations 
of it, have also been derived by Goldstein & Leib 
(1989) and Leib (1991) when studying the evolution 
of a singleoblique mode in a compressible shear layer. 
Although the neutral eigensolutions for the stream- 
wise and spanwise velocity exhibit a pole type of sin- 
gularity in such a shear layer, these singularities can 
be eliminated by an appropriate Squire transforma- 
tion (cf. Bodonyi & Smith 19826). Goldstein & 
Leib (1989) and Leib (1991) show that the simple 

pole in the temperature fluctuation (plus the loga- 
rithmic branch point of the leading-order solutions 
for the pressure and the vertical velocity, if the criti- 
cal level does not coincide with a generalised inflexion 
point), lead to  a critical-layer nonlinearity similar to  
that of Hickernell (1984). 

Shukhman (1991) showed that equation (6.5) 
also describes the nonlinear evolution of unstable spi- 
ral density waves on a rotating compressible shear 
layer. Wu & Cowley (1994) have used this approach 
to describe the two-dimensional weakly nonlinear 
temporal instability of Stokes layers. They propose 
that the explosive growth associated with a finite- 
time singularity may be related to  the rapid growth 
of high-frequency disturbances observed in experi- 
ments. 

6.4 A pair of oblique modes 

I n  two-dimensional incompressible flows, the pla- 
nar mode usually has  the largest linear growth rate. 
Thus the early stages of transition are often ob- 
served to be two-dimensional. Sufficiently far down- 
stream, however, three-dimensionality can no longer 
be ignored. For example, if nonlinear effects modify 
the growth of a two-dimensional instability through 
a strongly nonlinear critical layer (see §6.2), then 
the initial exponential growth of the two-dimensional 
mode is reduced to an algebraic growth (e.g. Churilov 
& Shukhman 1987, Goldstein & Hultgren 1988). Wu 
e2 d. (1993) observe that this may allow a exponen- 
tially growing three-dimensional instability to  over- 
take the two-dimensional mode, for instance through 
secondary instability (cf. Kelly & Maslowe 1970, Kill- 
worth & Mcintyre 1985, and Haynes 1985). * 

In addition, there are supersonic compressible 
shear flows where, if the Mach number is not too 
large, the most rapidly growing mode is three- 
dimensional. Even in flows such as Stokes layers 
where the fastest-growing mode is two-dimensional, 
transition caused by instability waves growing from 
background noise is often is observed to be three- 
dimensional throughout. 

t Actually, Hickernell (1984) considered a temporal 
stability problem, and so introduced his disturbance at a 
specific time. 

1 A key point here is that Goldstein & Leib (1989) 
and Leib (1991) assume that the oblique mode grows in 
its direction of propagation. As part of a s tudy on the 
nonlinear spatial evolution of helical disturbances on a n  
axial jet, Churilov & Shukhman (1994) have shown that 
the governing amplitude equation changes if, instead, the 
oblique mode grows in the direction of the underlying 
shear-layer flow. Although the scaling is still given by 
(6 .2d)  with k = 1, the interactions within the critical 
layer differ from those given in $6.1, and arise from a 

need to satisfy the continuity equation on the modula- 
tional lengthscale. In the very viscous limit Churilov & 
Shukhman (1994) obtain 

where the G, are constants, as their scaled amplitude 
equat,ion. Depending on the sign of %(Cl), solutions to 
this equation either terminate in a finite distance singu- 
larit,y, or grow algebraically as 8 --+ 00. 

* Goldstein & Lee (1993) note that this observation 
h a s  recently been placed on a firmer analytical footing. 
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For these and other reasons, three-dimensional 
disturbances have been studied. The case of a sin- 
gle oblique mode in a (compressible) shear layer has  
been mentioned in $6.3. However, since there is no 
preferred spanwise direction, it is likely that if one 
oblique mode is excited, so is its 'twin' propagating 
at an equal but opposite angle to the mean-flow di- 
rection. Furthermore, the nonlinear interaction of 
these oblique modes generates a longitudinal vortex. 
The presence of such longitudinal vortices is one of 
the characteristics of transitional flows. 

1 

The nonlinear spatial evolution of a pair of 
oblique waves in a free shear layer has been stud- 
ied by Goldstein & Choi (1989). They showed that 
because of the double-pole vorticity singularity at  
the critical layer, nonlinear effects must be included 
when e = R-* (put k = 2 in (6.24).  This is a smaller 
amplitude than needed for nonlinear effects to influ- 
ence a single oblique mode. This analysis was ex- 
tended by Wu e t  al. (1993) to include viscous effects 
and to allow critical layers to be situated away from 
an inflection point of the velocity profile. Their a.nal- 
ysis applies to any 'nearly parallel' two-dimensional 
shear layer which is inviscidly unstable, although by 
way of example they apply the theory to Stokes lay- 
ers. 

The amplitude evolution equation still takes the 
form of (6.5a), but the kernel functions K j ( [ ,  VIA) 
are different, and in the viscous case are algebraically 
messy. In the inviscid limit, X = 0, Goldstein 8z Choi 
(1989) obtain 

Goldstein & Choi (1989) show that solutions of 
the inviscid equation always terminate in a finite- 
distance singularity (or finite-time singularity in the 
corresponding temporal problem). As usual this can 
be interpreted as indicating an evolution towards 
shorter scales, usually the fully nonlinear Euler sta.ge. 
Numerical solutions of the viscous problem show that 
for a range of obliqueness angles a singularity always 
forms, while for other angles the solution decays ex- 
ponentially downstream if viscous effects are suffi- 
ciently large (i.e. if the flow becomes nonlinear suffi- 
ciently close to the neutral point). Indeed for large 
viscosity, and after a suitable rescaling, the ampli- 
tude equation simplifies to 

This equation has also been derived by Smith & 
Blennerhassett (1992) in a TS-wave/vortex study 

of the evolution of almost-neutral, lower-branch, 
oblique waves in PPF. Solutions to (6 .7)  develop 
a finite-distance singularity if % ( I )  > 0, decay ex- 
ponentially far downstream (but leave a mean flow 
growing algebraically) if % ( j )  < 0, and grow ex- 
ponentially if % ( I )  = 0. The last case always 
corresponds to waves propagating a t  45' to the 
freestream. Depending on the flow in question, a 
singularity forms, or the solutions decays, for angles 
greater than or less than 45' respectively - or vice 
versa. 

The dynamics underlying (6 .7)  are a Rayleigh- 
wave/vortex interaction as a result of the develop- 
ment of a diffusion layer that sandwiches the critical 
layer. If viscous effects are sufficiently large, i.e. if 
nonlinear effects become important in region VI1 (or 
equivalent) of figure 7c, then the f and 21 variables 
in  (6.7) become identical (cf. 54.1). This scaling has 
been considered by Smith et  al. (1993) in some detail 
in  the context of a wall shear layers. In that case an 
extra linear term proportional to A arises as an re- 
sult of an O ( R - i )  correction to the growth-rate from 
a Stokes layer adjacent to the wall (see also Cowley, 
1987). 

For the case where the shear layer is about to sta- 
bilise (cf. figure 7 c ) ,  Smith et  al. (1993) show that so- 
lutions to their equation in general either hit a finite- 
distance singularity or decay (although in one special 
case a Hall & Smith (1991) Rayleigh-wave/vortex in- 
teraction is generated). However, the analysis also 
applies close to a neutral point if a shear flow is be- 
coming unstable to Rayleigh waves. Then, if the ini- 
tial disturbances is large enough, solutions either hit 
a finite-distance singularity or evolve to a periodic 
solution. 

Since Smith et  al. (1993) arrived a t  their 
equation by considering a limiting problem of a 
wave/vortex interaction, while Wu et  al. (1993) 
started from a non-equilibrium critical-layer ap- 
proach, there is clearly a mathematical link between 
the two approaches. Further, Wu e l  al. (1993) sug- 
gest that because their solutions either decay or ter- 
minate in a singularity, it is unlikely that an initially 
linear wave will evolve to a Rayleigh-wave/vortex 
interaction of the type described by Hall & Smith 
(1991). 

6.5 Resonant-triad interactions 

A resonant triad of Rayleigh instability waves 
was first studied in the context of non-equilibrium 
crit,ical layers by Goldstein & Lee (1992) for long 
wavelength modes ( i n  fact for the inviscid limit of 
region IV i n  figure 7c) .  The case of modes with 
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O(1) wavelengths (i.e. inviscid limit of region VI) was  
studied by Wu (1992). In both situations, the am- 
plitude, 6 ,  of the subharmonic waves was assumed to 
be 0 ( 6 / p ) ,  where 6 is the magnitude of the planar 
wave a t  the fundamental frequency ( p  satisfies ( 6 . 2 ~ )  
with k = 2, and while X << 1 in (6.2d) so that the 
flow is primarily inviscid). Essentially the same am- 
plitude equations are obtained by both Goldstein & 
Lee (1992) and Wu (1992), namely 

and 

where A and B are the amplitudes of the oblique 
modes and the two-dimensional mode respectively, 
and the two oblique modes have been assumed to 
have equal amplitudes (for the sake of simplicity). 
The kernel functions are polynomials in <, t) and C.  
For a triad of modes with O( 1) wavelengths, the coef- 
ficients are usually complex numbers, while for long- 
wavelength modes they are pure imaginary. What- 
ever their value, numerical solutions always seem 
to develop a singularity within a finite distance (or 
time). 

The above results are obtained by assuming that 
the Reynolds number is sufficiently large so that vis- 
cosity can be ignored. Given the rather surprising 
r61e played by viscosity in the case of pair of oblique 
modes, it would be interesting to examine whether 
the singularity still forms when viscosity is included. 
Goldstein & Lee (private communication) are tack- 
ling this problem by solving the critical-layer equa- 
tions numerically, while Wu is taking an analytical 
approach. 

As mentioned above, in order to derive the 
fully coupled equations (6.8~1, b), it is assumed that 
6 = O(S/p), i.e. the three-dimensional modes are re- 
quired to have a much larger magnitude than the 

two-dimensional mode. If 6 << a l p ,  then the cubic 
term in (6.8a), and all the nonlinear terms in (6.86), 
can be dropped from from the equations. Since the 
oblique modes have no feedback effect on the pla- 
nar mode, this is referred to as parametric reso- 
nance. Goldstein & Lee (1992) show that the oblique 
waves can experience a exponential-of-exponential 
growth, while the planar waves evolve exponentially. 
Depending on the initial magnitude of the oblique 
modes, there are several possibilities for the subse- 
quent development. If the oblique modes are not too 
small initially, their magnitude will quickly overtake 
that of the planar mode, and the evolution soon en- 
ters the fully coupled stage described by (6.8). How- 
ever, if the initial magnitudes of the oblique modes 
are sufficiently small (exponentially small in some 
sense), Wundrow, Hultgren & Goldstein (1994) ob- 
serve that the planar wave can go nonlinear before 
the oblique waves can produce a feedback effect. For 
shear layers with a regular critical layer, the evolu- 
tion of the planar modes is then governed by (6.3), 
while the oblique modes evolve over a much faster 
(inviscid) 'time' scale in  this stage. The continuing 
increase of the amplitude of the oblique modes even- 
tually leads to a feedback on the plane mode so that 
ultimately all waves evolve on the' short (inviscid) 
scale, and become fully coupled. This final stage is 
largely described by (6.8a,b) except that the linear 
terms are dropped. In addition a different upstream 
condition is imposed which is given by the asymp- 
totic behaviour of the previous stage. However, if 
the critical layer is singular, then following the para- 
metric resonance stage the development of the pla- 
nar mode is governed by (6.5a). Because the solution 
of this equation can develop a singularity or equili- 
brate, the final stage may be different from that of 
Wundrow et al. (1994). 

6.6 Spatial modulation of a planar carrier 
wave 

In the studies summarised so far in this sec- 
tion, the disturbances have been assumed to  be two- 
dimensional or to have a sinusoidal dependence on 
the spanwise variable. As in,earlier weakly nonlinear 
studies this restriction can be relaxed by allowing for 
modulated wavetrains. For example, Wu (1993b) has 
studied the spanwise modulated version of the ampli- 
tude equation ( 6 . 5 ~ )  for modes with singular critical 
layers. IIe shows that for weak spanwise variations 
over O(6-S) distances, nonlinear interactions within 
the critical layer affect the spanwise distribution of 
the vorticity, as well as the streamwise development, 
i n  region VI (i.e. at  O ( C ~ / ~ R )  distances upstream of 
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the neutral curve). The modulation equation is 

(6.9a) 

where 2 = c i z ,  Ii‘((,q) is defined by (6.5b), and p, 
g o ,  g1 and h are constants. 

Numerical solutions show that a disturbance cen- 
tred at a spanwise position can propagate laterally 
to form concentrated, quasi-periodic streamwise vor- 
tices. This qualitatively captures phenomena ob- 
served in free shear layer experiments. The focussing 
of the vorticity appears to be associated with a lo- 
calised singularity a t  a finite distance downstream. 

In the viscous limit the scaled amplitude equa- 
tion becomes 

+hA 1” q-+ [A(z  - q)A;(z  - v ) ] ~ d v  . (6.96) 

As in the case of the oblique modes, the equation 
obtained in the viscous limit is non-local. Further, 
we note that the amplitude equation governing the 
modulation of TS waves in the upper-branch rCgime, 
i.e. equation (5 .2 ) ,  is a special case of (6.96). 

As for oblique waves, if the disturbance becomes 
nonlinear very close to the neutral point (i.e. region 
VII), then non-parallel effects need to be included 
by identifying 21 with 3: in (6.9b) (and, in the case 
of a wall shear layer, by including an extra linear 
term in A to allow for the influence of the Stokes 
layer on the wall). This rCgime has been studied 
by Timoshin & Smith (1993), who also note there is 
an intermediate scaling between this slow-spanwise- 
modulation scaling, and the oblique wave scaling of 
$6.4 (cf. $5.2) .  

7. CONCLUDING REMARKS 

In this paper we have attempted to review some 
of the more recent high-Reynolds-number asymp- 
totic approaches to understanding transition i n  in- 
compressible/subsonic shear flows. By necessity we 
have had to be selective in our choice of material be- 
cause of the fact that in the high-Reynolds-number 
lirnit there are an abundance of possible scalings. We 
have attempted to explain how some of these scalings 

relate to each other in the hope that this will make 
the choice of which theory to compare with which ex- 
periment slightly easier. However, in preparing the 
review we were struck by disparity between the large 
number of papers based on an asymptotic approach, 
and the small number of papers that obtain good 
quantitative (or even qualitative) agreement with ex- 
periment. To a certain extent this is a consequence 
of our choice of subject material, i.e. [weakly] non- 
linear models of transition caused by the growth of 
TS/Rayleigh waves. We note that in related topics 
(for which they are already recent reviews) a num- 
ber of favourable comparisons have been obtained 
between high-Reynolds-number theories and experi- 
ment; e.g. for the linear receptivity problem see Gold- 
stein & Hultgren (1987), while for Gortler vortex 
flows see Hall (1983), Hall & Seddougui (1989), De- 
nier, Hall & Seddougui (1991) and Hall & Horseman 
(1991). 

There is of course agreement between the lower 
branch neutral curve for the Blasius boundary layer 
and experiment (Smith 1979a). Hultgren (1992) has 
also obtained good quantitative agreement between 
t,heory and experiment by imaginative use of com- 
posite expansions. Further, Smith & Stewart (1987), 
Stewart & Smith (1992) and Smith & Bowles (1992) 
all note quantitative agreement with various weakly 
nonlinear theories and experiment. However, in each 
of these three theories an assumption is apparently 
made that the nonlinear critical layer plays a passive 
d e ,  whereas in other theories (e.g. Wu e l  al. 1994) 
critical layers are known to play an active part in the 
dynamics. Verification that the critical layer in the 
aforementioned theories was  indeed passive would be 
reassuring. 

Further, if improved quantitative agreement be- 
tween theory and experiment is to be obtained, then 
more attention seems to be required concerning ini- 
ti al conditions to the non1 i near amplitude equations , 
etc. For instance, it appears that careful attention 
i n  this area may revise our view of whether slightly 
supercritical PPF  ‘bursts’. There also appears to be 
merit in  greater use of composite expansions. 

On the plus side, one of the great strengths of 
asymptotic theory has been in identifying mecha- 
nisms. They key r6le of the critical layer has been 
emphasised in many of the papers quoted. The 
work of Hall, Smith and their colleagues has also 
highlighted the powerful influence that wave/vortex 
(or wave/mean-flow) interactions can have on high- 
Reynolds-number flows. Further, the occurrence of 
finite-distance/finite-time singularities is also sugges- 
tive of the development of small scales. The possi- 
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bilities of singularities in the fully nonlinear triple- 
deck equations (e.g. Smith 1988), and the potential 
of Van Dommelen singularities (Van Dommelen & 
Shen 1980) in the classical unsteady boundary layer 
equations to explain sub-layer bursting (e.g. Smith 
& Burggraf 1985, Hoyle, Smith & Walker 1991), are 
worthy of special mention. 
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Figure 1: Neutral stability curve for the Blasius bound- 
ary layer based on the Orr-Sommerfeld equation (1.6). 
0 represent data  of Schubauer k Skramstad (1947); 
and o are upper- and lower-branch data, respectively, of 
Ross e l  a /  (1970). (Adapted from Saric k Nayfeh, 1975.) 
F = LJCU,-~ and Rd = Oe8C-', where 8 is the displace- 
ment thickness. 
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Figure 2a: Schematic of the three-layer high-Reynolds- 
number asymptotic scaling describing lower-branch 
Tollmien-Schlichting waves in plane Poiseuille flow. 

Figure 2b: Schematic showing how the wall layers split 
into three asymptotic regions in the large-wavenumber 
limit of the lower-branch scaling 
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Figure 3a: Schematic of the 'triple-deck' high- 
Reynolds-number asymptotic scaling describing lower- 
branch Tollmien-Schlichting waves in a boundary layer. 
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Figure 3b: Comparison of solutions to the Orr- 
Sommerfeld equation (1.6), - - - ; Smith’s (1979~) asymp 
totic theory for the lower branch, - ; and the experimen- 
tal measurement of Ross et a/ (1970), 0.  (From Smith, 
1979a.) 
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Figure 4a: Schematic of the five-layer high-Reynolds- 
number scaling describing upper-branch Tollmien- 
Schlichting waves in the Blasius boundary layer. 
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Figure 4b: Comparison of solutions to the Orr- 
Sommerfeld equation (1.6) and Bodonyi & Smith’s (1961) 
asymptotic theory for the upper branch. One-term series, 

origin shift of 300 in Rg, - - - . 
_ .  , four-term series, - - - ; four-term series with an 

Figure 5 :  The neutral surface in R-a-E space for two- 
dimensional travelling waves in plane Poiseuille flow. 
(F’rom Herbert, 1977.) 
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1 SUMMARY 
The parabolized stability equations (PSE) are a new 
approach to analyze the streamwise evolution of sin- 
gle or interacting Fourier modes in weakly nonparallel 
flows such as boundary layers. The concept rests on 
the decomposition of every mode into a slowly varying 
amplitude function and a wave function with slowly 
varying wave number. The neglect of the small sec- 
ond derivatives of the slowly varying functions with 
respect to the streamwise variable leads to an initial- 
boundary-value problem that can be solved by nu- 
merical marching procedures. The PSE approach 
is valid in convectively unstable flows. The equa- 
tions for a single mode are closely related to those 
of the traditional eigenvalue problems for linear sta- 
bility analysis. However, the PSE approach does not 
exploit the homogeneity of the problem and, there- 
fore, can be utilized to analyze forced modes and the 
nonlinear growth and interaction of an initial distur- 
bance field. In contrast to the traditional patching 
of local solutions, the PSE provide the spatial evo- 
lution of modes with proper account for their his- 
tory. The PSE approach allows studies of secondary 
instabilities without the constraints of the Floquet 
analysis and reproduces the established experimental, 
theoretical, and computational benchmark results on 
transition up to the breakdown stage. The method 
matches or exceeds the demonstrated capabilities of 
current spatial Navier-Stokes solvers at  a small frac- 
tion of their computational cost. Recent applications 
include studies on localized or distributed receptivity 
and prediction of transition in model environments 
for realistic engineering problems. The following de- 
scribes the basis, intricacies, and some applications 
of the PSE methodology. 

2 Introduction 
The analysis of the transition process in shear flows 
is of both fundamental and practical interest. Over 

the past decade, much insight into this process has 
been gained from combined experimental, theoretical, 
and computational studies. However, this progress 
has little impact yet on the engineering methods 
used for aerodynamic design, since the successful re- 
search tools suffer from some shortcomings that pre- 
vent their application to practically relevant phenom- 
ena. The traditional engineering tools still rest on 
questionable concepts and rely on spotty empirical 
data bases which are costly to generate for advanced 
projects. 

00 

Figure 1: Stability diagram for the flat-plate bound- 
ary layer. 

In low-speed experiments in wind tunnels of very 
low turbulence levels, “natural”, i.e. uncontrolled 
and unavoidable transition in the flat-plate bound- 
ary layer occurs at length-Reynolds numbers Re, be- 
low 4 . lo6 or slightly higher in anechoic tunnels. A 
glance at  the stability diagram for this flow in fig- 
ure 1 shows that the occurrence of natural transi- 
tion restricts experimental studies of the controlled 
disturbance evolution from branch I to branch I1 to 
Reynolds numbers Re = Rei” well below Re < 2000 

Presented at an AGARD-VKI Special Course on ‘Progress in Transition Modelling’, March-April 1993. 
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and hence to frequencies F > 25. In fact, the micro- 
scopic experiments are restricted to this range, where 
two-dimensional waves are “most dangerous” [l], On 
the other hand, the common e N  criterion for the am- 
plitude ratio and the correlation with experimental 
data show transition typically at  N 2 10 [2, 31. To 
obtain an amplitude ratio of el0 at branch 11, the fre- 
quency must be F < 25. At these lower frequencies, 
two-dimensional waves are no longer preferred. Con- 
sequently, the microscopic experiments do not nec- 
essarily reveal the transition process as it occurs in 
practice, let alone the different disturbance environ- 
ments in free flight and in wind tunnels. 

Theoretical and computational studies of transi- 
tion and its inherent mechanisms have led to con- 
siderable progress in explaining and reproducing the 
results of the ribbon-controlled experiments. Accord- 
ingly, these studies have revolved around the same pa- 
rameter range of relatively small Reynolds numbers, 
high frequencies, and low growth rates. The linear 
theory of primary instability is not restricted to this 
range, and the underlying parallel-flow approxima- 
tion is commonly assumed to be better justified at  
lower frequencies and the associated higher Reynolds 
numbers downstream of branch I. Therefore, the e N  
calculations are performed without major concern. 
However, nonparallel effects are indeed significant 
for certain three-dimensional disturbances, invalidate 
Squire’s theorem and the normal-mode concept for 
long-wave disturbances, and may accumulate in the 
N factor integration. Even if streamwise variations 
of the boundary layer are properly included, the pri- 
mary instability is only one of the important steps 
toward transition. 

The development of the theory of secondary insta- 
bility [4] has advanced our insight into the next step 
where strong vortical mechanisms are activated. In 
spite of some necessary approximations, the theory 
provides results in good agreement with experiments 
and enables systematic studies in a multi-dimensional 
parameter space. However, the potential for signifi- 
cant improvements in predicting the onset of transi- 
tion is disappointing since the theory is still linear and 
hence cannot reveal the nonlinear coupling of primary 
and secondary disturbances that appears crucial for 
transition. A perturbation scheme has been devel- 
oped to successfully analyze this nonlinear stage [5], 
but the method is not as well suited for routine appli- 
cations as many other weakly nonlinear models and 
methods in this field. 

Over the past decade, details and structure of the 
transition process have been studied with asymptotic 
theories for high Reynolds numbers [6]. These theo- 
ries enlist impressive results for some linear and non- 
linear problems and local phenomena that can be cap- 
tured within a single asymptotic structure. The dras- 
tically simplified equations often allow closed-form so- 
lutions or ease numerical solutions to nonlinear prob- 

lems. However, the quantitative feakures of the tran- 
sition process that critically depend on the physical 
parameters, especially the Reynolds number, may not 
be accessible to these asymptotic methods. As in 
other asymptotic theories, it cannot be a priori as- 
sured that expansion parameters such as 6 = Re,’“ 
are sufficiently small for quantitative conclusions. 

With increasing capability and availability of su- 
percomputers, efforts have broadened to analyze the 
transition process by direct numerical solution of the 
Navier-Stokes equations (DNS) [7]. Computer sim- 
ulations provide a wealth of detailed data, resolved 
in 3D space and time, for the idealized prototype 
problems of traditional stability theory, and can be 
viewed as a new type of “experiment” under well- 
controlled conditions. Extracting insight requires te- 
dious post-processing yet is facilitated by the easy 
access to accurate information on quantities that are 
difficult to measure, e.g. vorticity. The effects of ini- 
tial conditions or changes in geometry and basic flow 
on the transition location would be easy to extract. 
However, DNS is not yet feasible as an engineering 
method. The enormous computational costs in both 
memory and time prohibit parameter studies and 
have constrained transition simulations in boundary 
layers to a few runs, typically for the conditions of the 
benchmark experiments [8,9, lo]. All simulations are 
for simple geometSies, and only a few track the spa- 
tial evolution in streamwise varying boundary layers. 
Although current research focuses more on realistic 
simulations and algorithmic improvements, both re- 
search and engineering practices demand less expen- 
sive methods without intolerably compromising the 
quality of results. This demand is particularly strong 
for compressible flows, where the computational re- 
quirements increase easily by an order of magnitude. 
Even the Floquet analysis of secondary instability in 
a compressible flow can be a challenge for a super- 
computer. 

Here we discuss a less expensive method that has 
shown great potential for efficient transition simu- 
lations. This method rests on parabolized stability 
equations (PSE) and takes advantage of the efficient 
methods available for solving parabolic partial differ- 
ential equations with marching procedures. The PSE 
approach can be viewed on one hand as a WKBJ 
extension of the theoretical approach to nonparal- 
lel flows and on the other as a simplification of the 
Navier-Stokes equations. The approach is based on 
earlier ideas for analyzing the stability of weakly non- 
parallel flows [ll] and on the concept of convective 
instability [12] which excludes significant upstream 
influence of disturbances. While originally intended 
to capture nonparallel effects on linear stability char- 
acteristics of single modes, the nonlinear version of 
the PSE turned out to provide results on secondary 
instability and mode interactions that suggest the use 
of this approach for analyzing transition up to the 



spike stage and beyond. The efficiency of the ap- 
proach and the good agreement of PSE and DNS 
solutions encourage further development both as a 
research method and as an engineering tool for tran- 
sition analysis and prediction. 

The following describes the underlying formalisms, 
mathematical aspects, numerical procedures, and 
some applications to  problems of increasing complex- 
ity in incompressible and compressible 2D and 3D 
boundary-layer flows. The applications to similar- 
ity solutions are chosen to  exhibit the essential steps 
of the analysis as well as the potential of the ap- 
proach. Some applications to  realistic geometries are 
discussed to  demonstrate the feasibility of PSEbased 
engineering methods and to  shed some light on the 
requirements of transition predictions in practice. 

3 PSE for Incompressible Flow 
The motion of an incompressible fluid with constant 
density p and viscosity p is governed by the continuity 
equation 

v v = o  (1) 

and the nonlinear momentum equations 

(2) 
av 1 
at P 
- + (v . V ) v  = - - v p  + v v 2 v  , 

where v is the velocity vector, p the pressure, and v = 
p / p  the kinematic viscosity. In Cartesian coordinates 
I ,  y, z ,  we use the velocity components v = (U, v, w) 
and a .  a .  a 

aI ay az V = -1+ -J + -k , (3) 

where i ,  j, k are the unit vectors in the direction of 
2, y, z ,  respectively. 

We consider the stability of steady laminar 
boundary-layer flows over the plane y = 0 with edge 
velocities U e ( z )  and W e ( z )  in the I and z direction, 
respectively. As common for stability analysis, we 
decompose the total flow field v , p  into the steady 
laminar basic flow V, P and the deviation (or distur- 
bance) v’, p’: 

v = V + v ‘ , p = P + p ‘ .  (4) 

Owing to  the uniformity in z ,  the steady basic 
flow takes the form V = ( U ( I ,  y ) ,  V ( I ,  y), W ( I ,  y)) 
where V ,  U,, and W, are small and their deriva- 
tives U,,, V,, W,, with respect to  I are of order 
O(Re;’) and negligible. Here, the Reynolds number 
is Re, = U,../. with a proper reference velocity U,. 
Under the boundary-layer approximation, the basic 
flow is governed by 

U, + v, = 0 ,  

vu, + vu, = --P, +vu,, , 

(5a) 

(5b) 
1 
P 
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1 
P 

o =  --p Y ,  (5c) 

( 5 4  uw, + vw, = vw,, , 
where P, = p(U,dU,/dx + W,dW,/dz) is given from 
potential-flow theory. Equations (5) are parabolic 
partial differential equations and can be solved as an 
initial-boundary-value problem in I .  Boundary con- 
ditions are the no-slip conditions 

U = V =  W = O a t  y = O  ( 6 4  

and the asymptotic matching with the edge condi- 
tions, 

U-U,, w-+weasy--rOO. (6b) 

The transverse velocity V is small but in general 
nonzero at  the edge of the boundary layer. Of partic- 
ular interest for theoretical studies are the exact sim- 
ilarity solutions to  eqs. (5) and (6). These solutions 
are obtained from ordinary differential equations and 
thus do not require the specification of initial con- 
ditions. Similarity solutions are the two-dimensional 
Blasius, Falkner-Skan, or Hiemenz flows or the three- 
dimensional Falkner-Skan-Cooke or swept Hiemenz 
flows. For three-dimensional flows, the constant vis- 
cosity permits solving first the two-dimensional prob- 
lem (5a) to (5c) for U and V and afterwards eq. (5d) 
for W .  Little modification is required to  extend the 
basic flows to two-dimensional mixing layers, jets, or 
wakes, or to axisymmetric cases. Nonsimilar solu- 
tions can be generated by numerical techniques. 

For the disturbances v’, p’ we obtain the “stability 
equations” 

u;+v;+w:=o, (7a) 
1 
P 

U: + vu: + .’U, + vu; + v’Uy + wu: + -p: 

v; + uv:, + vv; + v’Vy + wv: + -p;  

-v(& + .by + v i t )  = -(U’.; + 21’21; + w’v:) , (7c) 

w; + uw; + u’w, + vw; + v’w, + ww: + -p: 

-v(w;,+W;y+W:,) = -(u’w:+v’w;+w’w:) , ( 7 4  

-v(u;, + U;, +U:,) = -(U’.: + V’U; + w’u~) , (76) 

1 
P 

1 
P 

where we have neglected the small term u’V, in eq. 
(7c). For a given basic flow, and within the boundary- 
layer approximation, this system is equivalent to  the 
Navier-Stokes equations and hence of elliptic type. 

For the study of instabilities, we usually apply ho- 
mogeneous boundary conditions 

U’ = 0, v’ = 0, w’ = O at y = 0 1 

U’ ---* 0, v’ --r 0, w’ + O  as y --t 00, (86) 

since any inhomogeneous conditions are already sat- 
isfied by the basic flow. In nonlinear problems, 
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however, the fluctuating components of the distur- 
bance also create a distortion of the steady mean flow 
(i i , i j ,G).  Since the mean flow and its distortion are 
governed by the boundary-layer equations, we must 
admit V # 0 as y + CO with 

(8c )  6, --+ 0 as y + CO 

and & = 0. In general, the nonlinear stability equa- 
tions (7) can also be solved under inhomogeneous 
boundary conditions to account for disturbances at 
the wall or in the free stream. Numerical simula- 
tions often use inhomogeneous boundary conditions 
to  simulate disturbance generators such as a vibrat- 
ing ribbon. Inhomogeneous boundary conditions are 
key to the study of forced oscillations and receptivity 
problems. 

In the following we consider the equations in nondi- 
mensional form. For convenience we maintain the 
notation yet delete the factors l / p  and replace Y by 
1/Re, where Re is formed with a length scale 6: re- 
lated to  the boundary-layer thickness and a charac- 
teristic velocity U,*. Henceforth the asterisk denotes 
dimensional quantities. Specific choices will depend 
on the application. 

3.1 
To illustrate the conceptual difference between the 
traditional local stability analysis and the PSE ap- 
proach, we consider the linear stability of a parallel 

Linear Stability of Parallel Flow 

flow v = (U(Y), 0,  WY)). 

3.1.1 Local Analysis 

For a strictly parallel flow, the linearized equations 
(7) reduce to the linear stability equations 

u:+v:,+w: = o ,  (9a) 

U: + vu; + v’u, + wu: + p: 
(9b) 

1 
-jj-(u:z + U ; ,  + = 0 , 

v: + uv:, + wv: + p:, 
1 

Re --(& + V I Y  + v i z )  = 0 , 

w: + uw: + v‘w, + w w ;  + p: 

( 9 4  
1 

-&(WLz + WbY + W;J = 0 ,  

together with the homogeneous boundary conditions 

Since the coefficients of these differential equations 
are either constant or depend only on the basic flow 
V(y) ,  we can assume solutions in the form of normal 
modes: 

( 8 4 ,  (8b). 

where q‘ = [U’, U‘, w‘,p’IT is the vector of flow vari- 
ables and q = [U, v ,  w,plT is the vector of the asso- 
ciated amplitude functions. The exponential factor 
with wavenumbers a and p in x and z ,  respectively, 
and frequency w describes the wave nature of the so- 
lution. Introducing the normal modes (10) into equa- 
tions (9) yields the normal-mode equations 

1 
Re 

--(0’ - a’ - p2)u = 0 ,  

1 
Re (114 --(0’ - a’ - pz)w = 0 ,  

with the boundary conditions 

u=O, v=O,  w = O a t y = O ,  (12a) 

u+o, 2)-0, w + o a s y + c x 3 ,  (12b) 
and D = d/dy. These equations represent a homo- 
geneous sixth-order system of ordinary differential 
equations for the natural variables U ,  U, w, and p. 
Depending on the specific problem and the numer- 
ical method of .solution, various equivalent forms of 
the normal-mode equations are in use [13]. Here we 
mention only the system 

+i(aD2U + PD’W)} U = 0 ,  (13a) 

= - (aDW - pDU)v , 
i(au + pw)  = -Dv , 

(13b) 

(13c) 

The fourth-order differential equation (13a) for v with 
homogeneous boundary conditions on v and Dv is 
the generalized form of the Orr-Sommerfeld problem 
originally derived with W E 0. This homogeneous 
problem provides eigenvalues ancl eigensolutions for 
v.  The second-order differential equation (13b) for 
a w  - pu with homogeneous boundary conditions on 
a w  - pu is the generalized Squire problem that is in- 
homogeneous for given v # 0 but supports a separate 
set of eigensolutions for v = 0. Equation (13c) per- 
mits the calculation of U and w once v and a w  - pu 
are known. 

The derivation of eqs. (13) from eqs. (9) first in- 
volves the elimination of the pressure by taking the 



curl V x  of the momentum equations which pro- 
vides the vorticity transport equations. The Orr- 
Sommerfeld equation is obtained by subtracting the 
z derivative of the x-vorticity equation from the x 
derivative of the z-vorticity equation and eliminat- 
ing w, via continuity. The Squire equation is the 
z derivative of the y-vorticity equation. Equations 
(13) offer various benefits for theoretical studies, the 
first of which is the separation of the eigenvalue spec- 
trum into Orr-Sommerfeld modes and Squire modes 
that are associated with different physical mecha- 
nisms. Squire modes are stable and usually disre- 
garded. Since the interest in solving stability prob- 
lems usually is in growth rates, not in the structure 
of the eigenmodes, the Squire equation (13b) is rarely 
used. In addition, the Orr-Sommerfeld problem for 
oblique waves with /3 # 0 can be reduced to the prob- 
lem for two-dimensional waves with ,B = 0 by using 
Squire’s transformation [13]. Otherwise, the prefer- 
ence for a specific formulation is largely determined 
by the choice of a numerical method for solution. 
Within numerical errors, the results are independent 
of the formulation. 

I t  is worth noting that the Orr-Sommerfeld equa- 
tion requires D2U and D2W which are absent from 
eqs. (9). While this requirement is easy to satisfy in 
studies of similarity solutions, higher derivatives of 
flow quantities may be inaccurate or difficult to ob- 
tain if the basic flow is computationally generated. 
Also, the separation of modes is specific to incom- 
pressible problems. In compressible problems, the 
choice is between the formulation in natural variables 
or a first-order system of equations. In both cases, 
the separation of classes of modes requires a posteri- 
ori study. 

Independent of the formulation and for given U and 
W ,  the eigenvalue problem can be reduced to solving 
a complex characteristic equation of the form 

3 ( R e , a , P , w )  = 0 (14) 

which yields two quantities per eigenmode, provided 
all others are given. For boundary layers, it is most 
appropriate to specify the real quantities R e ,  p. and 
w and determine a = a,. +iai from eq. (14) to obtain 
the spatial growth rate -ai in x-direction. Unfortu- 
nately, different powers of a appear in the equations 
which causes difficulty for many eigenvalue solvers. 
Therefore, the problem is often solved with the eigen- 
value w for real R e ,  a ,  and /3 to obtain the temporal 
growth rate w i .  

Let us assume we solve the homogeneous 
boundary-value problem with Newton’s method for 
a single eigenmode. Besides R e ,  p, w ,  U ,  and W ,  
we provide an initial guess & for the eigenvalue and 
4 for the eigenfunction, e.g. the results from a previ- 
ous solution for different parameters. Typically, the 
Newton iteration converges after a few steps within 
a given convergence criterion to an approximation 
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LY = a ( R e , p , w ) ,  q(y) of the eigensolution. In a 
strictly parallel flow, this solution is valid for any x. 

In a boundary layer, the situation is more compli- 
cated. Owing to the streamwise variation of the flow, 
the stability characteristics change, and the compu- 
tation has to be repeated at  numerous streamwise 
positions x, for appropriate input data and local ve- 
locity profiles V. The choice of wavenumbers and fre- 
quency at a new position is ambiguous. I t  is tempting 
to use the parameters of the previous position, but 
since the length and time scale usually involve the 
x-dependent boundary-layer thickness, a fixed value 
of p, for example, describes different physical wave- 
lengths at  different positions. On the other hand, the 
stability analysis aims at  finding the total amplifica- 
tion and the amplitude growth of the “most danger- 
ous” modes that evolve in the streamwise direction 
and thus requires maintaining the physical proper- 
ties of the modes. In the traditional linear stability 
analysis, the physical connection between the solu- 
tion at  different streamwise stations is obviously lost 
by the assumption of a parallel flow which implies the 
same solution for all x.  Retrieving this physical con- 
nection in general three-dimensional boundary layers 
is a rather intricate and controversial matter. 

For the z-independent flows considered here, it can 
be shown [14] that the dimensional frequency f* and 
spanwise wavelength Ay of a mode must be indepen- 
dent of x. With these physical constraints, we can 
calculate a sequence of eigenvalues a(x,) and obtain 
the amplitude ratio A(x)/Ao from 

where the asterisk denotes dimensional quantities and 
AI is the amplitude of the mode at  the first neutral 
point x;. Within a linear framework, the modes are 
independent and the “most dangerous” modes, i.e. 
those with the largest amplitude ratios at any posi- 
tion can be identified from the envelope of all am- 
plitude growth curves for different values of f* and 
Ay. 

3.2 PSE Concept in Natural Variables 

The PSE concept was originally pursued [15] to 
clarify the different results of Bouthier [16, 171, 
Gaster [ll], and Saric & Nayfeh [18] on the nonparal- 
lel stability of the Blasius flow to two-dimensional TS 
waves. For nonparallel flows, the normal-mode solu- 
tions (10) are not strictly valid since the coefficients 
of the linearized equations (7) depend weakly on x. 
Both the amplitude function q and the wavenumber 
a change according to nonparallel effects. Following 
a WKBJ analysis, we maintain the decomposition of 
q’ into an amplitude function q and a wave function 
x and write the disturbances in the form 

q’(2, Y, I, t )  = q(x, Y ) X ( ~ , Z ,  t )  1 (16a) 
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x = exp(iO(x) + iPz - iwt) , Ox = a(.) . (16b) 

Similar expressions have been applied in the cited ear- 
lier work. We note that 

q', = (iaq + q x ) x  , (17a) 

2 q',, = (-a + 2iaq, + qxx + ia,q)x , (17b) 

and by substituting the components of (16) into the 
linearized eqs. (7) we obtain in nondimensional form 

i a u  + Dv + iPw + u, = 0 ,  (18a) 

--[P - (a2 + /32)]. + i(aU + pw - W ) U  { Rle 

+DUv + iap + {U,. + VDU) 1 
2ia 1 

} - { $ U }  = -U,, Re , (186) 

--[02 - (a2  + p2)]v + i (aU + PW - w ) v  { ;e 

+DP 1 + { DVv + VDU} 

2ia 1 
- { %v} = -vxx , (18c) 

Re 

--[D2 - (a2 + p2)]w + i(aU + pw - w)w { d e  

+DWv + i p p  + {W,. + VDW} 1 
2ia 1 } - { Z w }  = -wxx , (18d) 

Re 

where now D = d / d y .  The left-hand side of eqs. 
(18b) to (18d) each contains four groups of terms en- 
closed in braces. The terms in the first group are re- 
tained by the normal-mode equations (11) for parallel 
flow. The second group originates from the stream- 
wise changes of the basic flow: the streamwise gra- 
dients of U and W and the transverse velocity com- 
ponent V associated with the growth of the bound- 
ary layer. The third group contains the streamwise 
derivatives of the amplitude functions (U, w, w,p). 
One of these derivatives also appears in the conti- 
nuity equation (1Sa). The last group originates from 
the streamwise changes of the wavenumber a. 

For a proper function a(x) ,  the streamwise varia- 
tion of q' is governed by the wave function x while the 
derivatives q, and a, are small. The PSE approxima- 
tion assumes the variation of q and a as sufficiently 
small to neglect q,,, a,,, products a,q,, and their 
higher derivatives with respect to x. Hence we obtain 
the parabolized stability equations by neglecting the 
terms on the right hand side of eqs. (18b) to (18d). 

It is convenient to rewrite the parabolized eqs. (18) 
in the more compact form 

where the operators L ,  M ,  and N act only in 
y. Within the PSE approximation, the streamwise 
derivatives of q' take the form 

and hence 

These relations simplify the derivation of the PSE or 
can serve as a useful check. 

Obviously, we can rewrite eqs. (18) in the form 
of a first-order system or in i i  form similar to the 
Orr-Sommerfeld-Squire formulation (12) [19]. After 
parabolization, we obtain equations in the generic 
form (19), (21) with different operators L, M ,  N .  
While the parabolized first-order system involves ex- 
actly the same approximation as the parabolized eqs. 
(18), the additional differentiations with respect to x 
necessary to obtain the Orr-Sommerfeld-Squire form 
lead to a slightly different effect of the PSE approxi- 
mation. 

3.2.1 

At first sight, eqs. (19) appear suitable for solution 
as an initial-boundary-value problem. In fact, the 
parabolic character of closely related equations has 
been mentioned by Gaster [ l l] .  Disturbing is the 
appearance of a,  since a affects the operators yet 
is a priori unknown. The next section will discuss 
how to overcome this problem. The ad hoc numerical 
solution of the PSE (19) for various two-dimensional 
boundary layers is in fact successful [19]. However, 
numerical instabilities occur for small marching steps 
and indicate a residual ellipticity of the PSE. 

Ellipticity of the stability equations is necessary 
to describe instabilities in the form of waves, e.g. 
TS waves. Any attempt to obtain TS waves on 
the basis of the boundary-layer equations or parab- 
olized Navier-Stokes equations (PNS) must fail since 
q',, = O(1a12) is not negligible. The traditional 
normal-mode analysis for parallel flows fully accounts 
for the ellipticity although the separation of variables 
leads to ordinary differential equations. Through the 
decomposition (16), the PSE account for the essential 
part of ellipticity and remove it from the equations 
for the amplitude functions q. Any residual ellipticity 
must be associated with the small deviation of waves 
in nonparallel flows from normal modes. 

Mathematical Character of the PSE 
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Depending on the formulation, different procedures 
reveal the mathematical character of the partial dif- 
ferential equations (19). We use a modification of 
the analysis presented by Haj-Hariri [20] for a strictly 
parallel flow that is directly applicable to eqs. (18). 
We collect all derivatives of q on the left hand side 
and indicate all other terms by the dots on the right 
hand side: 

Cl’, + vy = 0 , (22a) 
1 2 i a  

Re  
-- Re ‘yy + “y + (U  - -)‘E 

1 
+c2px - CO-U,,  = ... , 

Re 
1 2 i a  

Re R e  -- vyy + v v y  + (U - -)vx 

1 
+py - CO - U x x  = . . . , 

R e  
1 2iQ -- ReWYY + vwy + (U - -)we Re  

1 
R e  

-co-wxx = ... , 

where the constants ci = 1, i = 0 , 1 , 2 ,  have been 
introduced for convenience. We replace q, by Xq and 
qy by pq to  obtain the system in the form Aq = ... 
with 

and 

f J ( R e U  - 2 ia )2  - 4 p ( p  - R e v ) ]  (26) 
which are in general complex. For the parabolized 
equations, CO = 0, these roots reduce to  

(27) 

which for a, # 0 are still complex, though with a 
very small imaginary part. It is interesting to note 
that the sign of U does not affect the imaginary parts 
of the roots (25), (27) of the parabolized equations. 

The situation we find for the PSE is in fact very 
similar to the parabolized Navier-Stokes equations 
(PNS). The equations can be solved with march- 
ing techniques as an ill-posed initial-boundary-value 
problem provided the step size is sufficiently large 
to “skip” over the weak and rapidly decaying up- 
stream propagation of information. Alternatively, ad- 
ditional approximations can be introduced to  arrive 
at  a well-posed parabolic problem that can be solved 
without restriction on the size of the marching step. 
Contrary to other conclusions [21] , well-posedness of 
the problem cannot be enforced by a proper choice 
of the wavenumber a but only by neglecting small 
terms to  suppress acoustic sources and even smaller 
terms to suppress viscous sources of ellipticity. The 
effect of these steps can be demonstrated by numer- 
ical results. Other formulations of the problem such 
as the velocity-vorticity formulation studied by Haj- 
Hariri [20] exhibit similar propagation characteristics. 
Bertolotti (personal communication, 1993) has not 
found any step-size restriction in his work with the 
Orr-Sommerfeld-Squire formulation [19, 221. 

1 2 i a  1 3.2.2 Closure and Norm C = -co-X2 + (U - -)A - -p2 + V p  . (236) 
Solving eqs. (19) as an initial-boundary value problem R e  Re Re  

The ellipticity of the original equations is completely 
removed if the roots X = X(p) of the determinant 
det A = 0 are real for all real values of p.  We obtain 

det A = (c1c2X2 + p’ )  

is not straightforward. The appearance of d a / d x  is 
disturbing and Q affects the operators, yet is a priori 
unknown. Key to determining a(.) is the ambiguity 
in the partition (16) of q which permits the incorpo- 
ration of streamwise changes of the wave function x 
into q. Given some A a ,  we can write eq. (16) as well 

q’(2, Y, z ,  t )  = $(xl Y ) i ( Z ,  t, 4 1 

(24) as 
[COX’ - (ReU - 2icr)X + p’ - ReVp]’ 

Re2 
X 

and immediately realize that there are two imaginary 
roots 

where 

$ = qexp(iAa)  , 2 = Xexp(-iAa) . (286) X = &ip , (25) 
except if either c1 = 0, c2 = 0, or both. Paraboliza- 
tion, CO = 0, has no effect on these roots of acoustic 
origin. To remove this source of ellipticity, we can 
neglect either U ,  in the continuity equation or p ,  in 
the x-momentum equation. The upstream propaga- 
tion of information is not related to the convective 
terms, as suggested by Chang et al. [21]. 

For the complete equations, the second set of roots 
of multiplicity 2 is 

An additional equation is necessary to  remove this 
ambiguity. We note that A a  affects the derivatives 
$, and $,$. To reduce the effect of the PSE approx- 
imation, we aim at finding a relation that removes 
the oscillatory behavior from d. We realize, though, 
that with the choice of an appropriate A a ,  we can 
achieve this goal only locally at  some point ym or in 
an average sense across the y domain. 

In the absence of any information on streamwise 
changes, we can impose the restriction 

I 1 
2 X = --[(ReU - 2 i a )  a,  = 0 (29) 
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and absorb all streamwise changes into G(x, y). This 
choice is most convenient for the first step of the nu- 
merical integration of eq. (19). However, application 
of eq. (29) for all x would maintain the error ow- 
ing to the neglect of higher streamwise derivatives at  
U(Aa2) and prevent convergence to the correct solu- 
tion. 

The second choice imposes a streamwise indepen- 
dent norm on q. Such a norm could be applied lo- 
cally at  a fixed position y = ym(x) as suggested by 
Bertolotti [19], where ym is the position of the max- 
imum streamwise rms fluctuation & / U / .  The defor- 
mation of the function I u I  (especially in nonlinear 
problems) may lead to jumps of ym and undesirable 
effects on the solution procedure. We, therefore, pre- 
fer an integral norm that is both physically and math- 
ematically meaningful. 

The complex wave number a in eq. (10) is given by 
the logarithmic derivative 

.q'z - 
q' 

-i(hq')x = -2- - a . 

From eq. (16),  we obtain 

. qx 
q 

-i(lnq')z = a - 2- , 

where the last term causes a dependence of the local 
wave number on y, except if q, = 0. To remove this 
dependency, we multiply eq. (31) with the weight 1qI2, 
integrate over the domain Cl in y, and divide by the 
integral of 1qI2. These steps yield 

where the dagger denotes the complex conjugate. We 
now choose s, qtqzdy = 0 (33) 

to  normalize q and consider eq. (32) the definition of 

Eq. (33) minimizes the streamwise change dq/dx 
in a weighted sense across the y domain. Alternative 
conditions can be formulated using different weight- 
ing functions or deleting certain components of q. 
Particularly useful is the definition of a obtained from 
eq. (32) by deleting the pressure and replacing q by 
the vector v of velocity amplitudes. The denomina- 
tor then is the kinetic energy integral, and the norm 
is 

4 x 1 .  

L v t v x d y  = 0 .  (34) 

The even simpler condition 

(35) 

has been successfully applied in previous work [19, 
221. 

Equations (19) together with one of the conditions 
(33) to (35), or any other suitable norm are the closed 
system of parabolized stability equations (PSE). This 
system permits the simultaneous calculation of a(.) 
and q(x, y) in a streamwise marching procedure. Dif- 
ferent norms lead to  different partitions (16) of the so- 
lution q' and to similar yet different results for a(.) 
and q(x, y). The physical solution q', however, is the 
same to within small effects of the norm on the PSE 
approximation. Work is currently conducted to  im- 
plement an optimal norm that would minimize the 
effect of the PSE approximation. 

In parallel flows, V = 0, the choice of differ- 
ent norms has no effect on the asymptotic result 
limx-+m a = 6, limx+m q = 4 since the wavenumber 
is independent of y and the same for all components 
of q. For parallel flows, it can be shown that the PSE 
approach leads to the correct solution of the elliptic 
problem provided ha = 6 - a0 and Aq = 4 - q o  
are sufficiently small, where a0 and qo are initial es- 
timates similar to those used for the iterative solution 
of the local eigenvalue problem. 

3.2.3 Local Analysis of Weakly Nonparallel 
Flow 

All previous work on stability theories for weakly non- 
parallel flows has reduced the problem to ordinary 
differential equations for local solutions. These the- 
ories have been criticized for not being rational per- 
turbation expansions since the lowest order, the Orr- 
Sommerfeld problem for parallel flow, includes terms 
of the same order U(Re-') as the nonparallel cor- 
rection. Based on the parabolized equations, we can 
develop a local formulation that does not exhibit this 
shortcoming. 

Let us approximate a ,  q, and the basic flow by 
their lowest-order Taylor expansions with respect to 
x in the neighborhood of some 20: 

a(.) = a ( x 0 )  + (x - xo) - 2 IZO 

Introducing these expansions into eq. (19) and requir- 
ing the equations to be valid for varying x we obtain 
two coupled ordinary differential equations, 

where the operators are obtained from L, M ,  N in 
the following way: partial differentiation is replaced 
by ordinary differentiation; a is replaced by ao; LO 
i s  the strictly parallel part of L, L1 the nonparallel 
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correction of L ,  L2 = M ,  L3 = N ,  and L4 originates 
from the expansions of U and W in L. The homo- 
geneous boundary conditions on the velocities in q 
apply separately to  q o  and 9 1 .  

The homogeneous system associated with eqs. (37) 
represents a coupled system of equations for the un- 
known quantities a ~ ,  a ~ ,  9 0 ,  and q1 subject to two 
(complex) normalizations. The first norm removes 
the ambiguity in the eigensolution. The second norm 
governs the split of the x dependence between q and 
a as with eq. (19). 

In the simplest case, we can apply the restriction 
(29), a1 = 0, and solve 

[ L2 LO ] { ;; } = { ; } (38) 

subject to  homogeneous boundary conditions and a 
norm on the eigenvector. The modified complex 
wavenumber can be obtained from eq. (31). As usual 
in nonparallel flows, the growth rate is different for 
different flow quantities and depends on the y loca- 
tion. 

As an alternative, one can assume that the solu- 
tion of the weakly nonparallel problem differs only by 
small terms from the solution of the strictly parallel 
problem Loq* = 0 and attempt an iterative solution 
of the system (37). This procedure requires separate 
norms on q o  and q 1  and a1 is determined by a solv- 
ability condition. The first iteration loop is identical 
with the method described by Saric and Nayfeh [18]. 

Determining the solution of the nonparallel prob- 
lem by solving eqs. (37) accounts simultaneously for 
the terms of orders O(1) and O(Re-l)  and is, there- 
fore, not subject to  the criticism mentioned above. 
The direct relation to the method of Saric & Nayfeh 
shows on the other hand, that accounting for the 
terms of O(Re-') at different orders of approxima- 
tion is no shortcoming of their method. 

The local analysis of weakly nonparallel flows is 
applicable for waves with sufficiently large wavenum- 
bers, i.e. if the changes of the basic flow over one 
wavelength are sufficiently small. The procedure 
breaks down for long waves as they appear at low 
Reynolds numbers or low frequencies [22]. The parab- 
olized stability equations are well suited to analyze 
long and short waves. 

3.2.4 Some Formal Properties 

Convergence of the PSE solution to the correct re- 
sult is nontrivial and cannot be expected for all sta- 
bility problems. An obvious counter-example is the 
streamwise evolution of an initial disturbance in cir- 
cular Couette flow, where, after integrating over the 
circumference, the condition of periodicity would be 
violated. The neglect of the second and higher deriva- 
tives of a and q with respect to x and the change of 
the mathematical character of the governing partial 

differential equations from elliptic to quasi-parabolic 
is only permitted if the stability problem is governed 
by downstream propagating information while the 
upstream propagation can be neglected. 

The use of parabolic differential equations for ana- 
lyzing problems of basically elliptic nature with small 
feedback is successful in some other areas, e.g. in the 
analysis of acoustic wave propagation [23]. In the 
field of flow instabilities, the propagation character- 
istics of disturbances have been studied in detail and 
led to the classification into absolute and convective 
instabilities [12]. In these terms, the PSE approach is 
valid for convectively unstable flows. This class con- 
tains pipe and channel flows and the technologically 
important boundary layers, mixing layers, far wakes, 
and others that make it worthwhile pursuing. this new 
avenue. 

The convective nature of linear instabilities can be 
assured by analytical studies. For nonlinear prob- 
lems such as the later stages of transition, the role of 
upstream propagating information can only be esti- 
mated from experimental or numerical evidence. Our 
applications of the PSE approach suggest that the 
transition process in boundary layers is largely gov- 
erned by downstream propagating information. 

In contrast to  the normal-mode approach, the PSE 
formulation and marching solution neither exploits 
nor requires the homogeneity of the problem. This 
property permits both inhomogeneous boundary con- 
ditions and a forcing function instead of zero on 
the right hand side of eq. (19). The approach can, 
therefore, handle forced and natural oscillations of 
the flow within a largely unified numerical approach. 
Receptivity, the reaction of the basic flow to small 
forced disturbances, is a yet insufficiently explored 
field of transition research which can benefit from 
the PSE approach. Certain types of bypass transi- 
tion that are associated with strong transient energy 
growth although linear stability would predict stabil- 
ity [24, 25, 26, 271 are directly accessible to  the PSE 
approach. The forcing function can also describe the 
nonlinear coupling in the simultaneous evolution of a 
group of modes distinguished by their frequencies and 
spanwise wavenumbers. These properties of the PSE 
permit the analysis of transition from the ingestion 
of small disturbances through primary and higher in- 
stabilities to the breakdown of the laminar basic flow. 
Together with efficient marching techniques, the PSE 
appear as a suitable basis for applications in both re- 
search and engineering practice. 

3.2.5 Solution Procedure 

Before solving eqs. (19) and (34), we need to spec- 
ify initial and boundary conditions. For comparison 
with the local analysis in section 3.1.1, we specify Re, 
p, w ,  and V, provide the same estimates a0 for the 
eigenvalue and q o  for the eigenfunction as initial con- 
ditions at  x,, and apply the homogeneous boundary 
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conditions (1 1). 
To solve the PSE, the differential operators (21) 

and boundary conditions are converted into algebraic 
form by any method suitable for the Orr-Sommerfeld 
problem. We use a spectral collocation method 
with Chebyshev polynomials, together with a domain 
transformation if appropriate. Alternatively, we use 
two-point or three-point Hermitian high-order finite- 
difference methods on nonuniform grids. These meth- 
ods lead to algebraic systems with banded or block- 
tridiagonal matrices which can be more efficiently 
solved for the relatively large system (18) in natural 
variables. 

The streamwise derivative is in the simplest case 
approximated by the two-point finite difference 

(39) 
1 

 AX^ qx M ---(q,+1- e.) I 

where j 2 0 is the step index and q, = q,(y) = 
q(xj , y). Since CY appears in the differential operators, 
the system is nonlinear, and a predictor-corrector ap- 
proach is employed to find the solution at  xj+l. The 
explicit forward difference formula leads to numeri- 
cal instability. Although second-order accurate, the 
central difference formula which evaluates q, at the 
midpoint xj+1l2 has not been found advantageous 
in comparison with the first-order accurate backward 
difference 

Equation ( 

[ A x  

9) then assumes the form 

L?+l f Mjn+l + (ax);+llv;+l]q;+l 
= M,”+lq, I 

where = - a,, and the index n counts 
the iterations. Starting with = aj according 
to eq. (29) or with any better initial estimate, we 
obtain q;+l and henceforth exploit eq. (32) to obtain 
an updated wavenumber 

The integration-update cycle is repeated until eq. 
(33) is satisfied within a given error limit and the 
solution has converged to CYJ’+~, q,+l(y). We then 
proceed to the next step in z where a better estimate 
for a and a, is known. The marching procedure ter- 
minates if the convergence criterion is not satisfied 
within a given number of iterations. 

A simultaneous iteration of q;+l and a;+l can be 
implemented e.g. by using Newton’s method on the 
coupled equations (41) and (42). 

3.2.6 Scaling Considerat ions 

Similar to DNS, the solution of the PSE refers to fixed 
scales U; and 6: = 6,*(zo) for velocity and length, 
where 6,*(x) = (v*x*/U$)1/2 and x = x*/S; (the 
star denotes dimensional quantities). The Reynolds 
number Reo = U,*6i/v* is fixed. i’he reference po- 
sition t o  is not necessarily the initial position x,. 
In contrast, local stability analyses commonly use 
the local length scale 6: and the Reynolds numbers 
Re, = U:x*/v*, Re = Re:/’. For example, the 
frequency w = w*6:/U,’ in the PSE formulation de- 
scribes a wave of fixed physical frequency, and there 
is no need to refer to the usual nondimensional fre- 
quency F .  To avoid confusion between the differently 
scaled quantities, we use the caret to indicate local 
scales, e.g. LJ = w*b;(x)/U:. 

For Blasius flow, the two scalings provide F = 
w/Reo = G/Re and the relations 

Re A Re Re 
Reo Reo Reo 

&=a--,,=,--,w=w-. (43) 

Since x is scaled with 66,  we also have the relations 

Re, = xReo , Re = m. (44) 
Similar relations can be established for other basic 
flows. 

In nonparallel flow, additional corrections to  ii 
may be necessary to account for specific quantities 
and/or positions y. The results reported in the fol- 
lowing are based on the norm (34) and the ampli- 
tude A = (sa lvl’dy)’/’. For comparison with exper- 
iments, we convert to the local magnitude of velocity 
components (for steady modes) or the rms value (for 
oscillatory modes). 

The nature of the primary results obtained by the 
PSE approach and linear stability theory (LST) is 
different and their comparison involves proper con- 
version. Since the PSE results for the flow field in 
space and time (similar to DNS solutions) are closer 
to the answers sought by the analysis than eigenval- 
ues as a function of the local Reynolds number, we 
prefer the fixed scaling and present the evolution over 
x or Re, according to eq. (44). 

3.3 Some Linear Studies 
As an introduction to PSE applications, we consider 
some applications of the linear equations. Thes ap- 
plications concern both instability and receptivity of 
2D and 3D boundary layers. 

As a generic example, we first analyze the 2D 
boundary-layer flow over a flat plate a t  zero pressure 
gradient. The examples can be considered as a “test 
suite” for the development of a PSE code. 

3.3.1 Strictly Parallel Blasius Flow 

As a first test of the PSE concept, we apply the solu- 
tion procedure to a strictly parallel flow which is in- 
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dependent of x. We choose the Blasius profile and a 
two-dimensional mode with w = 0.0344 at Reo = 400 
( F  = 86. The basic flow is held fixed, indepen- 
dent of x. We start the computation a t  x, = CO = 400 
and choose as an initial condition the results of the 
local analysis (a) for the same conditions, (b) for 
w = 0.0172 at  the same Reynolds number. Giving the 
value of (Y for case (b) as an initial guess for the local 
analysis at w = 0.0344 leads to convergence to some 
other eigenvalue with strong damping. Indices s and 
0 distinguish the starting position for the PSE run 
and the reference position, respectively. The results 
of the PSE calculation for the streamwise evolution 
of a,. and ai are shown in figure 2. 

0.100 ir -- 
0.110 

Y 
0.090 

0.080 

0.070 

0.060 

d 

I 
800 

0.050 ’ 
400 500 600 700 

homogeneous, we can introduce disturbances not 
only through the initial conditions but also through 
boundary conditions or forcing inside the flow do- 
main, as in laboratory experiments. In the second 
test, we leave the initial conditions identically zero 
and apply a small w component at  the wall to gen- 
erate a disturbance of frequency w = 0.0344 a t  the 
same values of Reo and x, as before, while wWalI  = 0 
for x > xs. Figure 3 shows the result for the evolu- 
tion of a in this case. After a short period of “wild” 
transient behavior, the solution settles a t  the same 
values given by the previous runs and the local anal- 
ysis. The capability to force disturbances in the ab- 
sence or presence of initial conditions is key to many 
studies on receptivity and transition. 
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Figure 2: Evolution of the wave number a for differ- 
ent initial conditions. 

Case (a) (dashed) is a valid test of the integrity of 
the PSE code which should maintain the correct re- 
sult over the marching domain. The other case serves 
to demonstrate the proper function of the wavenum- 
ber update by using a suitable norm. For initial 
condition (b), the first few marching steps provide a 
rapidly decaying transient and the PSE result asymp- 
totes to exactly the same value of (Y obtained with 
the local analysis at comparable numerical resolu- 
tion. As an advantage we recognize that even poor 
initial conditions lead to convergence to the most un- 
stable mode. Since Iai( is typically much smaller 
than a,., the initial transients of the growth rate ap- 
pear stronger. The results are largely insensitive to 
changes of the marching step Ax and the choice of al- 
ternative integration schemes. The transient solution 
closely approximates the physical behavior provided 
the initial equation error is sufficiently small. 

Since neither the derivation nor the solution pro- 
cedure for the PSE requires the problem to be 
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Figure 3: Disturbance introduced by a small w com- 
ponent at  the initial position 2,. 

The application of the PSE to parallel flows is a 
demonstration of the concept and a verification of the 
stability and robustness of the marching procedure. 
Considering the effort for marching with a step size 
of Ax M 20 over the range of x shown in figures 2 
and 3, the direct solution of the eigenvalue problem 
is indeed more efficient. However, this comparison 
changes drastically if the basic flow is nonparallel and 
the coefficients of the stability equations change with 
the marching variable x. 

3.3.2 Nonparallel Blasius Flow 

To illustrate some advantages of the PSE technique, 
we consider the evolution of a two-dimensional wave 
a t  frequency w = 0.0344 with Reo = 400 for x > 
x, = 400. The initial conditions are given by the 
local analysis at  2,. 

Figure 4 shows the wavenumbers and growth rates 
obtained from the local analysis in comparison with 
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Figure 4: Evolution of the wavenumber a in a Blasius 
boundary layer. LST (dashed) and PSE (full line). 

the result of the PSE. With LST we refer to the tra- 
ditional linear stability theory for locally parallel flow 
while the "modified LST" includes the transverse ve- 
locity V and the derivative U,. 

We observe only small differences in the growth 
rates. We also find that the variation of a is very 
small, as reported by Mack [13], and the effect of a, 
is negligible. The variation of ti = aRe/Reo in results 
of the traditional analysis is largely due to the stream- 
wise variation of the length scale 6 , ' (x )  while the PSE 
results refer to  the fixed length scale 6: = 6,'(xo). 
The jiggles near the starting position are caused by 
the marginal step size of Ax = 10 and disappear as 
a, decreases. 

To illustrate the changes in the amplitude functions 
over the large x domain in figure 4, figure 5 compares 
the normalized streamwise rms fluctuations u'/u;,, 
at different positions. The modest changes justify the 
neglect of the derivatives v,, in the PSE. 

For the numerical work, it is important to note 
that the boundary layer actually grows in the Carte- 
sian coordinates used here. The numerical grid and 
its extent to some y,,, must be carefully chosen to 
cover the boundary layer at the end of the run yet to 
maintain sufficient resolution for the amplitude func- 
tions of the disturbance near the wall. 

In general, the results of the PSE runs are very 
sensitive to small changes in basic flow, initial con- 
ditions, and numerical treatment. This property of- 
ten makes it difficult to  find agreement between re- 
sults of different codes or different authors for vir- 
tually the same case. This fact is especially true 
for the amplitude-growth curves which are more rel- 
evant in practical applications, than the growth rates 
provided by the local analysis. Small deviations in 
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Figure 5: Normalized rms profiles of the amplitude 
function U at  3c = 500 (dashed) and 2000 (full line). 

growth rates accumulate by integration over an ex- 
tended streamwise distance. The PSE approach pro- 
vides these amplitude-growth curves directly together 
with a and the spatial growth rates ai. 

The previous comparison of local and PSE results 
for two-dimensional waves seems to indicate a rather 
small effect of the nonparallelism. This conclusion 
changes, however, for oblique or three-dimensional 
waves with p # 0. 
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Figure 6: Comparison of results for the wavenumber 
of a three-dimensional disturbance. LST (dashed) 
and PSE (full line). 

The streamwise variation of a for a wave with 
w = 0.02604 and /3 = 0.14 at  Reo = 400 (the sub- 
harmonic wave in the Kachanov-Levchenko experi- 
ment [lo]) is shown in figure 6. Starting from the 
initial value given by the local analysis, the growth 
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0.010 

rate develops to  a more unstable level which it main- 
tains throughout the run. For smaller p, the PSE 
analysis exhibits instability while the wave remains 
stable according to  the locally parallel theory. 

The local theory for weakly nonparallel flows of sec- 
tion 3.2.3 can retrieve some of the effects of boundary- 
layer growth, provided the wavenumber ayp is not too 
small. As the wave angle increases, this condition is 
not satisfied and the local theory fails. This failure 
has been shown by Hall [28] for’the case of Gortler 
vortices (wave angle 90’). Hall demonstrated that 
Gortler vortices are governed by an initial value prob- 
lem for parabolic stability equations. These equa- 
tions are derived from the boundary-layer equations, 
and therefore, the pressure terms p and p ,  in the x- 
momentum equation (18b) are absent. Since Gortler 
vortices are steady, the analysis can set a = 0 and 
absorb the growth into the amplitude function. 
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3.3.3 Vortices in Blasius Flow 

In the flat-plate boundary layer, steady disturbances 
have not been revealed by the local stability anal- 
ysis although quasi-steady regular spanwise modu- 
lations of the basic flow have been observed in nu- 
merous experiments since Dryden [29] and studied in 
detail [30, 31, 321. Even in wind tunnels with low 
turbulence levels, these “Klebanoff modes” can grow 
with M x1I2 to  amplitudes of 5% before the onset 
of TS  instability. Similar modulations have been ob- 
served in channel flow [33] where the amplitude varies 
slowly. The modulations in channel flow are associ- 
ated with the stable yet very weakly damped longi- 
tudinal vortices and u-modes [34] that are eigenso- 
lutions of the Orr-Sommerfeld and Squire equation, 
respectively, for a = 0, ,O # 0. In the Blasius flow, 
these modes are hidden in the continuous spectrum 
and the local analysis cannot provide initial data for 
the marching technique. 

With proper boundary conditions, the PSE analy- 
sis for steady modes, w = 0, can be performed with 
zero initial conditions. To introduce u-modes, which 
in a parallel flow have v = w = 0, disturbances can 
be generated by a small, spanwise periodic variation 
of the wall-shear stress, Du = 6 at y = 0, x = 2,. 
Test runs show the rapid formation of a streamwise 
U and weaker v and w components that decay with 
a, = O(10-4). Owing to the nonparallelism of the 
basic flow and the nonzero derivative us, pure u- 
modes cannot appear in the Blasius flow. Since nei- 
ther the streamwise amplitude variation nor the U 

profile is consistent with observations, the spanwise 
modulations are likely associated with other mecha- 
nisms. 

To study the generation and evolution of forced 
longitudinal vortices, disturbances can be generated 
by a small, spanwise periodic variation of the nor- 
mal velocity component at the wall, v(0) = E at 
x = 2,. Figure 7 shows the evolution of the am- 
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Figure 7: Growth of longitudinal vortices forced at 
different initial positions. 

plitude for three initial positions, x, d 25,100,400, 
with ,O = 0.14, Reo = 400, and = lo-*. The span- 
wise wavenumber is larger than the value p M 0.105 
(p M 0.25 at Re = 941) observed by Klebanoff et 
al. [8] and about half the value p M 0.33 ( ,8 M 0.6 at  
Re = 717) reported by Kendall [35, 321. The small 
initial disturbances monotonically grow to consider- 
able amplitudes. The growth rate increases with 2,. 
The velocity profiles of the disturbances closely re- 
semble those of Gortler vortices, with a pronounced 
U component and v and w typically two orders of 
magnitude smaller. The amplitude evolution of dis- 
turbances with different spanwise wave numbers is 
given in figure 8 for x, = 25 and the previous values 
of Reo and 6 .  The curves for the larger wavenum- 
bers show that the initial growth ultimately changes 
into decay. The maximum amplitude is higher and 
appears at lower x as p increases. 
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Figure 8: Growth curves of forced longitudinal vor- 
tices for different spanwise wavenumbers 

At x = 1285, Re = 717, the position of Kendall’s 
detailed measurements, the largest amplitude occurs 
for p M 0.5, in the same range as in the experiments. 
The profile of the calculated U disturbance shown in 
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figure 9 with its maximum near q = yReo/Re = 2.2 
is similar to the observed distribution (crosses) in fig- 
ure 10. The accompanying curve would result from 
a spanwise thickening and thinning of the bound- 
ary layer, as pointed out by Taylor [36] and Kle- 
banoff [30]. 
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Figure 9: Calculated velocity distribution of the Kle- 
banoff mode. 
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Figure 10: Measured velocity distribution of the Kle- 
banoff mode. 

The single disturbance introduced at Re = 25 de- 
cays at  the position Re = 717 of the observation. In 
the experiment, however, the disturbances are con- 
tinuously seeded by area-distributed receptivity to a 
wide spectrum of wavenumbers. To better reproduce 
the experimental conditions, a discrete spectrum of 
modes in z and proper inhomogeneous boundary con- 
ditions in some range of r should be applied. Be- 
sides through v(O), the Klebanoff modes can be intro- 
duced through inhomogeneous conditions on Dw at 
the wall, and most efficiently, through spanwise vari- 
ations of the wall pressure p ( 0 ) .  While the strongest 
response is for steady modes, the mechanism covers 
a broad band of low frequencies. For a smooth plate, 

generation of Klebanoff modes by spanwise pressure 
variations associated with free-stream turbulence is 
the most likely scenario. 

The significant transient amplitude (or energy) 
growth of steady and low-frequency disturbances in 
the absence of linear instability is an example of the 
bypass mechanism described by Gustavsson [24] and 
Henningson [25] for channel flow. Related studies of 
optimal energy growth in a crude model of Blasius 
flow by Butler & Farrel [26] show that the optimum 
is associated with steady disturbances of a spanwise 
wavelength similar to those found in the experiments 
of Kendall and in our PSE analysis of forced dis- 
turbances. While previous studies of the transient 
growth mechanism were restricted to  the temporal 
evolution, the PSE are well suited to  analyze the spa- 
tial evolution and properly account for the nonparal- 
lelism of the flow. 

3.3.4 Effect of Curvature 

The similarity between the velocity distributions of 
Klebanoff modes and Gortler vortices suggest that  
they may be strongly affected by curvature. Also, the 
occurrence of Gortler vortices on concave walls may 
be related to the same receptivity mechanisms. To 
analyze the effect of curvature, the :PSE have been de- 
rived from the Navier-Stokes equations for a surface- 
oriented coordinate system with streamwise varying 
radius of curvature R(z)  [37]. While these equations 
permit interesting studies on the disturbance evolu- 
tion on wavy walls or airfoils, we consider here walls 
with a constant (dimensional) radius of curvature and 
K = 60/R(r)  = const. with respect to  the reference 
length at Reo = 400. As before, we introduce distur- 
bances through a small, spanwise periodic wall veloc- 
ity v(0) = at r ,  = 25. 
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Figure 11: Growth curves of forced longitudinal vor- 
tices for different convex and concave wall curvature 
in comparison with the result for a flat wall. 

Figure 11 shows the growth curves for values of 
K . lo6 = -25( 10)25 together with the result for the 



flat plate, tc = 0, for ,9 = 0.36. After initial growth, 
the amplitudes for IC > -5 . decrease with in- 
creasing E ,  the amplitude for K = -5 . remains 
nearly constant, while the amplitudes for larger con- 
cave curvature ( K  < 0) increase with varying rate. 
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Figure 12: Growth rate of forced longitudinal vortices 
vs. curvature a t  E = 1600. 

The growth rates as a function of IC are given in 
figure 12 for E = 1600. The data from PSE runs are 
shown by the circles. The growth rate varies mono- 
tonically as IC increases. After rescaling the data for 
IC =--25 . to the local conditions at  Re = 800, 
the growth rate iui = -0.002386 agrees surprisingly 
well with the value &, = -0.002382 of the local anal- 
ysis of a Gortler vortex at  the proper parameters 

Some of this agreement 
is incidental since a PSE analysis for locally parallel 
flow, which is more consistent with the local analysis, 
provides iui = -0.002056. However, growth charac- 
teristics and comparison of velocity profiles leave no 
doubt that the forced vortices a t  IC = -25. are 
Gortler vortices. The PSE analysis clearly shows the 
existence of these vortices in the form of Klebanoff 
modes on a flat plate and increasingly damped modes 
on convex walls of increasing curvature. The stabiliz- 
ing effect of convex curvature on longitudinal vortices 
is a new result outside the scope of the linear stabil- 
ity theory. In spite of the close relation between Kle- 
banoff modes and Gortler vortices, it is appropriate 
to maintain the different names since Gortler vortices 
are inherently associated with centrifugal instability. 

= 0.72, R = -5 . 

3.3.5 Wave Packets 

Besides the single modes studied above, the PSE code 
allows tracking the evolution of waves distinguished 
by their frequency and spanwise wave number. In 
a linear framework, the waves can be analyzed se- 
quentially or simultaneously. The latter approach has 
been chosen since it enables easier post-processing 
of the data. Test runs with coarsely spaced modes 
have been performed for two-dimensional wave pack- 
ets [38], a periodic point source [39], and a three- 
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dimensional wave packet [40]. More detailed stud- 
ies with higher resolution are performed in cooper- 
ation with L. Mack to compare with experimental 
and earlier theoretical results. Figure 13 shows the 
wave pattern created by a harmonic point source at  
E ,  = E O  = 475 with w = 0.0285 ( F  = 60 .  

Figure 13: Contours of equal streamwise disturbance 
velocity for 0 5 E - E ,  5 1000 a t  y = 2.5. 

The initial disturbance is modeled by 201 modes 
with equal initial amplitudes and phases and b ,  = 
0.0075 . m, m = 0, . . . ,200. Alternatively, the initial 
conditions could be derived from a Fourier decompo- 
sition of the disturbance source a t  the initial position 
by applying proper boundary conditions and includ- 
ing selective receptivity mechanisms. The PSE anal- 
ysis is time consuming yet otherwise straightforward 
since the physical constraints during the downstream 
evolution of the waves are maintained by the gov- 
erning equations. The analysis does not require the 
heuristic corrections for the disturbance-energy dis- 
tribution across the boundary layer. Accounting for 
a larger number of modes is only a matter of patience 
and disk space. 

3.3.6 Three- Dimensional Boundary Layers 

The examples so far were for two-dimensional bound- 
ary layers. The parabolized equations (19) can be di- 
rectly applied to three-dimensional boundary layers 
in Cartesian coordinates, such as the Falkner-Skan- 
Cooke flows over a swept wedge or the swept Hiemenz 
flow along and towards the sides of a stagnation line. 
For other cases such as the boundary layer over a 
rotating disk, the PSE can be reformulated in cylin- 
drical coordinates [41]. Alternatively, a coordinate 
transformation between Cartesian and cylindrical co- 
ordinates can be prescribed and the proper equations 
can be generated during the computation. This lat- 
ter procedure permits a modular split of the metric 
terms from the formulation of the PSE. 

For the flow over a rotating disk, the nondimen- 
sional radius is used as the marching variable. Fig- 
ure 14 shows the variation of the growth rate for a 
disturbance with np = 30, where np is the number of 
vortices over the circumference. The result is similar 
to the data presented by Malik & Balakumar [42, fig. 
la] who also compare with results of various other 
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Figure 14: Wave number and growth rate of cross- 
flow vortices with np = 30 in the boundary layer on 
a rotating disk. 

approaches to  the controversial stability of this flow. 
Additional discussion of the results can be found in 
ref. [43]. The figure also shows some oscillations at 
high Reynolds number that ultimately terminate the 
run. Although the wave number a, decreases, the os- 
cillations are caused by a strong numerical instability 
for the step size used for this run. With larger step 
size or control of the elliptic influence] the run can be 
continued to  higher Reynolds numbers. 

The originally strong interest in the stability of the 
boundary layer over a rotating disk as a prototype 
of boundary layers on realistic swept wings has faded 
since the stability properties are in fact more com- 
plex than in swept-wing flows. Falkner-Skan-Cooke 
and swept Hiemenz flow are more closely related to 
different aspects of swept-wing flows and we present 
only a few results for the latter case. Based on eqs. 
(19), the marching variable is t. There is no need to  
work in coordinate systems that adapt one axis to the 
inviscid streamline direction, as it is common in tradi- 
tional N factor calculations. There is also no problem 
with the controversial in-plane curvature terms which 
have been the topic of various papers [43, 441. Given 
the wavenumber /3 in the spanwise z direction] the 
streamwise wavenumber cr, adapts properly to the 
local orientation of the disturbances. Since the basic 
flow is independent of z ,  /3 must be constant during 
the run [14]. 

Although Hiemenz flow has a constant boundary- 
layer thickness, the flow is non-parallel, as shown 
by the streamlines. Figure 15 shows the amplitude 
growth of steady cross-flow vortices in the swept 
Hiemenz flow with Re = 500, p = -0.4, a case stud- 
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Figure 15: Amplitude growth curves ( N  factors) for 
swept Hiemenz flow. PSE results with and without 
(dashed) accounting for nonparallel terms. 

ied with DNS by Spalart [45]. Re is formed with 
the spanwise velocity We and the reference length 
(v /A) ' l2 ,  where Ue(t) = A t .  The marching vari- 
able x is the Reynolds number formed with U,. In 
general, the linear stability characteristics provided 
by the local theory are in good agreement with the 
PSE results. Accounting for the variation of the basic 
state causes some differences but no dramatic change. 
We note, however, that these observations cannot be 
generalized to other, more realistic flows. 
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Figure 16: Wavenumber and growth rate of steady 
cross-flow vortices in swept Hiemenz flow according 
to  LST (dashed) and PSE approach. 

The wave numbers a, and growth rates cri obtained 
by linear theory and PSE analysis are compared in 
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figure 16. Similar results have been presented by Ma- 
lik & Li [46, 471. 

~ 

3.3.7 Receptivity of Hiemenz Flow 

I While the PSE approach allows a more efficient, ac- 
curate, and reliable analysis of growth rates and N 
factors, it also provides new capabilities for ana- 
lyzing and understanding the receptivity of three- 
dimensional boundary layers. Fedorov [48] stud- 
ied the excitation of cross-flow vortices in subsonic 
boundary layers over swept wings and found that mi- 
croroughness of the height of 1% of the displacement 
thickness or spanwise periodic suction/injection with 
v(0) = can excite cross-flow vortices with an 
initial amplitude of 0.1%. Radeztsky et al. [49, 501 
report a strong effect of small roughness elements on 
transition in swept-wing flows. Crouch[51] extended 
his local nonlinear approach to the receptivity of 
the Falkner-Skan-Cooke flow to steady and unsteady 
cross-flow vortices and obtained results consistent 
with the experiments of Muller & Bippes[52]. There 
are a t  least some aspects of these studies that can be 
qualitatively reproduced by modeling the roughness 
elements by a disturbance of the v component of the 
velocity normal to the wall. 

Figure 17 shows the amplitude of forced cross- 
flow vortices of /3 = -0.4 a t  x = 500 depending on 
the position x, of the v disturbance. In all cases, 
v(0) = a t  x5 .  The response is strongest if the 
disturbance (or the roughness in the experiments) is 
placed shortly upstream of the neutral point for the 
onset of instability. The small spanwise irregularity 
in the wall velocity is amplified by a factor 7000 which 
is the result of subcritical transient growth combined 
with subsequent growth due to instability. The am- 
plitude ratio at  z = 500 is AIAI = 654 (figure 15). 
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Figure 17: Amplitude of cross-flow vortices at x = 
500 in response to forcing at  different upstream posi- 
tions, /3 = -0.4. 

In general, an isolated or spanwise periodic rough- 
ness element is characterized by a Fourier decomposi- 

tion not only in the spanwise direction, but also in the 
marching direction x.  A more sophisticated analysis, 
therefore, would allow for both spanwise and stream- 
wise wave numbers. Preliminary results show the 
highest receptivity for the wave numbers and stream- 
wise position of the critical disturbance for onset of 
cross-flow instability. 

3.4 Nonlinear PSE 
The previous section has shown that the linear PSE 
approach is an efficient and accurate method and ex- 
ceeds the capabilities of the local stability theory es- 
pecially with respect to inhomogeneous problems. In- 
homogeneities can not only enter through boundary 
conditions but also as a distributed force on the right- 
hand side of eqs. (19). Such distributed forces most 
naturally occur if we retain the nonlinear terms on 
the right-hand side of eqs. (7). 

Similar to a spectral method, we assume the flow 
field q' as periodic in time t with a period T = 2 ~ 1 ~ 1  
and in spanwise direction z with wavelength A, = 
2 ~ / P 1 .  We expand the initial conditions and the so- 
lution for x > x, in a double Fourier series 

d(", Y, z ,  1) = 

n = - w  m=-m 

The choice of w1 and /31 is analogue to choosing the 
computational domain in Navier-Stokes simulations. 
Some guidance is given by controlled experiments and 
the theory of primary and secondary instability. 

To exploit the PSE concept, we write every mode 
in terms of slowly varying functions of x ,  

such that every amplitude function qnml(x, y) is as- 
sociated with the wave function 

Xnml = exp(%,i(z) + $3,~ - iwnt )  , (46) 

where pm = mP1 and wn = nw1. With the proper 
indices attached to the various quantities, relations 
(17), the linear left-hand side of eqs. (18), and rela- 
tions (19) to (21) carry over to the nonlinear problem 
except that eq. (19) now becomes a system of inho- 
mogeneous equations, 

(47) 

where the right-hand side rnml = rnml(x,y) is the 
sum over all terms that contribute to the mode 
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(n, m, 1 ) .  To collect these terms from the sixfold sum- 
mation (for the quadratic nonlinearity) is straightfor- 
ward with respect to  z and t ,  yet not in x .  The first 
component of rnml is zero since the continuity equa- 
tion (7a) is linear. The terms that contribute to the 
second component of rnml are obtained from eq. (7b) 
as 

-[un-u,m-p,A (iavpnuupn + -) ax 

x exp(i&-,,m-p,x + i d u p ,  - ionml) 

Eqs. (7c) and (7d) provide similar expressions for the 
remaining terms. 

With respect to the x direction, the decision is yet 
open which term contributes to  which mode since 
there is no simple relation between the indices A ,  IC ,  

and 1. To minimize the effect of the PSE approxima- 
tion and to close the system of equations, every mode 
is subject to  a proper norm, e.g. 

in analogy to  eq. (34). This norm determines anm/  

and Bnml t o  make qnml a slowly varying function of x.  
To maintain this property in the presence of rnmr, we 
observe that the terms in square brackets are slowly 
varying and select 1 such that for given n and m 

i.e., the term contributes to the “nearest neighbor” 
with respect to the streamwise wavenumber to reduce 
the residual variation with x.  This residual variation 
is absorbed into the amplitude function. Intuitively it 
is clear that  the effect of the PSE approximation can 
be reduced by providing a large number of choices for 
the selection (49) of 1 though at higher computational 
expense. 

In previous studies of ribbon-controlled transi- 
tion [19], successful runs were performed with only 
a single wavenumber anm0 per mode and the differ- 
ence & - u , m - p , ~  + O,,O - BnmO has been neglected. 
However, this approach is too limited for a broader 
range of applications. The need for more wavenum- 
bers anml can be determined by monitoring Al. 

While it is desirable to solve the nonlinear PSE sys- 
tem in a uniform procedure for all modes, the mode 
qbo requires certain exceptions. This special role of 
the mean-flow distortion arises since it is governed 
- like the basic flow - by the boundary-layer equa- 
tions, not the Navier-Stokes equations. In general, 
the wavenumber associated with the mean-flow dis- 
tortion is unnecessary, a001 = 0. The growth of the 
distortion caused by all terms is absorbed into a single 
amplitude function q o o o ( z ,  y). The boundary condi- 
tions on the mean-flow distortion are different from 

those of all other modes since the growth of distur- 
bances in the boundary layer causes changes in the 
displacement thickness and hence vooo # 0 as y + 03. 

In contrast to unsteady modes with n # 0, steady 
modes (including the mean-flow distortion) exhibit 
a pronounced dependence on history ,and accumulate 
small differences or changes during the marching solu- 
tion. Since the mean-flow and its derivatives strongly 
affect the stability characteristics, utmost care has to  
be paid to the treatment of the mean flow and its 
nonlinear distortion. Also note that quantities such 
as the skin friction coefficient Cj(x) (and heat trans- 
fer coefficient St (x) in compressible flows) are solely 
governed by the mean flow. All periodic components 
average to a zero contribution when the local mean 
is taken over t and z .  

3.4.1 Implementation 

For numerical applications, the Fourier series (44) is 
truncated at prescribed values of 1.1 < NI Iml < M 
and the physical flow field takes the form 

N M  

n=-N m=-M 
(50) 

Further, a limit 1 5 L is specified to restrict the num- 
ber of modes with different an,/ at  given n, m. While 
the summation includes modes with n < 0, i t  is un- 
necessary to compute these modes since the physical 
field must be real and hence 

where t denotes the complex conjugate. For two- 
dimensional basic flows such as Blasius flow, the com- 
putation can be further reduced by the assumption of 
symmetry in z ,  

q’n,-m = [unm, Vnm, --2~nm,pnm]~ (52) 

This symmetry can be derived from the governing 
equations but may be used only if initial and bound- 
ary conditions are symmetric. Without assuming 
symmetry, the PSE code can track the evolution of 
asymmetric initial conditions, e.g. of a single oblique 
wave. For three-dimensional boundary layers, eq. 
(52) is invalid if both w # 0 and p # 0. 

The “best approach” to  the treatment of the non- 
linear terms during the marching procedure requires 
the usual compromise between accuracy and effi- 
ciency. For many calculations it is sufficient to  treat 
the terms explicitly. The explicit treatment is more 
efficient since the computation of the nonlinear in- 
teraction terms can be time consuming. To increase 
the accuracy of the results, the marching step for the 
explicit integration should be small. Small march- 
ing steps may require suppression of the term p ,  to  
remove the small upstream influence. For more ac- 
curate calculations and studies far into the transition 
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Figure 18: Schematic of the modes. The modes in 
the dashed frame constitute the physical field. The 
dark shaded area is excluded from the computation. 
The modes in the light shaded area can be generated 
by symmetry in twc-dimensional flows. 

regime, the implicit treatment is preferable although 
the cost per iteration step is higher. Often it is neces- 
sary to recalculate the nonlinear terms and the mean- 
flow distortion after updating the wavenumber for ev- 
ery single mode to achieve convergence for strongly 
growing modes. The increased effort per iteration 
step is often outweighed by more rapid convergence 
and the opportunity to use larger marching steps. 

Initial data are usually given only for a few modes, 
e.g. for modes (2,O) and (1,O) as indicated by the 
dark circles in figure 18. The other mode (shaded 
circles) are generated as the nonlinear forcing terms 
come into play. To avoid strong transients for initial 
data with large amplitudes, it is useful to calculate 
the nonlinear terms and generate at every position 
the yet missing modes using the inhomogeneous ver- 
sion of the local stability equations if the forcing ex- 
ceeds a low threshold. This procedure provides rea- 
sonable starting values for the first wavenumber u p  
date. For the mean-flow distortion, this approach is 
inapplicable. Various methods of generating the d i e  
torted mean flow at the starting position have been 
tested and compared. Since the mean flow (and other 
steady modes) exhibit a pronounced memory, differ- 
ent choices at the initial position have a lasting effect 
on the nonlinear evolution of the flow which may be 
significant in runs with large initial amplitudes. It 
appears best to assume the mean flow distortion to 
be zero upstream of the initial position. This choice 
is well justified for runs with small initial amplitudes. 

Many applications such as the example in figure 18 
leave certain modes unused (white circles). In the in- 
terest of studying advanced problems with l i i t e d  re- 
sources, this fact can be exploited by a flexible mem- 
ory allocation. For research applications, it is use- 
ful to associate the modes with two tables, the first 
of which keeps track of existence and status of each 
mode while the second table indicates predetermined 
properties. By assigning special properties, modes 
can receive special treatment or be prohibited to par- 

ticipate in nonlinear interactions. 
Most results shown in the following have been prc- 

duced as tutorial examples to illustrate capabilities 
and phenomena. No special care has been applied to 
produce archival results. Initial conditions have been 
generated by the modifled LST with the transverse 
velocity terms included. 

3.4.2 Nonlinear Effects on Single TS Modes 

The nonlinear evolution of single modes was once the 
focus of weakly nonlinear theories which were limited 
by the inability to incorporate both nonlinearity and 
uonparallelism [53, 551. This inability especially af- 
fected the mean-flow distortion and prevented higher- 
order perturbation analysis. The nonlinear evolution 
of a TS wave was also the corner stone of spatial 
Navier-Stokes solutions [56]. Therefore, this case has 
also been chosen as a first application of the PSE 
approach [19, 57, 221. The PSE results for a TS 
wave with w1 = 0.0344 and an initial rms ampli- 
tude of 0.25% at Reo = 400 were found in excellent 
agreement with DNS results. Results for the same 
case were also presented by Chang et al. [21] and 
also found in agreement with DNS results although 
their maximum amplitude is somewhat higher than 
the value reported by Bertolotti et al. [22]. 

’ 
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Figure 19: Linear and nonlinear evolution of a TS 
wave of frequency w1 = 0.0344 with UL, ,~  = 0.0025 
at 2. = Reo = 400. The various modes are labeled 
n, m for their frequency w, and spanwise wavenumber 
pm as in figure 18 (I is omitted if L = 0). 

Figure 19 shows a similar result obtained with 
N = 5 for the same case in comparison with the lin- 
ear result. Although nonlinearity is small, as shown 
by the low amplitudes of the harmonics, it causea a 
significant change in the peak amplitude and the 1- 
cation of branch 11. The destabilization near branch 
I1 is consistent with the results of the weakly nonlin- 
ear theory [53, 541, direct numerical simulation [58], 
and asymptotic theory [59]. Notable is the evolution 
of the mean-flow distortion, (0,O). The “kink” near 
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I = 1700 is an artifact of plots of the maximum abso- 
lute value for oscillatory functions. Different parts of 
the curve are associated with peaks at  different dis- 
tance from the plate. While plots of local amplitudes 
are often necessary to compare with measurements, 
plots based on the amplitude A or the kinetic energy 
A’ are in general easier to  interpret. 

The mean-flow distortion assumes a maximum fur- 
ther downstream than the nonlinear TS wave. In 
other words, the mean-flow distortion continues to 
accumulate the nonlinear effects in the presence of a 
finite-amplitude wave even if this wave decays. While 
traveling waves quickly adapt to local conditions, the 
mean-flow distortion and other steady modes possess 
a pronounced memory. This memory cannot be mod- 
elled by the local weakly nonlinear analysis but re- 
quires solving an initial-value problem. 

The maximum amplitude of the TS wave in fig- 
ure 19 is slightly lower than the result of Bertolotti 
et al. [22]. This difference is largely due to the use 
of different initial conditions; we use a linear stability 
mode while results of the local weakly nonlinear or 
nonparallel theories were used in earlier work. The 
sensitivity of the solution to initial conditions is a 
fundamental property of the stability and transition 
problems we deal with. Every small change in ini- 
tial conditions or numerical treatment causes minute 
changes in the growth rates which accumulate over 
the long distance downstream to small yet notice- 
able differences in the amplitude. Different initial 
conditions also have caused the different results of 
Bertolotti [19] and Chang et al. [21] (M. R. Malik, 
personal communication, 1993). 

A second principal difference between the earlier 
and present approach is the update of the wave num- 
ber. Leaning on the weakly nonlinear theory for par- 
allel flow [60], the earlier formulation implemented 
the restriction 

(53) 

on the wavenumber and updated only the growth rate 
from an integral norm. In nonparallel flows there 
is no rigorous justification for this property. There- 
fore, our analysis determines both wavenumber and 
growth rate by the norm. In the case shown above, 
relation (53) is satisfied only within about 1% once 
the initial transients decayed. Although this devia- 
tion may be negligible and the use of eq. (53) saves 
the cost for iterating on the higher wavenumbers, this 
approach is not generally applicable and the assump- 
tion of a single dominating (“ribbon-induced”) mode 
is too restrictive. 

3.4.3 Secondary Instabilities 

The next major test for the PSE approach and its im- 
plementation is the ability to track the simultaneous 
evolution of multiple modes and their interactions, 

especially for the parametric resonance mechanisms 
that lead to secondary instabilities [4]. 

Earlier PSE studies [19, 571 considered the effect of 
a finite-amplitude TS wave on a subharmonic mode 
of secondary instability, i.e. the initial conditions for 
the subharmonic mode were obtained from the Flc- 
quet analysis of secondary instability. Suppressing 
the feedback of the subharmonic mode on the TS 
wave, the subharmonic mode evolved in close prox- 
imity to the predictions of the Floquet theory 
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Figure 20: Linear subharmonic secondary instability 
and influence of the initial phase. 

Figure 20 shows a similar result for the conditions 
of the experiment of Kachanov & Levchenko [lo], 
z. = Reo = 420, w1 = 0.005208, = 0.14. Here, 
however, the initial data are given by the two pri- 
mary modes (10,O) and (5 , l )  with rms amplitudes of 
0.46% and 0.0035%, respectively. Two cases with dif- 
ferent phase shifts between the two modes are shown. 
The feedback of the three-dimensional wave on the 
two-dimensional mode and the mean-flow distortion 
are suppressed. 

In absence of the TS wave, the primary mode (5 , l )  
would decay a8 shown. Affected by the TS wave, the 
threedimensional mode exhibits a strong transient, 
and the wavenumber settles near twice the wavenum- 
ber of the TS wave while the growth rate strongly 
increases. The perfect synchronization of both waves 
obtained by Floquet analysis (and enforced in ear- 
lier work) is not achieved in the nonparallel flow 
with streamwise varying TS amplitude. The near- 
synchronization is lost at  I % 2000 and the subhar- 
monic mode develops on its own while the parametric 
excitation has faded away. The subharmonic growth 
rates are slightly smaller than the theoretical predic- 
tions. The transient evolution and the maximum am- 
plitude of the subharmonic mode depend on the phase 
relation to the TS wave. 

Closely related to subharmonic secondary instabil- 
ity is the mechanism of combination resonance in the 
presence of the TS wave (10,O) and a detuned mode 
(4 , l )  with amplitudes and other parameters as above, 



and the same phase. As figure 21 shows, the o n e  
sided nonlinear interaction introduces the mode (6 , l )  
such that the sum of the frequencies of the t h r m  
dimensional modes equals the frequency of the TS 
wave. For 700 < I < 1300 the combinationmodes de- 
velop with similar large growth rates. Further down- 
stream, where the rms amplitude of the TS wave is 
less than 0.3%, each of the threedimensional modes 
is governed by its own linear stability characteristics. 
The maximum amplitudes due to combination res- 
onance is less than for subharmonic resonance. A 
similar result is obtained by specifying mode (6, l )  
instead of (4 , l )  by the initial conditions. 

Figure 21: Combination resonance. 

The third type of secondary instability, fundamen- 
tal or principal parametric resonance is rather weak 
at the relatively low TS amplitudes in the Kachanov- 
Levchenko experiment. We, therefore, consider this 
type at lower frequency where the TS waves experi- 
ence stronger growth. Most of the microscopic exper- 
iments on K-type breakdown [& 641 were performed 
at these lower frequencies. 

The K-type of secondary instability is caused by 
the interaction of a TS wave (1,O) with either a pair 
of oblique waves (1,l) or a longitudinal vortex (0,l). 
The latter interaction is favored by Klehanoff modes 
(caused by "spacers" underneath the ribbon in exper- 
iments). 

Figure 22 shows the evolution of the amplitudes 
from initial modes ( l , O ) ,  (1,l) with I, = Reo = 600, 
w1 = 0.03, @1 = 0.15, and small initial rms ampli- 
tudes of 0.1% and 0.01%, respectively. The interac- 
tion generates mode (OJ), a steady, spanwise periodic 
mode. Because of the different streamwise wavenum- 
bers of the initial modes, the amplitude oscillates and 
increases in the mean as the TS amplitudegrows. As 
modes (0,l) and (1,l) reach comparable magnitude, 
they engage in an interaction with each other and 
with the TS wave. Mode (1,l) synchronizes with the 
TS wave and the oscillations of mode (0'1) disappear, 
leaving a longitudinal vortex mode. The spanwise pe- 
riodic disturbance grows rapidly (ai M 0.035) to large 
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Figure 22: Fundamental (K-type) secondary instahil- 
ity originating from initial modes (1,O) and (1,l). 

amplitude. The unrealistic amplitudes in these runs 
appear because the effects of the secondary distur- 
bances on the TS wave and the generation of har- 
monics are suppreased. 

3.4.4 Nonlinear Receptivity Studies 

Another application of the nonlinear PSE is the 
study of certain receptivity mechanisms that in- 
volves the interaction of small disturbances at the 
boundaries, such 84 the interaction of sound with a 
wavy wall. Based on the local theory, these mecha- 
nisms have been analyzed by Crouch [61] and Choud- 
hari & Street [62] for two-dimensional boundary lay- 
ers. Nonlinearity is necessary to combine the Stokes 
wave of frequency w and the steady component of 
wavenumber & induced by the waviness into a forc- 
ing term for TS waves. 

Local and PSE results have been compared by 
Crouch & Bertolotti [63] and found in good agree- 
ment. Small differences are attributed to non- 
parallelism. In these PSE computations, the forced 
TS wave maintains the wavenumber & and the grow- 
ing difference between 6 and the wavenumber ~ T S  
of a TS eigenmode is absorbed into the amplitude 
function. 

Analysis of the simple forced linear oscillator dis- 
cussed by Crouch [61] shows, that c dominates the 
behaviour of the forced mode only in the stable d e  
main. After passing through resonance (at or near the 
neutral point), the wavenumber of the forced mode 
approaches that of the eigenmode. Therefore, we pre- 
fer to update the wavenumber of the forced compo- 
nent and extract the oscillatory behaviour from the 
amplitude function. 

The results in figure 23 are for Reo = 400, z8 = 
300, w = 0.0224 ( F  = 56 . and a wall waviness 
with 6 = 0.0696944 (aa in 1631). The difference be- 
tween the two evolutions with and without updating 
the wavenumber of the forced TS wave is consider- 
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Figure 23: Interaction of sound with a wavy wall. 
Effect of the wavenumber update. 

able and cannot be attributed to different effects of 
the PSE approximation. At small Reynolds numbers 
up to Re w 700, the smaller response with wavenum- 
ber update is due to the changing phase difference b e  
tween the forced wave and the forcing term which also 
causes an ondnlation of the amplitude that diminishes 
as the natural oscillation takes over and a + ~ T S .  
Although the difference in the wavenumbers 6 and 
a, is small, it causes different growth characteristics 
at higher Re as shown by the shift in the branch I1 
position. 

3.5 Ribbon-Controlled Transition 

A more severe test of the nonlinear PSE is the repro- 
duction of the microscopic experiments of Klebanoff, 
Tidstrom & Sargent [E], Kachanov & Lechenko [lo], 
Cornelius [64], and others on transition in the flat- 
plate boundary layer. These experiments are also the 
benchmark cases for spatial DNS codes and serve to 
analyae the nonlinear development of transition from 
different types of secondary instability. Besides for 
these test cases, the PSE can be used to study re- 
lated problems, in particular problems that involve 
numerous modes such as wave packets. 

PSE studies for these test cases have been per- 
formed by Bertolotti (19, 571 and compared with ex- 
periments and Navier-Stokes solutions. Good agree 
ment has been found except for some experimental 
data as the 2f mode (4,O) of Kachanov & Levchenko. 
For this mode, both PSE and DNS show a continuous 
rise while the experiment found a significant decline 
followed by a steep rise near onset of transition. The 
discrepancy was attributed to experimental error. 

Of the various analyses of transition arising from 
H-type, K-type, or combination resonance or interac- 
tion of two oblique modes ( 1 , l )  and (1,-1), we show 
only one example' that helps to clarify the earlier 
discrepancy between the experiment of Kachanov & 

'to meet the desdline for suhmiwion of the w d p t .  

Levchenko [lo] and computations [65, 19, 571. 
PSE studies of this case by Bertolotti used a dom- 

inant TS wave and a subharmonic secondary mode 
from Floquet analysis as initial conditions. Both 
modes were in the correct phase and synchronization. 
Here we continue our study of subharmonic secondary 
instability (section 3.4.3) by fully accounting for non- 
linearity. Deviating from previous work, we use a pri- 
mary mode to introduce a subharmonic component. 
This choice allows tracing the synchronization prw 
cess between two-dimensional and three-dimensional 
components and the effect of the phase difference be- 
tween the initial modes. All wavenumbers are de- 
termined by the norm without any assumption on 
synchronization. 
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Figure 24 Amplitude growth of selected modes in a 
PSE simulation of the Kachanov-Levchenko experi- 
ment. 

Figure 24 shows the nonhear evolution (N = 
4 , M  = 2) of selected modes from the same initial 
conditions as for figure 20 (phase 0"). With full in- 
teraction permitted, the growing subharmonic mode 
(1,l) prevents the decline of the TS wave. Here and 
in other runs with different truncations and initial 
phase, mode (4,O) behaves as in the experiment. The 
earlier disagreement between PSE results and experi- 
mental data is apparently due to the particular choice 
of initial amplitudes and the enforced resonance from 
the outset. 

3.6 Nonlinear Vortices 

Transition evolving from Gortler vortices or croea- 
flow vortices is still a matter of experimental and 
computational research. These types of disturbances 
do not initiate secondary instabilities at small ampli- 
tudes where the approximations of the Floquet anal- 
ysis [4] are justified. Instead, vortices grow to large 
amplitudes and develop strong harmonics before sec- 
ondary instabilities develop on the embedded layers 
of high shear. 
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Figure 25: Nonlinear growth of a steady crowflow 
vortex in swept Hiemenz flow. 

The nonlinear evolution of a steady crowflow vor- 
tex in swept Hiemenz flow for the conditions of fig- 
ure 15, Re = 500, @ = -0.4, 2. = 190, an initial 
amplitude of = 10-4/fi,  and M = 8 is shown 
in figure 25. The rapid growth of mode (0,l) causes 
the rise of harmonica until saturation is reached near 
z M 600. For z > 700, the m a h u m o f  the mean-flow 
distortion luo~l exceeds 10% and the spanwise peri- 
odic component luoll exceeds 17% of the reference 
velocity We. These ratios are smaller with respect to 
U, = +W,/Re. The saturation level is insensitive to 
the initial amplitude. For higher initial amplitudes, 
saturation is reached at smaller z. Similar character- 
istics have been found for unsteady cross-flow vortices 
(see also [46, 471). 

Figure 26: Contour lines of equal U velocity at z = 
716. The contour levels are multiples of 5% of the 
edge velocity U.. 

Figure 26 shows a cross section of the vortex at 
z = 716 over one period in z and y 5 8 (to scale). 
The different spacing of the contour lines near the 
wall indicates a strong spanwise variation of the wall- 
shear stress. A vertical cut near the center reveals a 
strongly inflectional velocity distribution. 

While the general features of figure 25 can be ob- 
tained with M = 2, the detailed structure of the 
cross-flow vortex after saturation depends on the 

number of harmonica taken into account. The rel- 
atively strong influence of harmonica raises questions 
on the validity of secondary instability results ob- 
tained at low truncation. Floquet analysis of the flow 
at fixed z under neglect of the streamwise variation 
but accounting for all relevant harmonics is a com- 
putationally expensive task. Alternatively, the lin- 
ear primary instability of the three-dimensional flow 
at b e d  z can be analyzed using two-dimensional 
eigenfunctions in z and y, but the computational de- 
mand remains high. At this time, reliable results on 
the instability of highly nonlinear crowflow vortices 
are unavailable. As a consequence, the breakdown 
of these vortices and the resulting transition process 
have not yet been analyzed. Work toward closing this 
gap is in progress. 

4 PSE for Compressible Flows 
The successful application of the PSE for incompr- 
ible flows and the demand for improved predictive 
tools in aerodynamic design suggest the extension 
to compressible flows. While this extension appears 
straightforward, it faces a series of hurdles and deci- 
sions: 

The sheer size of the nonlinear stability equa- 
tions and associated code that need careful 
checks and support by symbolic manipulation 
even in the simplest case of Cartesian coordi- 
nates. 

The implementation of general curvilinear coor- 
dinates to adapt to realistic geometries. 

The choice of the "best" set of variables between 
p, T ,  or p,  primitive or conservative variables, 
covariant or contravariant velocity components. 

The choice of models for the thermodynamic 
properties of the working gas at high Mach num- 
bers. 

The failure or inefficiency of proven numerical 

The uncertain accuracy of the basic flow and 
its derivatives generated by traditional compu- 
tational methods and boundary-layer codes for 
flows over aerodynamic bodies. 

methods. 

The need for consistent interpolation methods to 
obtain the basic-flow data on the grid used for 
stability analysis from the data given on some 
other computational grid. 

The unavailability of detailed test data from mi- 
croscopic experiments or spatial DNS at high 
speeds. 

nisms and results. 
The lack of physical understanding for mecha- 
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As a rule of thumb, the ditficulties increase with 
the Mach number and the complexity of geometry 
and disturbance environment. 

4.1 Stability Equations 
The PSE for compressible flow in Cartesian coordi- 
nates up to quadratic nonlinear terms were devel- 
oped by Bertolotti and applied to study the non- 
parallel linear stability of the flat-plate boundary 
layer [19, 66, 671. Based on his work, the PSE a p  
proach was also adopted by Chang et al. [21] to per- 
form a nonliiear analysis of this flow. While the 
choice of variables and coordinates for the traditional 
stability analysis is important because of the effect 
on the parallel-flow assumption, it is less critical for 
the linear PSE. However, the use of p and T is ad- 
vantageous for the nonlinear formulation. The com- 
plete nonlinear formulation including cubic and quar- 
tic nonlinearities in general curvilinear coordinates 
has been developed by Stuckert et al. [ea]. The ve- 
locity field is described by the contravariant velocity 
components. 

Our implementation of the nonlinear compressible 
PSE is rather general. Different sets of disturbance 
variables, e.g. q = [p,T, (pu)']IT or q = [p,T, uLIT 
can be chosen for the analysis. Different models of 
the thermodynamic properties can be chosen, which 
is helpful in comparing with previous work. Two 
separate time-dependent coordinate transformations 
E L  =F'(z,y,t,l), k=1,2,3canhespecified: forthe 
computational grid of the basic flow and for the grid 
used in the PSE analysis. This capability enables use 
of the same core modules for diverse problems such as 
flat plate or rotating disk, swept wings or blunt cones. 
Grouped around this core are application-dependent 
modules as well as interfaces to similarity solutions, 
boundary-layer codes, and the Plot3D files produced 
by most computations of the basic flow. 

4.2 Numerical Aspects 
While the incompressible problem spends most of the 
computer time in solving linear algebraic systems, 
the setup of these systems for nonlinear compressible 
analysis consumes a major fraction of the total time. 
Obviously, the setup time increases with the number 
of grid points needed to resolve the flow in E' normal 
to the boundary and with the order of approximation 
(quadratic, cubic, or quartic) to the nonlinear terms. 

The reliable and accurate single-domain spectral 
method successfully used for the incompressible for- 
mulation in terms of Orr-Sommerfeld and Squire 
equation [19] loses advantage for the compressible 
problem because the dimension of the algebraic sye 
tem with a completely filled matrix increases from 
2 J  to 55 where J is the number of collocation (or 
grid) points normal to the boundary. At high Mach 

numbers, the inflexible arrangement of the colloca- 
tion points near the boundary makes it difficult to 
resolve details of higher modes with critical layers 
near the edge of the thick boundary layers. Bertolotti 
(personal communication, 1993) has adopted a multi- 
domain spectral method to overcome these shortcom- 
ings. While the multi-domain approach reduces the 
matrix size, it demands additional numerical speci- 
fications which need optimization and distract from 
the physical problem. 

The fourth-order compact (Euler-Maclaurin) 
method favored by Chang et al. [21] requires the te- 
dious reformulation of the PSE equations as a system 
of first-order differential equations in Ea and leads to 
numerous terms involving the inverse (VZ)-l  of the 
small transverse component V' of the basic flow. In 
computational basic flows, this component is usually 
inaccurate. Moreover, V a  can change sign and lead 
to unpleasant divisions by zero. 

We maintain the single-domain spectral method 
for special-purpose studies such as obtaining spec- 
tra of eigenvalues or highly accurate results for com- 
parisons. The routine calculations are based on 
Hermitian finite-difference methods [70] for second- 
order differential equations. For nonuniform grids, 
two-point formulas permit overall accuracy up to 
fourth order, three-point formulas up to seventh or- 
der. Nonuniform grids with moderate stretching re- 
duce the number of grid points needed to achieve a 
certain accuracy at lower Mach numbers. Equidistant 
grids are preferable at high Mach numbers. 
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Figure 27: Error of the temporal eigenvalue calcu- 
lated with the three-point Hermitian method at high 
Mach number. The dashed line indicates seventh- 
order accuracy. 

Figure 27 shows the result of a convergence study 
for test case IV of Malik [69] at M Q  = 10, Re = 1000, 
T. = 111.111"K, and a = 0.12 for the compreas- 
ible flat-plate boundary layer. Our "exact" result for 
the temporal eigenvalue was obtained by the spec- 
tral method with J 2 50 as w = 0.115861436+ 
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i0.000137657 (different from the spectral results given 
in ref. [69]). The error comprises both the errors of 
the basic-flow calculation and stability analysis. To 
obtain the correct eigenvalue within an absolute er- 
ror of or requires about 100 or 200 grid 
points, respectively, The spectral result is matched 
with 300 points. At lower Mach numbers, Ma 5 2, 
good accuracy can be achieved with as few as 50 grid 
points. 

We have compared application of the Hermitian 
formulas with and without elimination, and with 
block-tridiagonal or banded matrix solvers without 
finding a superior approach. Using banded matrix 
solvers without elimination requires more time to 
solve the system but saves the time for the elimi- 
nation step during setup and for retrieving the sec- 
ond derivatives needed when calculating the nonlin- 
ear terms. A clear advantage, however, is the use of 
the LAPACK library subroutines and of the BLAS 
libraries which are optimized for various supercom- 
puter and workstation architectures. 

While we have overcome the numerical difficulties 
in solving the stability problem for exact or similar- 
ity solutions as basic flows, applications to comput& 
tionalsolutions for realistic geometries face additional 
numerical problem. These problems often start with 
insufficient accuracy of the coordinates that define 
the shape of the body, e.g. an airfoil. Small oscil- 
lations in the pressure gradient and the curvature 
along the body c a w  strong oscillations in the s t b  
bility characteristics. 

Most computational methods for aerodynamic ap- 
plications are second-order accurate and designed to 
provide reliable results for the pressure distribution 
at the surface. The stability characteristics, however, 
are governed by the whole flow field in the boundary 
layer and beyond. Our experience shows that sat- 
isfactory accuracy can be obtained with boundary- 
layer codes. Viscous flow solutions from Navier- 
Stokes or PNS solvers often lack the accuracy needed 
for a reliable stability analysis. 

4.3 Validation of the PSE Code 
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To guarantee proper function of the compressible 
PSE code, extensive tests have been performed for 
the speed range from Ma = 0 to Ma = 10. These 
tests range from comparison with independent results 
to solving the same problem in different coordinate 
systems and with different sets of variables. 

Figure 28 shows the comparison with results of El- 
Hady [71] for suhharmonic secondary instability in 
the flat-plate boundary layer at Ma = 1.2. Two PSE 
runs were performed using Cartesian and similarity 
coordinates, respectively. Although the PSE rum 
have been tailored to match the locally-parallel flow 
assumption, the results deviate from El-Hady’s due 
to a slight shift of the instability region for the pri- 
mary mode toward higher Reynolds number R. Ex- 

D 8W.O m.0 1ooo.o 1200.0 1 0.0 
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Figure 28: Subharmonic secondary instability at 
Ma = 1.2. Comparison of the PSE solution in Carte- 
sian (solid) and similarity coordinates (dashed) with 
results of El-Hady (symbols). U: PSE, primary mode 
(2,0), 0: PSE, suhharmonicmode (1,l). x :  El-Hady, 
primary mode (2,0), *: El-Hady, subharmonic mode 
(14. 

cept for the initial transients, the PSE results agree. 
The transients are stronger in Cartesian coordinates 
because the initial data are more affected by the 
parallel-flow assumption of the LST. 

5 Practical Applications 
While most of our work on compreasible flows has 
served to develop and implement the PSE approach 
together with efficient and accurate numerical meth- 
ods for integration and interpolation, to validate the 
code, and gain an overview of the differences between 
LST and PSE results, we have also performed feasi- 
bility studies and tested the code in some real-world 
applications. 

5.1 Flow over Swept Wings 
Flows over the swept wings of airplanes are routinely 
analyzed for the transition location using the eN cri- 
terion [2, 31. The N factor is obtained by one of a 
series of proprietary or restricted stability codes. The 
eN code COSAL by Malik [72] is in widespread use 
in the U S a  

We have performed a detailed comparison of 
amplitude-growth curves (N factor versus arclength) 

?COSAI, W(YI provided by NASA Langley R e a d  Center 
for our study. 
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obtained with different options of COSAL, our own 
stability code LISA, and the linear PSE code [68]. An 
infinite wing with a 64AOlO airfoil and sweep angles 
of Oo,  25', 53", and 70" was considered at Ma = 1.5 
and an altitude of 55,000 feet3 The modified version 
WING of the boundary-layer code by Kaups & Ce- 
beci [73] which is provided with COSAL was used to 
compute the basic flow for all stability computations. 
The flow over this slender airfoil exhibits weak TS in- 
stability at 0' sweep and is otherwise dominated by 
cross-flow instability. 
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Figure 29: Amplitude growth curves for crosdow 
vortices obtained with COSAL (envelope method), 
PSE without curvature effect, LISA, and PSE. 

Figure 29 compares the amplitudegrowth ofsteady 
cross-flow vortices at 53' sweep obtained with the en- 
velope option of COSAL, the PSE without account- 
ing for curvature effects, LISA, and the PSE. COSAL 
does not account for curvature. The largest devia- 
tion between the results is caused by the violation of 
physical constraints by the envelope method which 
at any point selects the spanwise wavenumber for 
maximum growth while physical solutions have fixed 
spanwise wavenumber [14]. Although our version of 
COSAL provides alternative strategies, the physical 
constraints cannot be satisfied. The second major 
change is the strong stabilizing effect of surface curva- 
ture. (The PSE approach does not suffer from the in- 
consistency between in-plane curvature and parallel- 
flow approximation [44, 431.) The discrepancy be- 
tween results of LISA and PSE code reflects the small 
effect of nonparallelism. While the discrepancy is 

3The Euler solutions for the various =mea were provided by 
G .  Klopfer, NASA Ames Research Center. 

small in this case, it is significant for other airfoils 
and the growth predicted by LISA may be substan- 
tially higher or lower than that obtained with the 
PSE code. 

The comparison of the different results for N fac- 
tors enhances the critical attitude toward eN tran- 
sition predictions and raises doubts in the value of 
the extensive database of N factors created by use of 
COSAL and other stability codes. 

Other studies on swept wings [41] aim at comparing 
receptivity and disturbance evolution with the low- 
speed experiments of Radetatsky et al. [49, 501 on a 
45" swept wing with an NLF(2)-0415 airfoil? The 
flow over this airfoil is one of the cases where LISA 
predicts a substantially larger amplitude growth than 
the PSE code. 
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Figure 30: Nonlinear growth of an unsteady cross- 
flow vortex with f = 180 Hz, p = 0.4, and an initial 
amplitude of Ao = 0.0002 at the neutral point in the 
flow over the NLF(2)-0415 airfoil. 

Figure 30 shows the amplitude growth of an un- 
steady cross-flow vortex calculated using M = 3. Ow- 
ing to the large growth rate, the vortex reaches early 
saturation near 30% of the chord. Steady vortices 
of the same initial amplitude saturate downstream of 
60% chord at a higher amplitude level. Nevertheless, 
unsteady vortices create a stronger mean-flow distor- 
tion. As in swept Hiemenz flow, the saturation ampli- 
tude is largely independent of the initial amplitude, 
however, it varies with the spanwise wavenumber p. 
A detailed comparison with the experimental data of 
Radeztski et al. is forthcoming. 

5.2 Flow over a Blunt Cone at Mu = 8 
The stability of the flow over a blunt cone at Ma = 8 
has been experimentally studied by Stetson et al. [74] 
for different nose bluntness. The cone has a half an- 
gle of i'', a length of 40 inches, and a base diameter 

'The geometry and computational nsulta for the pressure 
distribution at -4" angle of attack were provided by W. S. 
SariC. 



of 9.823 inches. The stability of the mean flow over 
the blunt cone with a 0.15-inch nose tip is considered 
here, because thi case is controversial and has devel- 
oped into'a benchmark case for application of basic- 
flow and stability codes, While the computational 
tools provide converging results, the discrepancy be- 
tween stability results for sharp and blunt cones in 
the same experimental facility and the disagreement 
of the blunt cone results with stability calculations 
remain unexplained. 

The basic flow has been calculated using two differ- 
ent codes: a Thin Layer Navier-Stokes (TLNS) code 
developed by Esfahanian [75,76,77] and the AFWAL 
Parabolized Navier-Stokes (PNS) code. The TLNS 
solution has been computed to serve as an accurate 
benchmark. 

R 

Figure 31: Comparison of spatial growth rates as a 
function of arc length using different solutions for the 
basic flow. F = 82.7. 0: TLNS solution, 200 
wall normal points. 0: AFWAL PNS solution, 501 
radial points. A: AFWAL PNS solution, 251 radial 
points. 

Figure 31 compares the spatial growth rates for 
the twc-dimensional second mode at F = 82.7 lo-' 
obtained with different basic flows. Although the 
PNS code has been pushed to the limits with 501 ra- 
dial points (and an automatic increase in the number 
of streamwise stations), there remains a significant 
difference from the growth rates obtained with the 
TLNS solution. This difference is enhanced by inte- 
grating the growth rates into N factors. Comparison 
of basic-flow quantities shows in general good agree- 
ment but differences near the edge of the boundary 
layer. Since the critical layer of the second mode is 1- 
cated in this region, the stability results are strongly 
affected by the accuracy of the solution. 
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Figure 32: Nonlinear evolution of a 2D second Mode 
at F = 82.7. for an initial amplitude of 0.0002. 

The nonlinear evolution (N = 4) of a twc- 
dimensional second mode at F = 82.7. and a 
small initial amplitude of only 2 .  l O W 4  is shown in 
figure 32. The TLNS solution has been used as ba- 
sic flow. In the linear case (figure 31), the second 
mode exhibits growth well beyond R = 2800. Here 
the nonlinear terms cause a stabilization starting near 
R w 2500 and decay of the mode for R > 2760. In 
spite of the moderate maximum amplitude, the d i e  
turbance causes a significant rise in the skin friction 
coefficient Cf that dramatically increases for larger 
amplitudes. 

We have studied various second-mode and first- 
mode interactions to identify resonance mechanisms 
and drive the flow into transition. Temporal analy- 
sis of subharmonic transition at Ma = 4.5 [78, 79, 
BO] has shown a strong resonance between a twc- 
dimensional second mode and a three-dimensional 
subharmonic first mode. In the blunt-cone flow, spa- 
tial analysis of this mechanism has only a weak effect. 
The growth of the subharmonic mode is enhanced 
only in a small range of Reynolds numbers, and as 
the second mode grows, it suppresses the growth of 
the first mode below the linear level until it decays. 
To clarify this unexpected observation, we performed 
various spatial simulations of the subharmonic "tran- 
sition" at A40 = 4.5 in the flat-plate boundary layer. 
The parameters were chosen to match those of the 
temporal studies and later varied in their neighbor- 
hood. We found that the lack of a strong subhar- 
monic resonance is not particular to the blunt-cone 
flow. In the spatial case, enhanced growth of the 
subharmonic is limited to a short region, too short to 
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increase the amplitude of the (assumed) small sub- 
harmonic mode to a level where it would strongly 
interact with the tw-dimensional mode. As in the 
temporal case, we found no evidence for fundamental 
secondary instability. 

Of all the cases studied in the flow over the blunt 
cone, the strongest interaction and growth was ob- 
served for an interacting pair of oblique second modes 
with F = 82.7. and an initial wave angle of 
40’. With initial amplitudes of 2 .  at R = 2000, 
breakdown occurs near the end of the cone. The lon- 
gitudinal vortex components exhibit strong growth. 

5.3 Heat Transfer on Turbine Blades 
This last group of PSE studies is concerned with the 
heat transfer in transitional flows and the prediction 
of transition in the highly disturbed boundary lay- 
ers on the strongly curved surfaces of gas turbine 
blades [81]. Various experiments are available that 
address specific aspects such a8 the effect of the tur- 
bulence level on the transition location in the flow 
over a heated flat plate [82], the effect of curvature 
on transition in flows over heated plates [83, 841, and 
the effects of turbulence on the heat transfer of a ro- 
tating turbine model [85, 861. 

We have chosen this set of experiments to explore 
the feasibility of formulating proper input models for 
the PSE computation that describe the disturbance 
environment and permit transition predictions with- 
out empirical N factors. This input model was inten- 
tionally kept as simple as possible. 

Disturbances can be introduced into the PSE com- 
putation either by internal forcing, forcing at the 
boundaries, or through the initial conditions. The 
latter method has been chosen in most DNS studies 
such as the work of Rai & Moin [87l and was adopted 
for the first phase of our studies. In flows over real- 
istic bodies this method reveals severe shortcomings 
when the computation proceeds through regions of 
strong stability. 

The input model should introduce a proper span- 
wise scale and proper frequencies which are closely 
coupled with the streamwise scales. The spanwise 
scale can be either chosen from Kendall’s observa- 
tions on the scale of the Klebanoff mode or from sec- 
ondary instability theory which predicts strongest K- 
type instability for spanwise scales smaller than the 
dominant streamwise scale [4], A, = As/& This 
latter scale is usually smaller than the spanwise scale 
of the Klebanoff modes. 

The proper frequencies, in particular at lower tur- 
bulence levels, are aasociated with unstable modes 
of the Orr-Sommerfeld equation since small distur- 
bances must be enhanced by instability to cause tran- 
sition. In general, these unstable modes are waves in 
a certain band of spanwise and streamwise wavenum- 
bers. 

Since nonlinear interactions, secondary instabili- 
ties, and the onset of transition require fluctuation 
amplitudes to exceed some threshold, the amplifica- 
tion must be larger at lower disturbance levels. Since 
the total amplification between branch I and branch 
I1 decreases as the frequency increases, the relevant 
frequencies decrease with the disturbance level. This 
shift and the streamwise distance necessary to achieve 
sufficient amplification are obvious reasons for the in- 
crease of the transition Reynolds number with d e  
creasing disturbance level. For high turbulence lev- 
els, the weak amplification at high frequencies may 
be sufficient to initiate transition. At even higher lev- 
els, instability is unnecessary, since the initial distur- 
bances are large enough to nonlinearly interact with- 
out additional amplification and cause bypass transi- 
tion. 

We conclude that one of the key ingredients in the 
transition model is a pool of 2D waves of different fre- 
quency which can be analyzed simultaneously or sep- 
arately for their interaction with the Klebanoff mode. 
The upstream shift of transition as the turbulence 
level increases will be a combination of the upstream 
shift at fixed frequency and the earlier onset at higher 
frequency. The broad band of frequencies present in 
the pool of disturbances is a remarkable difference 
from the traditional vibrating ribbon experiments. 

The simplest model consists of a Klebanoff mode of 
spanwise wavenumber p and a TS wave of frequency 
W .  The frequency can be estimated using amplitude 
growth curves for one baseline case (grid 0 of Sohn 
& b h o t k o  [82]) which also provides an estimate for 
the initial amplitude. The amplitude estimate can be 
replaced as won as receptivity coefficients for free 
stream turbulence are established. The amplitude 
of the Klebanoff mode is leas critical because this 
mode serves primarily to establish a spanwise scale, 
except if the surface is concave and causea instabil- 
ity to Gortler vortices. After a series of estimates we 
chose w = 0.05, p = 0.6 and amplitudes of 0.3% and 
0.1% at Re, = 1.25.105 for modes (1,O) and (OJ), re- 
spectively, for the baseline case with 0.4% turbulence 
level. Since receptivity is considered a largely linear 
process, both amplitudes are linearly scaled for other 
turbulence levels. 

For our analysis we chose the minimum of the skin 
friction coefficient Cj or the minimumof the Stanton 
number St as an operational definition of the tran- 
sition location. This definition necessarily requires 
a nonlinear analysis since linear disturbances cannot 
cause any changes in skin friction or heat transfer co- 
efficients. The runs shown were performed with low 
truncation (N = M = 1) until shortly downstream 
of the transition location. 

The boundary layer for a heated flat plate with an 
unheated leading edge was used to study the effect of 
the turbulence level. Figure 33 shows the effect of tu-  
bulence levels of 1.2% and 2.4% in comparison with 
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Figure 33: Stanton number vs. Re, for different dis- 
turbance levels reflecting approximately the turbu- 
lence levels for grids 0, 1,  and 2 of Sohn & Reshotko. 

the baseline case, 0.4%. The transition location for 
0.4% is a t  Re, x 8.3 . lo5 ,  close to the value found 
by Sohn & Reshotko. The shift to lower values as 
the turbulence level increases is clearly demonstrated. 
The shift is not as large as observed because we have 
maintained the same frequency for these runs. Ac- 
counting for a pool of waves with different frequencies 
would improve the quantitative agreement. Another 
important consideration is the streamwise decay of 
the turbulence level. Rai & Moin observed a decay 
from 9.6% to 2.4% over the length of their first com- 
putational domain. 

To analyze the effect of curvature we selected three 
cases, a flat plate at  0.68% turbulence level, a con- 
cave plate with a radius of 0.97 m at 0.6%, and a 
convex plate with a radius of 0.90 m a t  0.68% from 
the experimental studies [83, 841. Although the tur- 
bulence level for the flat plate is higher, transition in 
this experiment occurs at  a higher Re, than in the 
baseline case of Sohn & Reshotko. The effect of the 
unheated leading edge has been neglected since the 
experimental conditions are not specified. 

Figure 34 compares results of the three runs which 
are in good agreement with the observations. Re- 
markable is the higher transition Reynolds number on 
the convex plate which originates from the stabilizing 
effect of convex curvature on the longitudinal vortex 
(see figure 11) and delayed onset of secondary insta- 
bility. The significant upstream shift of the transition 
location is not caused by bypass transition, but by 
strong amplification of the longitudinal vortex. The 
change in heat transfer occurs in a still laminar but 
highly disturbed flow without participation of the TS 
wave. 

5.3.1 Analysis of a Gas-Turbine Blade 

The analysis of the heat transfer on the first stator 
blade used in the experiments performed at  United 

z 
1 o' 

10' I 1 0' 

Re, 

Figure 34: Variation of the Stanton number with the 
Reynolds number Re, for convex, flat, and concave 
plates at  comparable turbulence levels. 

Technologies Research Center (UTRC) involved all 
aspects of performing PSE runs under realistic con- 
ditions. 

The geometry of this stator blade a t  midspan was 
obtained in the form of 134 nondimensional coordi- 
nates with an absolute error of The geometry 
is shown in figure 35. 

Figure 35: The airfoil of the UTRC first stator at  
midspan. 

The inviscid flow in the cascade was computed us- 
ing the PCPANEL code.' In this code, the maximum 
number of points to describe the blade geometry is 
limited to 99. An attempt to extend this limit was 
discontinued since the closer spacing of the points 
caused undesirable oscillations of the results. Flow 
parameters were selected for the test run R53PD1 [86] 
that has been analytically studied at UTRC. The tur- 
bulence level for this test run is 0.5%. 

The pressure coefficient C, is shown in figure 36.. 
The scatter of the data in the leading-edge region is 
caused by roundoff errors in the coordinates which 

5This code was provided by E. R. McFarland, NASA Lewis 
Research Center. 
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Figure 36: Pressure distribution on the upper (suc- 
tion) and lower (pressure) surface of the UTRC first 
stator blade. 

affect slope and curvature of the surface. Otherwise, 
the pressure distribution agrees with the experimen- 
tal data. 

The boundary-layer computations were performed 
with a modification of the Kaups-Cebeci code to ac- 
count for the heat flux at the wall. The code had 
already been modified to provide curvature and met- 
ric data. The agreement of the Stanton number for 
laminar flow with the experiment is marginal, one 
cause may be different choices of reference quantities 
in the two sets of data. 

Before attempting a transition analysis, it is use- 
ful to gain insight into the stability characteristics by 
analyzing the pressure distribution and the boundary 
layer characteristics which both suggest significant 
differences of the stability on suction and pressure 
side. The short region of adverse pressure gradients 
near the leading edge on the upper surface together 
with Reynolds numbers in the range of Re M 500 
causes instability to TS waves in this region followed 
by a stable region with favorable pressure gradient yet 
increasing Re. Strong instability will appear down- 
stream of 3: M 0.5 once the stable boundary-layer 
profile has adapted to the adverse pressure gradient 
since Re M 750 in this region. The nondimensional 
frequencies F relevant to instability in this region are 
typically of the order F M 80. and higher for de- 
celerated flows which translates to physical frequen- 
cies f > 5 KHz. The disturbance spectrum given 
by Dring et al. [85] provides no information in this 
frequency range. The strong fluctuation at  the rotor 
passing frequency of 190 Ht and its significant har- 
monics are far outside the critical frequency range. 
A frequency of 8 KHt was chosen for the analysis. A 
linear PSE analysis confirmed a short region of weak 
TS growth near arclength s = 0.2 followed by a steep 
drop of the amplitude by more than seven orders of 
magnitude until instability resumed near s = 0.6 in 
reaction to the adverse pressure gradient. 
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Figure 37: Variation of the Stanton number with the 
arclength s along the suction surface. Comparison of 
experiment, laminar flow, and PSE results. 

The parameters for the nonlinear PSE run were 
chosen as before except for the frequency w = 0.1573. 
The turbulence level was assumed to be fixed at  
0.5%. The result is shown in figure 37 together with 
the laminar flow and the experirnental data. The 
run was continued through the transition location at 
s = 0.764 to amplitudes of about 10%. The transi- 
tion location is slightly upstream of the experimental 
result, probably because of overestimated initial am- 
plitudes. The distance between the neutral point and 
the transition location is about 16% of the axial chord 
length. 

A similar study of the pressure side revealed a sig- 
nificant increase of the heat transfer in agreement 
with the experiments. As in the case of a concave 
plate, the heat transfer is enhanced by strong Gortler 
vortices without ,interaction with the TS wave. 

Although applications of the PSE approach for 
transition prediction in engineering problems are just 
at  the beginning, the results so far show that tran- 
sition can be predicted with minimal empirical feed- 
back for the formulation of input models to represent 
the disturbance environment. This capability allows 
reliable trade-off analysis between different formula- 
tions. 

In addition, the PSE approach helps to close the 
gaps in our understanding of receptivity, stability, 
and transition to the benefit of future applications. 
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SUMMARY 
The objective of this paper is to review the efforts in 
spatial direct numerical simulations for transition 
modeling. Much recent success has been realized in the 
development of more efficient numerical algorithms as 
well as a robust downstream boundary condition. Efforts 
at explaining complex physical phenomena through the 
use of simulations are reviewed. 
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NOMENCLATURE 
A, initial disturbance amplitude 
AR aspect ratio of "elliptic" nose 
b multiplicative factor 
he multiplicative factor 
C local speed of sound (Section 2.4); c(x) 

multiplicative factor (Section 3); constant 
(Section 3); phase speed (Section 10.2) 

function applied in buffer domain 

location of upstream end of buffer domain 
with respect to leading edge 
characteristic length (Section 2.1); location 
of downstream end of computational domain 
with respect to leading edge (Section 3); 
half-thickness of flat plate (Section 13.1) 
half-length of the buffer domain 
exponents in super-ellipse equation (Section 
13.1) 

C1 stretching parameter 
f(x) 
G Hartreeparameter 
h 

L 

r, 
m,n 

M number of Fourier modes 
n integer (Section 13.2) 
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P" 
general disturbance quantity 
radial distance 
(U&)ln (Section 4); (&/b)ln (Section 
10.1) 
Reynolds number based on L and U, 
Reynolds number based on distance from 
the leading edge 
Reynolds number based on 6' 
Reynolds number based on 6', 
strain rate near attachment line 
time 
streamwise, normal-to-the-wall, and 
spanwise components of velocity 
velocity vector 
streamwise, normal-to-the-wall, and 
spanwise disturbance velocities 
perturbation velocity vector 
base-flow velocity vector 
basic-state streamwise component of 
velocity 
steady freestream velocity 
freestream velocity 
intermediate velocity vector determined by 
eliminating the pressure 
spanwise component of the freestream 
velocity 
streamwise, normal-to-the-wall, and 
spanwise coordinates 
parameter with dimensions of length 
location of upstream end of computational 
box with respect to leading edge 
location of downstream end of 
computational box with respect to leading 
edge 
normal-to-the-wall location of farfield edge 
of computational box 

streamwise wavenumber 
Fallcner-Skan-Cooke parameter 
boundary-layer thickness 
displacement thickness 
displacement thickness at a specified 
location 
freestream sound amplitude normalized by 
U0 
Y (SIV)lE 
streamwise wavelength 
spanwise extent of computational box 
(Section 2.1); spanwise wavelength (Section 

11) 
V kinematic viscosity 
P density 
0 spanwise component of vorticity (Section 

2.1. 8, 11); T-S wave frequency (Section 
13.1.2.13.2) 

~.JI+.O~ streamwise, normal-to-the-wall, and 
spanwise components of vorticity 

n rotational speed 
w stream function 

1. INTRODUCTION 

1.1 Motivation 
A strong international interest in problems of stability 
and transition has developed as a result of an emphasis 
on the design of gas-turbine-engine blades and vanes, 
low-Reynolds-number vehicles, submarines and 
torpedoes, and subsonic and supersonic civil transports 
and fighters (including the proposed High Speed Civil 
Transport [HSCTI) as well as hypersonic vehicles 
(including the European shuttle Hermb, the German 
Shger, the UK Hotol. the Japanese Hope, and the U.S. 
National Aerospace Plane WASP]) and reentry vehicles. 
Evidence of this is the number of recent workshops 
devoted to the topic of stability and transition (e.g. Amal 
& Michel 1990, Reda et al. 1991, Gaster 1991, Hussaini 
et al. 1990. 1992). Understanding the characteristics of 
transition is necessary for the accurate prediction of 
aerodynamic forces (lift and drag) and heating 
requirements. Moreover, delaying transition by the 
various techniques of Laminar Flow Control (LFC) 
generally results in lower drag and therefore higher fuel 
efficiency. 

Of interest to the turbulence community is the fact that 
boundary-layer flows are open systems, strongly 
influenced by and dependent on freestream &d wall 
conditions. The transition process has been well- 
documented to vary considerably when the operating 
conditions change. The transition process then provides 
the vital upstream conditions from which the 
downstream turbulent flowfield evolves and it is 
reasonable to imagine that different transition patterns 
give rise to different turbulence characteristics 
downstream. Most turbulence calculations and 
modeling, however, are currently done under equilibrium 
conditions, and not in a flowfield evolving from 
transition. Thus, it is important that the physical 
mechanisms involved in the transition process be 
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understood and accurately included in order for any 
predictions and modeling of the turbulent flowfield 
downstream to be successful and realistic. 

1.2 Scenario of Transition 
The transition from laminar to turbulent flow occurs 
because of an incipient instability of the basic flow field, 
which depends intimately on subtle, and sometimes 
obscure, details of the flowfield. Disturbances in the 
freestream, such as sound or vorticity, enter the boundary 
layer as steady and/or unsteady fluctuations of the basic 
state. This part of the process is called receptivity 
(Morkovin 1969. Reshotko 1984) and although it is still 
not well understood, it provides the viral initial 
conditions of amplitude, frequency, and phase for the 
breakdown of laminar flow. Initially these disturbances 
may be too small to measure and they are observed only 
after the onset of an instability. The type of instability 
that occurs depends on Reynolds number, wall curvature, 
sweep, roughness, and initial conditions. The initial 
growth of these disturbances is described by linear 
stability theory (Amal 1993). This growth is weak, 
occurs over a viscous length scale, and can be modulated 
by pressure gradients, mass flow, temperature gradients, 
etc. For the flat plate, as the amplitude grows, three- 
dimensional (3-D) and nonlinear interactions occur in the 
form of secondary instabilities. At this point, 
disturbance growth is very rapid (now over a convective 
length scale) and breakdown to turbulence occurs 
quickly. 

On the other hand, for 3-D boundary layers and GUrtler 
problems, nonlinear distortions of the basic flow may 
occur early on due to the action of the primary 
instability. These flows are characterized by an 
extensive distance of nonlinear evolution with eventual 
saturation of the fundamental disturbance and leading to 
the strong amplification of very-high-frequency 
inflectional instabilities and breakdown (Saric 1994; 
Kohama et al. 1991, 1993; Muller & Bippes 1989; Reed 
& Fuciarelli 1991; Fuciarelli & Reed 1992). The 
relevance of linear stability theory is questionable in 
these situations. 

At times, the initial instability can be so strong that the 
growth of linear disturbances is bypassed (Morkovin 
1969) and turbulent spots or secondary instabilities occur 
and the flow quickly becomes turbulent. This 
phenomenon is not well understood but has been 
documented in cases of roughness and high Ereestream 

turbulence. In this case, transition prediction schemes 
based on linear theory fail completely. 

In other words, at the present time no mathematical 
model exists ?hat can predict the transition Reynolds 
number or model the transition region even on the 
simplest of geometries, the flat plate. Because of the 
influence of indigenous disturbances, surface geometry 
and roughness, sound, heat transfer, and ablation, it is 
not presently possible to develop general prediction 
schemes for transition location and the nature of 
turbulent structures in boundary-layer flows. These 
influences, which are not completely understood, may 
trigger transition through a forced response of the flow 
as a nonlinear oscillator. Moreover. there is an 
incomplete understanding of the free response of this 
nonlinear oscillator, i.e. of the fundamental mechanisms 
which lead initially small disturbances to transition. 

13  W h y  Spatial Simulations 
Direct numerical simulations (DNS) are playing an 
increasingly important role in the investigation of 
transition: the literature is growing, especially recently. 
This trend will continue as considerable progress is made 
in the development of new, extremely powerful 
computers and numerical algorithms. In such 
simulations, the full Navier-Stokes equations are solved 
directly by employing numerical methods, such as finite- 
difference, finite-element, or spectral methods. An 
excellent review was that of Kleiser & Zang (1991) and 
this AGARD lecture on spatial simulations serves as a 
complementary companion to that of Kleiser (1993) on 
temporal simulations. The intent of this paper is to 
describe recent advances in the application of spatial 
simulations and significant results obtained using this 
technique. 

Transition is a spatially evolving process and the spatial 
DNS approach is widely applicable since it avoids many 
of the restrictions that usually have to be imposed in 
other models and is the closest to mimicking 
experiments. For example, no restrictions with respect 
to the form or amplitude of the disturbances have to be 
imposed, because no linearizations or special 
assumptions conceming the disturbances have to be 
made. Furthermore, this approach allows the realistic 
treatment of space-amplifying and -evolving 
disturbances as observed in laboratory experiments. The 
temporal simulation, by contrast, uses periodic boundary 
conditions in the streamwise direction (identical inflow 
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and outflow conditions) and follows the time evolution 
of a disturbance as it convects through the flow; 
upstream influence is limited by this assumption. 
Moreover, in temporal simulations. the basic state is 
assumed to be strictly parallel, that is, invariant with 
respect to the streamwise coordinate. All of these 
restrictions noted are especially suspect when 
considering complex geometries, 3-D boundary layers, 
receptivity, and control. Fasel (1990) makes similar 
points. Kleiser (1993) discusses the issue of rapid 
growth near breakdown. 

The basic idea of the spatial simulation is to disturb an 
established basic flow by forced, timedependent 
perturbations. Then the reaction of this flow, that is, the 
temporal and spatial development of the perturbations, is 
determined by the numerical solution of the complete 
Navier-Stokes equations. 

Problems associated with this method which preclude it 
ftom being used routinely €or design include: 

(a) A large amount of computer resources (CPU and 
memory) is usually required for solution [e.g. Herbert 
(1991) quotes an estimate of cpu 0(1@) and double 
precision words of memory O( 109 on a CRAY-YMP for 
3-D runs on a f la t  plute using standard methods and 
simulating breakdown with limited resolution]. Because 
of the long fetch from the onset of instability to 
breakdown and the large amplitude ratios associated with 
this process [O(elo) and larger], resolution and bit 
accuracy limit how far into breakdown that a spatial 
simulation can go. Because of the large differences in 
amplitudes throughout the domain and the large growth 
rates known to exist near breakdown where smaller 
scales appear, truncation and round-off e m  can easily 
contaminate the solution. Consequently, spatial 
simulations are currently unable to proceed completely 
through transition and into turbulence. 

(b) There is a need to impose a nonintrusive downstream 
boundary condition since the periodic assumption 
(associated with temporal simulations) is no longer used. 
Several ideas are presented in these notes, however, there 
is typically a region of waste where the Navier-Stokes 
equations are not valid and the solution is discarded. In 
light of the discussion in (a), this adds to the resource 
problem. 

(c) The use of either the Parabolized Stability Equations 

(PSE; Herbert 1993) or DNS simulations, both of which 
account for nonlinear and nonparallel effects, is 
hampered by our current lack of knowledge of the 
connection between the freestream and the boundary- 
layer response. A physically appropriate upstream or 
inflow condition must be specified. Efforts to bridge this 
gap are described in these notes in the section on 
receptivity. 

These course notes axe restricted to wall-bounded shear 
layers. In Section 2, progress in numerical methods to 
make the spatial simulation more viable is described, 
while in Section 3. the imposition of the downstream 
boundary condition is discussed. Then in Sections 4 
through 7, recent efforts addressing nonparallel effects, 
nonlinear 3-D effects, compressibility, and large 
amplitude-disturbance input, respectively, for flat plates 
are presented. Section 8 talks about flows with pressure 
gradients. Next in Sections 9 through 10, results for 
geometries involving attachment-line and 3-D boundary- 
layer instabilities, respectively, are summarized. Section 
11 describes efforts for surface-geometry effects, 
particularly sharp-comered elements, humps, and holes. 
Sections 12 and 13 then give results of control and 
natural receptivity, respectively. 

2. NUMERICAL METHODS 
The Navier-Stokes equations are highly nonlinear, time 
dependent, and elliptic in space. To simulate the spatial 
evolution of a disturbance field, a numerical method 
must account for (a) time-accurate discretization, (b) 
phase-accurate discretization of the convective terms, (c) 
sufficient resolution in viscous regions (e.g. close to 
surfaces and in free shear layers), (d) outflow, 
nonreflective boundary conditions, and (e) efficiency, 
speed, and "low" memary. 

2.1 Formulations 
The basic set-up for a spatial simulation is shown in 
Figure 1. The most highly studied geometry has been 
the flat plate. A finite rectangular box, usually placed 
downstream of the leading edge and extending ftom X, 
to XN in the streamwise direction, from 0 to YN in the 
normal direction, and from 0 to h, in the spanwise 
direction, is usually selected as the physical domain. 
The reaction of this flow to disturbances input along the 
wall, at the inflow, and/or at the fdield edge of the box 
(Section 2 and Section 13) is then determined by 
numerical solution of the complete Navier-Stokes 
equations for 3-D, time-dependent 
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compressible/incompible flow. In this formulation a 
downstream boundary condition must also be specified 
(Section 3). 

Different formulations of the dependent variables are 
possible including (in incompressible, Cartesian form): 

a) primitive variable with three velocity components 
u,v.w (in the streamwise x. normal y, and spanwise z 
directions, respectively) and pressure (four unknown 
physical quantities) 

where the Laplacian is defmed as 

and Re is the Reynolds number based on the freestream 
velocity U, and a characteristic length L. The restriction 
to incompressible introduces the computational difficulty 
that mass contains only velocity components, and there 
is no obvious link with the pressure as there is in the 
compressible formulation through the density. In 
general, the primitive-variable approach involves using a 
Poisson equation for the pressure in place of the 
continuity equation. This is done to separate the 
majority of the "pressure effects" into a single equation 
so that the elliptic nature of the flow can be suitably 
modeled. The pressure Poisson equation is derived by 
taking the divergence of the momentum equations. The 
use of a staggered grid as in Figure 2 permits the 
coupling of the velocities and pressure at adjacent grid 
points and can prevent oscillatory solutions, particularly 
for the pressure, that can occur if centered differences 
are used to discrethe the convective and pressure- 
gradient terms on a nonstaggered grid. The global 
coupling implicit in spectral discretization of pressure 
derivatives can block the appearance of the intertwined 
but uncoupled pressure solutions associated with 
centered differences on a nonstaggered grid. A 
discussion of appropriate boundary conditions for 
pressure is given by Fletcher (1991). Gresho & Sani 
(1987). and Gresho (1991). 

b) vorticitylstream function (for 2-D only) 

where the Laplacian is defined as 

and 

and Re is the Reynolds number based on the freestream 
velocity U, and a characteristic length L. The explicit 
appearance of the pressure is avoided. Two unknown 
physical quantities are sought and mass conservation 
does not have to be treated explicitly. The stream- 
function field must be determined to be compatible with 
the timedependent vorticity distribution at every time 
step. Fletcher (1991) and Gresho (1991) discuss 
appropriate boundary conditions for the vorticity, as 
solid-surface boundary conditions are often a weak point. 

c) vorticitylvelocity with three vorticity-transport 
€XptiOnS 

for the vorticity components 

and the three Poisson equations for the velocity 
components 
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where the Laplacian is defined as 

and Re is the Reynolds number based on the freest" 
velocity U, and a characteristic length L. These 
equations are completed by the conditions of 
conservation of mass and zero divergence of vorticity 

There are six unknown quantities to solve. 

The goveming equations can be solved for total-flow 
quantities (basic state plus disturbance) or disturbance 
quantities (basic state solved separately) and, if written 
in conservative form (e.g. Fasel et al. 1987, 1990), 
quantities such as vorticity, energy, etc. are "conserved", 
even for finite step sizes in the discretized equations. 

Because of the need for high spatial resolution, higher 
than in conventional CFD applications, the use of high- 
order fmite differences and spectral methods is 
particularly attractive. This is particularly important 
numerically when trying to advance into regions of large 
growth ram, small scales, and breakdown. High-order 
fmite-difference and compact methods are attractive 
because of their enhanced accuracy, relative tolerance of 
inconsistent boundary conditions. usefulness in complex 
regions, and resulting matrix structure (banded matrix 
because they are local methods); these techniques are 
very popular in spatial-simulation studies. Spectral and 
pseudospectral methods (e.g. Murdock 1977, Gottlieb et 
al. 1983, Voigt et al. 1984, Canuto et al. 1988, Boyd 
1989) are global methods requiring less terms in the 
approximate solution and attractive numerically because 
of their high accuracy, good resolution in regions of high 
gradients, and exponential convergence properties and 
have become popular in transition simulations in various 
forms as will be seen in subsequent paragraphs. Another 
advantageous property of these methods is that the 
energy can be monitored in the coefficients of the higher 

terms in the series, thus signaling when resolution is 
inadequate and the simulation must be terminated. 
Collocation methods are often used for their ease of 
application, while Galerkin methods can be used in the 
development of divergence-free basis functions and tau 
methods may be used when fast solvers are available. 
However, the issues of incorporating inconsistent 
boundary conditions. applying spectral methods to 
complex geometries and compressible flows, and solving 
flows with discontinuities away from boundaries (Gibbs 
phenomenon) need to be further addressed. In general, 
promising active areas of effort include improved 
iterative convergence and multigrid techniques and 
spectral domain decomposition and multidomain 
methods. 

One must determine a workable combination of 
goveming equations, boundary conditions, and numerics 
for each given problem. What works for one situation 
may not work for another (Fasel 1990, Rist 1991). As 
pointed out by Rist (1991). the available computer, in 
particular, the architecture, vector length, speed, and 
memory, also dictates what approach is taken. 

In this Section, the formulations of several different 
groups are presented so that a person just starting can get 
a feel for what approaches have been considered and 
been successful. Thus far, to this author's knowledge, all 
simulations have assumed periodicity in the spanwise 
direction and used Fourier series there. (The use of 
Fourier series allows for the use of Fast Fourier 
Transfoms (FITS) for the efficient computation of 
derivatives.) 

The spatial simulation of 2-D incompressible boundary- 
layer flow was first accomplished by Fasel (1976) who 
used second-order-accurate finite differences in both the 
streamwise and normal directions. The computational 
box was placed downstream of the leading edge (Figure 
1). The equations were solved in velocity-vorticity form 
with a fully implicit iterative technique. Over the course 
of the years, Fasel & colleagues (reviewed in Fasell990) 
have mainly used the velocity/vorticity formulation for 
incompressible flows and primitive variables for 
compressible flows (Thumm et al. 1990). For solving 
the goveming equations, they recommend fourth-order 
finite differences in the streamwise and normal 
directions and spectral or pseudospectral methods in 
span. They have also developed both implicit and 
explicit schemes (Fasel et al. 1987, 1990). Konzelmann 
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et al. (1989) and Konzelmann & Fasel (1991) used a 
multigrid coupled with a line-iteration technique (direct 
in y. iterative in x) in the solution of the v-Poisson 
equation, while the U- and w-Poisson equations are 
solved directly (Hackbusch & Trottenberg 1982). 

Rist (1991) (from this same "Stuttgart group") 
summarized in detail the performance of one 'kcent" 
version of their incompressible code, made to be highly 
efficient, simulating the Kachanov et al. (1985) 
experiments. When the conservative form and a pseud* 
spectral evaluation of the nonlinear terms was used, the 
computation time for the nonlinear terms was reduced by 
roughly 50% as compared with a method using the 
nonconservative form. Time integration was performed 
by an explicit fourth-order-accurate Runge-Kutta- 
Merson scheme, allowing the use of time steps of about 
the same order of magnitude as the space step required 
for physical resolution; the explicit integration also 
allowed good vectorization or parallelization of the code. 
A multigrid scheme was developed for the efficient 
solution of the v-Poisson equation. For 4600 grid points 
in x, 121 in y, and 16 Fourier components in z and 7160 
discrete time levels, a total of 406 cpu-hours of CRAY-2 
time with a maximum storage of 220 Mwords (1.76 
Gbytes) was needed for the calculation up to the 
formation and early stages of the subsequent breakdown 
of the instantaneous high-shear layers into smaller 
vorticity concentrations leading to a flow resembling that 
of a turbulent flat-plate boundary layer. Additional 
resolution would be necessary to resolve the further 
stages of breakdown to fully developed, chaotic 
conditions. [From a personal conversation with W. 
Muller on March 17, 1993, this author now understands 
that there have been firrher improvements in their 
numerics such that the cpu-time and memory 
requirements have been further reduced and resolution 
capabilities enhanced.] 

Patera (1984a.b). Kamiadakis et al. (1985), Maday & 
Patera (1987), Kamiadakis (1989, 1990), and Fischer & 
Patera (1991) have developed spectralelement 
methodology for spatial discretization, which is a high- 
order weighted-residual technique that combines the 
generality of the finiteelement technique with the good 
resolution properties of spectral methods. For basically 
2-D complex geometries, the spanwise direction can be 
treated in one of two ways. Fourier series (as has been 
done by most other investigators thus far) can be applied 
in span, thus reducing the problem to the solution of M 

2-D problems at each time step (h4 is the number of 
Fourier modes); the only coupling in z is through the 
nonlinear terms where Fast Fourier Transforms can be 
efficiently used. The second formulation applicable for 
problems with non-periodic boundary conditions in span 
involves the use of a general Legendre spectral 
expansion in span. 2-D spectral elements are then used 
in the other two directions. In the standard spectral- 
element discretization, the computational domain is 
broken up into quadrilaterals in 2-D or general brick 
elements in 3-D which are mapped isoparameaically to 
canonical squares or cubes, respectively. Physical 
quantities and geometry are then expressed as tensor 
products in terms of Legendre-Lagrangian interpolants. 
The final system of discrete equations is determined 
using a Galerkin variational statement. For a backward- 
facing step, Torczynski (1992) demonstrated the 
importance of grid refinement to ensure local zero 
divergence (equation 1) and achieve correct basic 
features of the flowfield 

Spalart et al. (1991) developed a procedure whereby a 
spatially developing flow can be treated with spectral 
accuracy in all directions, in particular, Fourier series in 
both the streamwise and spanwise directions. This was 
accomplished by adding an outflow, or fringe, region at 
the downstream end of the box; see Section 3 for a 
description. Third-order Runge-Kutta was used for 
integration of the convection term. 

Danabasoglu (1992) and Danabasoglu et al. (1990, 
1991a,b, 1992a,b, 1993) used fourth-order central 
differences, Chebyshev polynomials, and Fourier series 
in the streamwise, normal, and spanwise directions, 
respectively. The governing equations in primitive 
variables were integrated on a nonstaggered grid by a 
time-splitting procedure (Fortin et al. 1971 and Kim & 
Moin 1985), by which the pressure is uncoupled from the 
momentum equations. The implicit Crank-Nicolson 
method was used for the normal-direction diffusion 
terms. For the simple geometries of the incompressible 
plane channel and the flat plate, all other terms were 
treated explicitly using the Adams-Bashforth method 
resulting in second-order accuracy in time. On the other 
hand, when surface elements or obstacles were included, 
a third-order-accurate low-storage Runge-Kutta method 
was used for the convective terms; this resulted in a 
method approximately three times faster. To satisfy 
global mass conservation on a nonstaggered grid, the 
solution of the pressure Poisson equation was done 
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through the capacitance matrix method (Kleiser & 
Schumann 1984 and Streett & Hussaini 1986). 

For incompressible flat-plate flow, Josh et al. (1992) 
developed a simulation based on fourth-order central 
(pressure equation) and compact (momentum equations; 
Kreiss 1975) differences in the streamwise direction, 
Chebyshev polynomials in the normal direction, and 
Fourier series in span. At boundary and near-boundary 
points, fourth-order forward and backward differences 
were used in the streamwise direction. The equations in 
primitive-variable form were solved on a nonstaggered 
grid (as in the previous paragraph). For time marching, a 
time-splitting procedure was used with implicit Crank- 
Nicolson differencing for the normal diffusion terms and 
explicit three-stage Runge-Kutta for the remaining terms 
(Williamson 1980; Streett & Hussaini 1986). To satisfy 
global mass conservation, the influence-matrix technique 
was used to solve the pressure Poisson equation (as in 
the previous paragraph; Streett & Hussaini 1986); 
instead of solving a Neumann problem, two Dirichlet 
problems were solved. The buffer-domain technique of 
Streett & Macaraeg (1989) was used downstream. Joslin 
et al. (1992b) further improved this scheme by 
incorporating sixth-order compact differences (Lele 
1989, 1991) to replace the fourth-order approximations 
and by introducing staggered grids in the normal 
direction. Reductions of 10-50% cpu time, 30-50% 
virtual memory, and 50-70% run-time disk requirements 
were reported. 

Liu et al. (1992) have developed high-order finite- 
difference and multigrid methods for modeling spatial 
instabilities in the plane channel. Using a uniform 
staggered grid and primitive variables (Figure 2), fourth- 
order central differencing was applied at interior points, 
while second-order central differences were maintained 
for boundary points. They used a fully implicit time- 
marching scheme and solved the resulting system by a 
semi-coarsening multigrid method based on a modified 
point distributive relaxation scheme and involving grids 
that were coarsened in the y-direction only (Figure 3). 
They used a two-level full approximation scheme (FAS) 
to model the nonlinearities. The references are good 
sources for the details. A new treatment for the outflow 
boundary was developed (described in Section 3). Liu & 
Liu (1992, 1993) extended these ideas to flat-plate 
boundary layers, using a stretched and staggered grid. 
Stretching was applied only in the normal direction. To 
simulate fundamental breakdown to the three-spike stage 

with limited resolution, they reported that their code 
required about 10 megawords of memory storage and 5 
CRAY-YMP cpu hours. These numbers sound very 
encouraging; however, the phrase "with limited 
resolution" should be clarified with respect to what grid 
will adequately resolve all scales for this algorithm 
before these estimates can be quantitatively evaluated 
relative to other schemes. 'Ihe domain was seven 
wavelengths long plus a one-wavelength buffer and the 
input amplitudes on the 2-D and 3-D waves were 3% and 
1%. respectively. 

I 

For compressible flows, Rai & Moin (1991) extended the 
method of Rai & Moin (1989), based on a partially 
implicit, fractional-step method (Kim & Moin 1985), to 
compressible, multidomain calculations. The method 
used an upwind-based differencing technique for the 
convective terms to control aliaTing errors (the leading 
truncation error of some upwinding schemes is by nature . 

dissipative thus damping the high-frequency content); 
upwind-based means that points on both sides of the 
desired point are used but with more points used in the 
direction of bias. The viscous terms were computed 
using fourth-order central differences. The 
nonconservative formulation was chosen because the 
finite differencing is easily extendable to curvilinear 
coordinates and general geometries. 

For supersonic conditions, h e t t  & Chang (1993) 
developed a code for calibration of the PSE in 2-D flow 
on a flat plate. The temporal DNS code of Pruett & 
Zang (1992a,b) was modified to include inflow-outflow 
conditions and new far-field conditions. The equations 
in primitive-variable form were discretized using Fourier 
functions (Canuto et al. 1988) in the spanwise direction 
and sixth-order-accurate compact differencing (Lele 
1989, 1991) in the streamwise and normal directions. 
Boundary points were fifth-order-accurate in stream and 
third-order-accurate normal (Carpenter et al. 1991). The 
solution was advanced in time fully explicitly by means 
of a third-order low-storage Runge-Kutta scheme 
(Williamson 1980). For inflow they used for the basic 
state a solution ftom a spectrally accurate boundary-layer 
code (Pruett & Streett 1991) and applied source terms to 
the Navier-Stokes equations to cancel the initial residual 
due to the boundary-layer assumption (Erlebacher & 
Hussaini 1990). The inflow for the disturbance was a 
nonparallel eigensolution (Chang et al. 1991) and 
outflow was by the buffer domain of Streett & Macaraeg 
(1989); see Section 3. At the farfield. the boundary 

I 
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condition of Thompson (1987) based on characteristic 
theory to ensure that no waves propagate into the domain 
was applied. 

The prohibitiveamputer-resource issue is obviously 
being addressed. The time and memory savings reported 
recently by investigaton have thus far been encouraging 
in allowing the spatial simulation to become a more 
viable tool for the determination of the basic physics. 
More work to reduce resource requirements for general 
geometries must be vigorously pursued, however, if 
spatial simulations are ever to become routine in design. 

2.2 Initial Condition for Disturbance Field 
Usually. the undisturbed flowfield is specified as the 
initial condition and then the disturbance is "turned-on" 
and time-accurately advanced to ascertain both its 
temporal and spatial evolution. 

23 Disturbance Input 
One advantage of spatial simulations is the freedom and 
control of what is input as a disturbance; the 
computation can be made to mimic experiments and 
provide some guidance. If disturbances are to be 
introduced directly into the boundary layer along the 
inflow, typically normal modes from the Orr- 
Sommerfeld equation and/or random disturbances have 
been successfully used. As another example, Singer et 
al. (1989; temporal simulation) used a combination of 
random noise and vortices as upstream conditions in the 
plane channel and showed that, depending on the 
amplitude of the vorticity, the route to turbulence can be 
altered and experimental results matched (Figure 4). 
Alternatively, a periodic suction/blowing (Fasel et al. 
1987,1990) or heater strip (Kral& Fasel 1989,1990) on 
the surface will introduce disturbances; this is 
incorporated into the wall boundary conditions (Figure 
5). Spalart (1989, 1990, 1991, 1993) introduces any of 
random noise, stationary and traveling waves, packets, 
etc. by means of a bodyforce added to the right-hand 
side of the momentum equation. 

Providing input upstream of Branch I allows the noise to 
be washed out of the true disturbance signal in a region 
of damping before subsequent amplification. All of the 
above techniques produce linear waves with the 
appropriate frequency and wavelength, although, the 
introduction of modes at the upstream boundary requires 
the smallest downstream distance for this adjustment. 
However, some of the other techniques can be argued to 

more mimic the experimental setup. 

Josh et al. (1992a,b) introduced modes from linear- 
stability and PSE theory upstream of Branch I and 
demonstrated the sensitivity of the computations to slight 
variations in the inflow conditions. The disturbance 
amplitude was set at 0.25% rms at inflow. For flat-plate 
flow, at the saturation of the fundamental wave, the 
difference between the wave amplitudes for the two 
numerical approaches was 0(2.5%) when 41 collocation 
points were used in the normal direction. They also 
noted that a coarse grid leads to an underprediction of the 
saturation amplitudes for the mean-flow distortion, 
fundamental, and first harmonic. 

Alternatively, disturbances can be introduced along the 
boundaries in the freestream along undlor upstream of 
the body. For receptivity studies, oscillatory sound and 
vorticity disturbances are prescribed (Figure 6; Section 
13). 

2.4 Freestream Condition 
For incompressible flow, typically the computational box 
is extended far enough away from the surface to a finite 
height YN to enable the application of decayed- 
disturbance conditions at the edge; Dirichlet conditions 
of zero disturbances could be used there, but to eliminate 
possible reflections from the farfield, 

where q' = (u',v',w'), is preferable. In the case of 
receptivity, an oscillation is provided along some portion 
of the freestream boundary (Section 13). Fasel & 
Konzelmann (1990) pointed out that extending the 
domain to infinity and mapping to a finite domain can 
add artificial viscosity to the system (Roache 1985). 
which is very undesirable when the objective is to 
accurately determine the hydrodynamic stability of a 
flow. 

For supersonic flow, because the vertical velocity v is 
generally small and positive, Bayliss & Turkel (1982) 
considered the farfield boundary to be subsonic and 
imposed a condition obtained from the linearized 
characteristic variables in the direction normal to the 
boundary. The characteristic variables were obtained by 
neglecting variations tangential to the boundary, 
linearizing the inviscid part of the equations about the 
current solution, and then diagonalizing the resulting 
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system of equations. They then set the time derivative of 
the incoming characteristic variable to be zero, 

pt .t p c v,= 0 (25) 

where the density p and the local speed of sound c were 
taken from the previous time level. h e t t  & Chang 
(1993) used the boundary condition of Thompson (1987) 
based on characteristic theory to ensure that no waves 
propagate into the domain. 

2.5 Multidomain 
Breaking the physical domain into a small number of 
adjoining domains can aid in studies of complex 
geometries or very rapid, local geometry changes, such 
as roughness, and when large gradients occur away from 
the boundaries. As an example, spectral collocation 
methods are known to be difficult to apply in single 
complex domains where inaccuracies due to severe grid 
stretchings and discontinuities in boundary conditions 
and properties are spread globally and where fast direct 
solvers can fail because of ill-conditioning due to a large 
number of grid points. 

The multidomain method of Macaraeg & Streett (1986) 
is based on an influence matrix technique and requires 
continuity of the variables and their first derivatives 
across the interfaces. This technique is useful to resolve 
sharp flowfield gradients which occur in directions 
normal to the wall by smoothly clustering grid points in 
these regions; each subdomain separately contains 
enough points to sufficiently resolve the flowfield 
locally. 

2.6 Validation 
It rakes much effort to develop a DNS code for the study 
transition and validation must be done. Suggestions for 
testing include (a) grid-refinement studies, (b) solving 
test problems for which the solution is known, (c) 
changing the boundary locations systematically and 
resolving, (d) comparing linear growth rates, neutral 
points. and eigenfunctions with linear stability theory, 
and (e) running the unsteady code with time-independent 
boundary conditions to ensure that the calculations 
remain steady. 

3. DOWNSTREAM BOUNDARY CONDITIONS 
In disturbance-propagation problems, it is necessary to 
impose nonreflecting outflow conditions. The elliptic 
nature of the Navier-Stokes equations comes from two 

sources: the pressure term and the viscous terms. 
Interaction of these two effects produces upstream 
influence; if local velocity perturbations interact with the 
condition imposed at the downstream boundary, a 
pressure pulse can be generated that is immediately felt 
everywhere in the flowfield including the inflow 
boundary. 

For example, the popular extrapolation and characteristic 
conditions applied at the downstream boundary lead to 
reflections back upstream. 

Fasel and colleagues (Fasel 1976, Fasel & Bestek 1980, 
Fasel et al. 1987,1990) developed the wave condition 

where a is the dominant streamwise wavenumber and q' 
is a disturbance quantity. However, unless a single, 
small 2-D disturbance is the focus of the study, the 
downstream boundary has to be kept far enough ahead of 
the disturbance wavefront and the computation stopped 
before the disturbance hits the downstream boundary to 
avoid reflections. To quote Fasel et al. (1987), "For 
large growth rates that particularly arise in the leading 
wave packet, the boundary conditions" above "were not 
satisfactory and caused strong distortions of the flow 
field 

The boundary layer is a parabolic, convectively unstable 
system, where controlled disturbances applied upstream 
convect downstream and affect transition. But once 
these disturbances pass by, the boundary layer reverts to 
its original state before the forcing. As long as sufficient 
resolution is used and the boundary-layer thickness to 
streamwise distance is small enough to prevent the 
transmission of pressure signals over distances of the 
order of x, advantage can be taken of this property of 
small upstream influence in formulating the downstream 
condition. 

Stratt & Macaraeg (1989) developed a buffer domain 
(see Figure 7). Here a region was appended to the 
downstream end of the computational domain. In this 
region, the governing equations were modified to support 
only downstream-moving waves. By applying the 
multiplicative factor 

C(X) = 0.5 tanh[cl(Lh-x)] + 0.5 (27) 
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to the streamwise viscous terms c(x)tIWflx2 to 
eliminate upstream-influence effects at the boundary, to 
the streamwise-perturbation part of the convective 
velocity c(x)u'(~U@x+arr/ax) to eliminate the 
possibility of advecting streamwise gradients upstream, 
and to the right-hand side of the pressure equation 
c(x)(V& / At) for consistency, these effects were 
reduced to zero smoothly with increasing x. Note that 
when c(x) is zero, the pressure is decoupled from the 
velocity. mere, Lh is the half-length of the buffer 
domain, c1 is a stretching parameter, x is the streamwise 
coordinate measured relative to the beginning of the 
buffer domain, V is the perturbation velocity vector, U' is 
the streamwise perturbation velocity, Ub is the base-flow 
velocity vector, and 0 is the intermediate velocity vector 
determined by eliminating the pressure.] Danabasoglu et 
al. (1990, 1991a) used a buffer zone which was 40% of 
the length of the original domain; Saki et al. (1993) 
about 30%. Joslin et al. (199%) applied this technique to 
their fourth-order central-/compact-differencing/spectral 
code and showed that a buffer region of only three 
Tollmien-Schlichting U-S) wavelengths long was 
sufficient for damping (Figure 8). 

Spalart (1989. 1990, 1991, 1993) also used regions 
appended to his domain in which true solution behavior 
had to be converted to the periodicity required by the 
numerical method. 

(a) For the attachment-line simulations, the domain used 
was symmetric in x, including x = 0 (Figure 9). The 
basic-state streamwise component was of the form U, = x 
S u(q) where U was determined along with the normal 
and spanwise components from an ordinary differential 
equation, q = y (S/v)ln, and S was the strain rate near 
the attachment line. The x in U, was replaced by f(x) 
where f(x) = x over most of the domain and dropped off 
rapidly to 0 at the ends. In other words, the Navier- 
Stokes equations were satisfied in the region [-h, h], but 
not in the fringe regions [-L, -h] and [h, L]. In those 
regions, basic-state source terms were effectively added 
to the disturbance equations. A satisfactory f(x) found 
by Spalart was 

See Figure 9. f(L) = f(-L) = 0, f(x) matched from -L to 
L, the mismatch in f"(x) was exponentially small from -L 

to L, and f(x) was very close to x over most of the 
interval [-L, L] when x& is moderately small. Inflow 
was from infinity in the y-direction at x = 0 so no 
disturbances were c h e d  in to that location. For this 
work, the fringes occupied approximately 15% of the 
domain. 

(b) For the rotating disk, a similar technique was used. 
The entire disk was fit into a square region and Fourier 
series were used in the two directions in the plane of the 
wall. The region between the edges of the square and the 
disk was the fringe region. Because of the larger 
amplitude ratios associated with rotating-disk flow, a 
severe steepening of waves resulting in oscillations was 
observed in the fringe region. A damping term was 
added to the momentum equation in the fringe. 

(c) For boundary-layer flows, both an inflow and an 
outflow region were attached in x to the useful domain. 
An additional term had to be added to damp fluctuations 
in the fringe region, so that they were below the forcing 
level when they reentered the domain by periodicity. If 
U' is the fluctuation, the term added to au'/at is -c(x)u' 
where c = 0.5/At in the fringe and zero otherwise. 
Because disturbances are strongly amplified in the useful 
region, an order of magnitude more damping is needed in 
the fringe. If the amount of damping is insufficient, the 
solution will diverge with time. For this work, the 
fringes occupied approximately 25% of the domain. 

Liu et al. (1992) and Liu & Liu (1992, 1993) proposed 
another buffer trkatment that they found to reduce the 
amount of wasted domain to only one T-S wavelength. 
The diffusion term was replaced by h J R e  (b a2/ax2 + 
a2&2 + $/&?)U where U was the velocity vector and b 
and he were given by 

The effect of these functions in the buffer region was to 
force the momentum equations to become increasingly 
convection-dominated in the x-direction and diffusion- 
dominated in the y-direction. Making the quantity (b 
times hJ tend to zero toward the outflow boundary was 
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basically a way of saying that this boundary was at x = 
00. In order to specify the disturbance pressure to be zero 
there, the disturbance solution had to be a damping 
mode. This would happen if the local Reynolds number 
were sufficiently small. Therefore the c was assigned a 
value (c = 49) so that the effective Reynolds number 
smoothly decreased to a very small value downstream. 
At the outflow boundary then, the conditions 

are specified. 

I It appears that as long as some sort of reasonable 
treatment is done downstream ahead of the boundary, the 
problem of wave reflection back upstream seems to be 
under control. The major concern is to minimize the 
wasted region in the computation, in order to keep 
required resources to a minimum. 

4. NONPARALLEL EFFECTS IN FLAT-PLATE 
FLOWS 
The 2-D flat plate has been a popular model 
experimentally, theoretically, and computationally for 
studies of stability and transition. In applying linear 
stability theory to this flow, a parallel flow is assumed, 
that is, the basic state and disturbance eigenfunctions are 
assumed to be slowly varying in the streamwise direction 
as compared with the direction normal U> the surface. 
Discrepancies exist, however, near Branch I between 
linear stability results and experiments for linear 
disturbances which raised doubt about the parallel 
assumption used in the theory. Spatial computations 
include nonparallel effects which are neglected in the 
theory and have been used to determine if this is the 
source of the differences for 2-D flows. 

For small imposed 2-D-disturbance amplitudes, Fasel & 
Konzelmann (1990) showed that when nonparallel 
effects are considered, the prediction of growth rate and 
wavenumber depended on the criteria used (flow 
quantity, distance from the wall, etc.) and the nonparallel 
effects were greatest closer to the wall (inside the 
boundary layer). However, there was no influence on 

the disturbance amplitude and phase distributions and 
nonparallel effects did not fully account for the 
differences observed between experiments and various 
theories near Branch I. 

In a similar study, using a very different numerical 
technique, Spalart (Bermlotti et al. 1992) obtained 
agreement with the PSE regarding both nonpamllel and 
moderate nonlinear effects, and concluded that 
nonparallel effects were weak and in the linear range the 
Orr-Sommerfeld equation was accurate enough. The 
result of weak nonparallel effects was also found by 
Danabawglu et al. (1993). 

In other words, virtually all 2-D, "zero-pressure- 
gradient" problems of practical interest have R > loo0 
(where R is traditionally taken as W J / V ] ' ~ ) ,  in which 
case the parallel theory seems quite adequate. The above 
efforts have shown conclusively that differences between 
theory and experiment in the linear range are not fully 
due to nonparallel effects, but rather to some other 
mechanism at work. 

5. NONLINEAR, 3-D EFFECTS 
Thus far, three distinct transition mechanisms have been 
found for the flat plate experimentally (Saric 1993). The 
theoretical work of Herbert (1988) successfully 
identified the operative mechanism in each case and 
found them to be amplitude and Reynolds-number 
dependent. The further needs in this area are (a) to 
extend the catalogue of relevant mechanisms and to 
develop deeper understanding of their physics, (b) to 
model, in more detail, the breakdown process itself, and 
(c) to understand how freestream disturbances are linked 
to the mechanisms observed. Amplitude and spectral 
characteristics of the disturbances inside the laminar 
viscous layer strongly influence which type of transition 
occurs. 

The unbounded growth of disturbances and transition are 
very sensitive to the details of the flow. Linear theories 
and weakly nonlinear theories fail after the instability 
waves achieve finite amplitude, and when various waves 
compete and grow simultaneously. Here, still in the pre- 
chaos stage, nonlinear effects become significant and 
spatial computations by DNS are implied. No shape 
assumptions are necessary, the spectrum is larger, and 
random disturbances whether freestream or already in 
the boundary layer can be introduced and monitored for 
growth and interactions. Other advantages realized by 
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computations are a) the inclusion of boundary-layer 
growth, neglected in linear theory but important to the 
growth of secondary instabilities, b) the generation of 
ensemble averages, c) the visualization of flow 
phenomena for comparison with experiments (advanced 
graphics capability), and d) the calculation of vorticity 
and energy spectra, often unavailable f” experiments. 

One note is that breakdown is 3-D and nonlinear. The 
disturbances can be 3-D and linear however before 
transition. 

Two popular models that have been extensively 
considered computationally, theoretically, and 
experimentally for the study of 3D nonlinear effects have 
been the plane channel and the flat-plate boundary layer. 
The plane channel is fundamentally different from the 
flat plate in that the plane-channel “boundary-layer’’ does 
not grow, hence the Reynolds number remains a 
constant. 

5.1 Plane Channel 
Danabasoglu (1992). Danabasoglu et al. (1990, 1991a), 
and Saiki et al. (1991, 1993) considered 3-D flow in a 
plane channel. They used the bufferdomain technique 
of Streett & Macaraeg (1989) for the downstream 
boundary and found results in agreement with previous 
experiments. Comparisons were made between the 
quantitative and qualitative characteristics of the H- and 
K-type instabilities. In the nonlinear development of H- 
type, there was bias toward one wall, whereas in K-type, 
there was simultaneous transition on both walls. At low 
amplitudes of the input perturbation, the H-type showed 
higher growth than the K-type, while at higher initial 
amplitudes, the growth rates of the two were comparable. 
For H-type, spectral analysis revealed the presence of the 
subharmonic 2-D mode which promoted the growth of 
the 3-D spanwise and fundamental modes through 
nonlinear interactions. An intermodal energy transfer 
study (ala Singer et al. 1987 for temporal) demonstrated 
that there was a net energy transfer from the 3-D modes 
to the 2-D mode. This analysis also indicated that the 
mean mode transfers net energy to the 2-D subharmonic 
mode and to the 3-D modes. 

Saiki & Biringen (1992) examined the effects of 
different inflow conditions, specifically a high- and low- 
amplitude 2-D disturbance coupled with a 3-D random- 
noise field They found that the precise definition of the 
random initial field did not bias the flow towards 

fundamental breakdown (contrary to the temporal results 
of Kim & Moser 1989). They also found that at low 2-D 
amplitudes, subharmonic breakdown was prevalent, 
while at higher amplitudes, both fundamental and 
subharmonic modes competed (in agreement with the 
temporal simulations of Singer et al. 1989). 

Schatz et al. (199 1) conducted numerical simulations for 
plane-channel flow with an array of nine streamwise 
periodically spaced cylinders. The simulations were 
performed on a 32-processor Intel Hypercube using 
spectral element spatial discretization. Constant mass 
flux was specified by the parabolic profile at inflow and 

parametric resonance were observed in this work. 
aday = aviax = p = o at the outflow. cases of 

5.2 Flat Plate 
Konzelmann et al. (1989) investigated spatially growing 
disturbances introduced by time-periodic 
suctionblowing on a flat plate. The formulation was 
velocity/vorticity and the method was fully explicit. A 
multigrid coupled with a line iteration technique was 
used in the solution of the v-Poisson equation, while the 
U- and w-Poisson equations were solved directly 
(Hackbusch & Trottenberg 1982). 

(a) Under the experimental conditions of Klebanoff et al. 
(1962), they performed two simulations: one with input 
of a 2-D moderate-amplitude T-S wave and two small 
oblique 3-D disturbances of fundamental and 
subharmonic frequency and the other with an additional 
longitudinal vortex added. In both cases the 
amplification rates for the 3-D modes were in agreement 
with secondary-instability theory. The addition of the 
longitudinal vortex shifted the initial amplitude of the 
fundamental 3-D wave to higher values and fundamental 
resonance dominated over subharmonic as in the 
experiments. This result was in agreement with the 
earlier results of Singer et al. (1989) in temporal plane 
Poiseuille flow. 

(b) Under the experimental conditions of Kachanov et al. 
(1985) with larger 2-D amplitudes, a resonance model 
consisting of a 2-D wave and its higher harmonic and 
longitudinal vortices was found to agree with the 
experimental observations (see also Rist & Fasel 1991). 
See Figure 10 for a comparison between the 
computations and the experiments especially noting the 
good agreement at y = 2.5 mm where the phases are 
locked. [Rempfer & Fasell991 determined the coherent 
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structures from the simulation data using the Proper 
Orthogonal Decomposition (POD Lumley 1970 and 
Sirovich 1987) technique leading to an expansion of the 
flowfield variables into Kamunen-Wve (KL) 
eigenfunctions from probability theory W v e  1955). A 
similarity was found between transitional structures and 
those found in fully developed turbulent flows. 
Moreover, the 3-D structures calculated by the POD 
were similar to experimentally observed ones, like the A- 
vortex.] 

Further computations by Fasel et al. (1987, 1990) 
showed that 

(c) The computations under the conditions of Klebanoff 
et al. (1962), as described in (a), showed poor agreement 
of the spatial growth at peak and valley stations, until a 
small streamwise pressure gradient was added to the 
computations. This pressure gradient was present in the 
experiments of Klebanoff et al. (1%2). 

(d) Simulations of the subharmonic experiments of 
Kachanov & Levchenko (1984). with a fundamental and 
3-D subharmonic introduced at the wall in the 
computations, showed good agreement with the 
experiments. 

Josh et al. (1992b) also simulated the subharmonic 
experiments of Kachanov & Levchenko (1984) and 
found good qualitative agreement. There were some 
modal discrepancies observed between the two, though, 
which were resolved when the computations included a 
small adverse pressure gradient and a small effective 
frequency variation in the disturbance. 

Josh et al. (1992b,c) showed that oblique-wave pairs 
self-intemt to excite a streamwise-vortex structure. If 
the initial amplitudes were large enough O(l%), the 
interaction of these waves and the vortex caused a 
breakdown that bypassed the secondary-instability stage. 
Regardless of the initial amplitudes, the streamwise 
vortex became the dominant higher mode; this could be 
applicable to flows with roughness elements. 

An interesting challenge for DNS would be to predict 
some of the combination-resonance experimental results 
of Corke & Mangano (1989). 

53 Validation of PSE 
Benchmark runs by Spalart (Bertolotti et al. 1992) for the 

evolution of T-S waves and Fasel et al. (1990) for 
subharmonic breakdown have validated the use of the 
PSE (Herbert 1993). See Figure 11. 

On the other hand, Joslin et al. (1992a.b) found-good 
quantitative agreement between the PSE (Chang et al. 
1991) and the computations for the instability modes but 
not for the mean-flow distortion component; the same 
inflow conditions were applied to both methods. This 
discrepancy was attributed to a difference in boundary- 
condition treatment for the PSE at the farfield. 

Good agreement was found by Josh et al. (1992b) for 
subharmonic and obliquewave breakdown. 

5.4 Wavepackets 
The studies above deal with steady or time-periodic 
forcing of disturbances. Another possible predecessor of 
transition is wavepackets, which are physically generated 
by localized disturbances and can lead to turbulent spots. 

Bestek & Fasel (1985) investigated the early stages of 
transition in particular the development and propagation 
of 2-D wavepackets in plane-channel and boundary-layer 
flow. In both cases the linear evolution was govemed 
solely by the amplification rates and dispersion relations 
of the constituent waves of the packet. 

Konzelmann & Fasel (1991, see also Fasel 1990) 
duplicated the experimental conditions of Gaster & 
Grant (1975) to examine the evolution of wavepackets in 
the boundary layer. Fourth-order-accurate finite 
differences were used in stream and span and time 
integration was with an explicit third-order-accurate 
Adams-Bashforth scheme. The nonlinear terms were 
computed by a pseudospectral method. A multigrid 
coupled with a line iteration technique was used in the 
solution of the v-Poisson equation, while the U- and w- 
Poisson equations were solved directly. Periodicity was 
assumed in the spanwise direction. The disturbances 
were introduced for one time step at the wall. Good 
agreement with the experiment was found. Inside the 
boundary layer, structures were found which looked 
similar to the high shear layers in controlled experiments 
and were staggered suggesting the importance of 
subharmonic effects. This was confmed by a 
companion analysis. 

6. COMPRESSIBLE 
There are very few compressible spatial simulations. 
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Moreover, in contrast to incompressible flows, there is 
no guidance regarding the nonlinear stages of transition 
from experiments. Initial efforts have indicated that the 
amount of resources required can far exceed an 
incompressible calculation; gradients of disturbance 
quantities are generally steeper and compressibility is 
known to reduce disturbance amplitudes, thus "delaying" 
the normal appearance of breakdown in a given 
computational box. Results are only available for the 
simple geometry of the flat plate. 

6.1 Flat Plate 
Thumm et al. (1990) and Bestek et al. (1992a,b) studied 
spatially growing 3-D waves in a growing 2-D flat-plate 
boundary layer; the disturbances were introduced via 
periodic wall blowing/suction. The time stepping was 
fully explicit employing the predictor-corrector approach 
of MacCormack (in Roache 1985) which is second-order 
accurate. In the x- and y-directions, fourth-order- 
accurate finite differences were used (Goalieb & Turkel 
1976). For Mach numbers 0.4, 0.8, and 1.6 they found 
that the subharmonic resonance mechanism seen in 
incompressible flow was significantly weakened with 
increasing Mach number and decreasing Reynolds 
number. For a Mach number of 1.6, a fairly high 2-D 
amplitude of 5% was necessary to initiate the 
subharmonic resonance. The fundamental resonance 
mechanism was stronger. They pointed out that a 
secondary instability calculation based on a finite 2-D 
amplitude may not be relevant for supersonic flow and 
they investigated other possible routes to turbulence at 
low supersonic Mach numbers. To this end they 
simulated a Mach-1.6 base flow subjected to a pair of 3- 
D waves of amplitude 0(1%) and discovered a new 
breakdown mechanism, termed "oblique-wave 
breakdown". The disturbances quickly became nonlinear 
and through direct nonlinear interactions, a strong 
longitudinal vortex system was observed. The resulting 
structures, which differed from the A-shaped vortices 
usually reported for fundamental or subharmonic 
breakdown, were described as "honeycomb-like" (Figure 
12). 

Normand & Lesieur (1992). recognizing that high Mach 
numbers require high Reynolds numbers for transition to 
occur, used large-eddy simulation whereby the effect of 
the small unresolved scales upon the explicitly simulated 
large scales had to be modeled. A new subgrid-scale 
model, based on the second-order velocity structure 
function and tested in isotropic turbulence, was used 

(Metais & Lesieur 1990). The numerical scheme was 
due to Goalieb & Turkel (1976) and was second-order 
accurate in space. Inflow/outflow boundary conditions, 
using 1-D normal characteristics, were used at the 
farfield and downstream computational boundaries; 
outgoing characteristics were extrapolated from the 
interior of the computational domain and incoming 
characteristics were kept constant at the boundary. For 
controlled-disturbance input of a 2-D wave plus random 
3-D disturbances in a Mach-5 flat-plate flow, they first 
observed 2-D waves from the forcing, then a 
subharmonic secondary mode emerged. Staggered A- 
shaped structures formed and then broke up and paired 
as they travelled downstream. These structures appeared 
to be more stretched in the streamwise direction than for 
the incompressible case. Because of the modeling, no 
transition to small-scale turbulence was observed, 
however, it was postulated that the coherent structures 
observed maybe characterized those in a turbulent 
boundary layer at Mach 5. Because this study did not 
resolve the small scales, the comments in Section 7 
should be considered. 

Maestrello et al. (1991) studied the possible interaction 
between 3-D first-mode and 2-D second-mode 
disturbances at a Mach number of 4.5. The unsteady 
Navier-S tokes equations in primitive-variable form were 
solved by a generalization of MacCormack's scheme 
obtained by Gottlieb & Turkel(l976) which was fourth- 
order accurate on the convective terms and second-order 
accurate on the diffusive terms and in time. On the 
subsonic portion of the outflow boundary, the time 
derivative of the incoming characteristic variable of the 
1-D problem was set to zero and other characteristic 
variables were extrapolated from the interior (Bayliss & 
Turkel 1982); on the supersonic portion, all variables 
were extrapolated from the interior. They pointed out 
that the problem was computationally intensive both 
because it was 3-D and because there was a great 
difference between the wavelengths and frequencies of 
the first and second modes. To minimize the 
computational effort then, the initial 2-D and 3-D 
disturbance amplitudes were prescribed to be 3% and 
1.5%. respectively. An interaction between the modes 
was observed resulting in the development of smaller 
scales in all directions as the flow evolved spatially, 
leading in particular to a pronounced increase in the 3-D 
character of the flow. The rapidly growing second mode 
promoted vortex roll-up and localized regions of intense 
vorticity which could accelerate the transition process. 



6-16 

in both 3-D waves being amplified. 
The coupling between a 2-D supersonic (Mach number 
2.2 and 4.5) laminar boundary layer and a flexible 
surface was studied by Frendi et al. (1992a-c) using 
numerical solutions of the Navier-Stokes equations 
coupled with the plate equation. The same formulation 
as that of Maestrello et al. (1991) was used. 

(a) Two-dimensional unstable higher modes exhibited 
substantial growth, but there was little excitation of the 
flexible surface. The frequency range of the second 
mode was too high for effective coupling. 

(b) Lower-frequency 2-D stable first-mode disturbances 
also did not effectively couple with the flexible surface 
and there was no significant difference between the 
disturbance levels over the flexible and rigid surfaces. 

(c) The flexible surface was forced to vibrate by plane 
acoustic waves at normal incidence to the surface 
emanated by a sound source located on the side of the 
flexible surface opposite to the boundary layer. For 
frequencies near the fifth natural frequency of the 
surface or lower, large disturbances were introduced in 
the boundary layer. In studying the interaction between 
an input stable 2-D first-mode disturbance and the 
vibrating surface, the disturbance amplitude was higher 
over the flexible surface as compared with a rigid 
surface, indicating a strong coupling between flow and 
structure. Inflection points could develop in the velocity 
profile and incipient formation of vortex rolls was 
observed. The surface vibrations could be transmitted 
outside of the boundary layer as acoustic radiation. 

EiSler & Bestek (1993) studied the spatial development 
of disturbances in a 2-D supersonic flat-plate boundary 
layer at Mach 4.8, using the same numerical method as 
Thumm et al. (1990) and Bestek et al. (19%,b) above. 

a) For small periodic input disturbances, two 2-D 
disturbance waves as well as two 3-D waves were 
generated. a first-mode wave and a "multiple viscous 
solution" (Mack 1969) which is slightly damped. 
Results agreed well with linear stability theory. 

b) For finite-amplitude disturbances, fundamental 
resonance was observed and both 3-D waves, the least- 
stable disturbance as well as the multiple viscous 
solution, synchronized their phase velocities with the 
phase velocity of the 2-D second-mode wave, resulting 

6.2 Validation of PSE 
Benchmark runs by Pruett & Chang (1993) for Mach45 
flat-plate flow were done to validate the PSE 
formulation. For small-amplitude 2-D disturbances, the 
agreement was excellent; while for larger 2-D 
amplitudes, agreement for the fundamental was 
excellent, but for the first few harmonics, there was 6- 
12% emr. 

7. LARGE-AMPLITUDE-DISTURBANCE INPUT 
Rai & Moin (1991) simulated transition and turbulence 
on a straight-line flat-plate using a high-order-accurate, 
upwind-based. iterative-implicit, finite-difference 
algorithm developed for unsteady, compressible flow. 
High-amplitude freestream disturbances, 0(2.75%) at the 
leading edge, forced transition to occur close enough to 
the leading edge that complete transition to turbulent 
flow could hopefully be simulated. Comparing with the 
experimental results of Suder et al. (1988), Sohn & 
Reshotko (1991). and Karlson & Johansson (1988). the 
following observations were made: 

(a) For Mach number 0.1: 

(i) Surface skin friction and heat transfer could not be 
accurately and reliably predicted using the Reynolds- 
averaged Navier-Stokes and the available turbulence 
models. Considering skin-friction variations, the 
DNScomputed onset of transition (Rex = 250,000) 
and the transition region agreed pretty well with 
experiments (Figure 13). 

(ii) Various velocity statistics and visualizations of 
the instantaneous flowfield indicated that some of the 
essential features of the transition process were 
qualitatively captured in the computation when 
compared with the experiments. 

(iii) These computations required 400 hours of CPU 

time on a CRAY-YMP and it was suggested by the 
authors themselves that a still finer grid by as much 
as factors of 2 and 1.5 in the streamwise and 
spanwise directions, respectively, would be 'required 
to achieve an accurate simulation. 

(b) For Mach number 0.4, the estimated computing time 
dropped by 75%. 
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To predict transition on a flat plate. Yang & Voke (1992) 
developed a code which integrated forward in time by 
explicit second-order Adams-Bashforth, while spatial 
discretization was by a second-order finite-volume 
method which exactly maintained local and global 
conservation of mass, momentum, and convected kinetic 
energy. At each time step, a pressure Poisson equation 
was solved. At the outlet, advective boundary conditions 
were used for all velocities; these were based on an 
advecting velocity equal to mean streamwise velocity. 
At the inlet (flat-plate leading edge), uniform flow plus 
" freestream turbulence" composed of pseudorandom 
disturbances was specified. For a coarse mesh, they 
predicted transition in qualitative agreement with high- 
freestream-turbulence experiments (Savilll992). 

These last two studies seem to suggest that under- 
resolved DNS solvers may possibly still capture the 
gross or mean features of transition. But this is not yet 
clear, and this author suggests caution even if your goal 
is just a qualitative or ballpark prediction of transition 
location and length. If the details of the transition 
process are important to you, then this approach will 
more than likely give you misleading results. Another 
observation with these high-freestream-turbulence 
computations is that there is definitely a need for 
accurate descriptions and cataloguing of the freest" 
environment, since transition has been well documented 
to be highly sensitive to this. 

Balasubramanian (1990) began studies of the early 
stages of the formation and evolution of hairpin 
structures (related to bursting and the entrainment of 
low-speed streaks in a turbulent flow) by developing a 
numerical solution of an initially laminar (subcritical) 
flow in which injection through a narrow streamwise slot 
was done. His multidomain code features C lcontinuity 
requirements at interelement boundaries with Chebyshev 
discretization in the streamwise and normal directions 
and Fourier series in span. Numerical details were given 
in Balasubramanian & Orszag (1980). He found 
agreement with the experimental structures observed by 
Acarlar & Smith (1987). 

Singer et al. (1993) also studied the evolution of a strong 
(vertical velocity of 25% Ua disturbance localized both 
in space (along a slit 25 6*, long and 2 6*, wide) and 
time (pulse duration 5 &*&a in a low-Reynolds- 
number (Res*, = 600) boundary layer and showed that a 
hairpin vortex forms at the upstrm end of the slit. As 

the vortex travels downstream, the head rises high in the 
boundary layer and the legs are stretched. Secondary 
vortices form upstream of the head of the primary 
vortex. A subsidiary hairpin-like vortex forms under the 
stretched leg of the original vortex. Additional quasi- 
streamwise vortices form near the wall, typically under 
the stretched legs of already existing vortices. The 
structures experience periods of growth, decay, and 
occasionally regrowth. Plan views of vertical vorticity 
reveal an envelope of highly disturbed flow with an 
arrowhead shape, reminiscent of a turbulent spot. 
Locally averaged streamwise velocity profiles in the 
highly disturbed region have a small logarithmic region, 
though the slope is not that of a fully turbulent flow. 

8. PRESSURE GRADIENT 
Gruber et al. (1987) and Bestek et al. (1989a) examined 
the effect of a laminar separation bubble on the spatial 
development of a T-S wave in a 2-D flat-plate boundary 
layer. The steady bubble was produced by imposing a 
local adverse pressure gradient at the freestream 
boundary and a small-amplitude disturbance was 
introduced at the inflow boundary. They used a fully 
implicit finitedifference scheme of second-order 
accuracy in both space and time (Fasel 1976). The 
generated bubble length and height were approximately 
58% and 1% of the T-S wavelength, respectively. The 
presence of the bubble caused the disturbance to grow 
from 0.03% just upstream of the bubble to 10% in 
amplitude downstream. The ut-profile exhibited a third 
maximum in between the initial two maxima of the 
Blasius disturbance profile. Qualitative agreement with 
results of spatial linear stability theory was found. 

Bestek et al. (1989a) went further to i ncme  the adverse 
pressure gradient and found the laminar separation 
bubble to be naturally unsteady, that is before the T-S 
wave was introduced at the inflow. They attributed this 
to a hydrodynamic instability of the separated layer. The 
time-dependent solution used inherently introduced very 
small but finite differences between the grid values that 
acted like turbulence and were amplified by the large 
growth rates inherent to this problem. 

Elli & van Dam (1991) and van Dam & Elli (1992) 
further studied the flowfield of Gruber et al. (1987) using 
a 2-D saeam-function/vorticity formulation discretized 
to be second-order accurate in both space and time and 
solved by a direct matrix solver. The outflow conditions 
vXx = u2v, q, = -a20 were applied. They found that 
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because the unsteady Navier-Stokes solutions of the 
separated flow accounted for nonlinearities and 
nonparallel effects, the results were noticeably different 
from stability-theory results for the same steady base 
flow. For higher fi-equencies, strong interactions 
between the T-S waves and the separation bubble 
occurred, resulting in strong vortex shedding. When 
time-averaged, the size of the unsteady bubble was less 
than that of the steady one. In contrast to Gruber et al. 
(1987), they concluded that linear stability theory was 
not appropriate for this problem and full spatial 
simulations were required (Figure 14) when high 
frequencies were considered. 

Kloker & Fasel (1990) first tested several Falkner-Skan 
boundary layers: a decelerated flow (Hartree-parameter 
G = -O.l), an accelerated flow (G = 0.1). and a flat-plate 
flow (G = 0.0). Disturbing the flow by a small- 
amplitude 2-D wave and a pair of oblique waves, the 
following linear results were found. For the accelerated 
flow. the waves were damped immediately downstream 
of the input ship, whereas in the decelerated flow there 
was strong amplification. The 3-D components were 
less amplified than the 2-D components. In comparing 
the 3-D components obtained from the Navier-Stokes 
calculation to those from spatial linear stability theory, 
the streamwise velocity was enhanced when the flow 
was accelerating and disappeared for deceleration as 
compared with flat-plate flow. Deceleration increased 
the spanwise velocity. Agreement with the 
eigenfunctions from theory was very good. 

Kloker & Fasel(l990) then considered both fundamental 
and subharmonic breakdown in a nonlinear decelerating 
Falkner-Skan flow (G = -0.18, near separation). There 
was a distinctly shorter region of linear growth as 
compared with the flat-plate case with a larger linear 
growth of the 3-D mode in the fundamental case. At a 
threshold value of about 0.7% of the 2-D wave, there 
was subharmonic resonance and hence enhanced 
amplification. For the fundamental case, this did not 
occur until the 2-D wave had achieved an amplitude of 
about 3%. However, the growth resulting from the 
fundamental resonance was much larger than that from 
the subharmonic. In contrast to flat-plate flow, then, the 
fundamental mechanism results in stronger growth than 
the subharmonic. Results were found to be in good 
agreement with the secondary-instability theory of 
Herbert (1988). 

Kloker & Bestek (1992) further considered fundamental 
breakdown in this same flow and observed that 
fundamental breakdown under adverse conditions 
evolved differently from that of the zem-pressure- 
gradient case. The terms "peak" and "valley" have been 
used to distinguish between spanwise regions of high- 
and low disturbance-amplitude growth in the 
fundamental breakdown process in zero-pressure- 
gradient flow; at the peak position, breakdown of the 
instantaneous high-shear layer into smaller vorticity 
concentrations can be observed leading to a totally 
chaotic motion, while the disturbance development in the 
valley shows no outstanding characteristic structures. In 
contrast, under adverse conditions, two high-shear layers 
are formed, an upper one at the spanwise "peak" position 
and a lower one half a spanwise wavelength away in the 
"valley" position. Breakdown now occurs first in the 
lower high-shear layer. The lower high-shear layer is 
associated with the formation of an inverted A-shaped 
vortex with its tip located at the "valley" position (Figure 
15). 

9. ATTACHMENT LINE 
Spalart (1989) evaluated the attachment-line region in a 
swept Hiemenz flow with a domain symmetric in x, 
including x = 0, and using Fourier series in the two 
directions parallel to the wall and a fringe region 
appended downstream. The following results were 
found 

(a) Introducing small-amplitude disturbances by way of 
white noise, it was found that the Gortler-Hmmerlin 
(1955) form for the disturbances in fact corresponded to 
the most unstable disturbances in this region. For 
different suction parameters, the critical Reynolds 
numbers found by Hall et al. (1984) were in good 
agreement with the computations. It was also confinned 
that unswept Hiemenz flow was linearly stable even to 
very general initial disturbances. Wnswept Hiemenz 
flow was also shown to be nonlinearly stable in this 
work.] 

(b) The turbulent attachment-line boundary layer and 
relaminarization induced by lowering the sweep 
Reynolds number W,(S v)-lD [S was the s k i i n  rate of 
the irrotational flow at the attachment line and W, was 
the spanwise component of the freestream velocity] or 
increasing suction were then considered. The turbulence 
is often subcritical and the boundary layer can revert 
from an established turbulent state to a stable laminar 
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(1969). Relaminarization without suction was predicted 
for a Reynolds number between 250 and 300. Suction 
had a much weaker effect on the relaminarization 
Reynolds number than on the critical Reynolds number, 
meaning that Laminar-Flow-Control designs based on 
linear stability theory alone can overestimate the benefits 
of suction at the attachment line (Figure 16). Significant 
blowing also caused the instability not to be subcritical 
anymore. [See also Hall & Malik (1986). although 
Jimenez et al. (1990) and Theofilis (1993a,b) disagree 

10.3-D BOUNDARY LAYERS 
For the 3-D boundary layers characteristic of swept 
wings, the crossflow instability contributes to transition 
(Reed & Saric 1989). This instability occurs in regions 
of pressure gradient on swept surfaces where the surface 
is curved. At present it is unclear whether the normal- 
mode solutions of linear stability theory apply. 
Moreover, the streamwise vorticity characteristic of the 
crossflow instability causes a nonlinear distortion of the 
mean boundary-layer flow, thus inducing secondary and 
high-frequency disturbances to be amplified and causing 
a fast breakdown to turbulence, especially in crossflow- 
dominated situations (Kohama et al. 1991, 1993; 
Fuciarelli & Reed 1991, 1992). Moreover, such 
experiments as those of Muller & Bippes (1989) indicate 
a saturation, not accounted for in theories. Spatial DNS 
should be done in these cases because it obviates the 
need for the parallel-flow assumption and allows for 
nonlinearities and interactions. Moreover, the use of 
periodic boundary conditions in the streamwise direction 
(as in temporal DNS) is suspect when instabilities grow 
quickly and breakdown occurs over a short streamwise 
scale. 

\ 

10.1 Rotating Disk 
The rotating disk has been extensively studied, although 
its applicability to a swept-wing boundary layer is now 
in question. The basic state can be easily computed from 
ordinary differential equations (vonKarman self-similar 
solution), the geometry is very simple, and 
experimentally it is easier to achieve a lower-disturbance 
environment than in a wind tunnel. Differences include 
the presence of a Coriolis force and the much larger 
amplitude ratios occurring within a wavelength. This 

I 

I 
~ 

last point is addressed by Spalart (1991) who says that 
because the motion is along shallow spirals (about 109, 
the spatial growth with increasing radius could be so 
large as to allow the inward propagation of disturbances 
and the parabolic or convectively unstable assumption 
would be violated as the problem becomes elliptic. The 
use of linear stability theory and PSE would be 
questionable in these regions. In fact, Mack (1985) 
shows that an amplitude ratio larger than 30 (growth rate 
0.15) from one vortex to the next occurs as Reynolds 
number goes to infmity. Certainly, it is reasonable to be 
concerned that a vortex is influenced by its immediate 
outside neighbor if the neighbor's amplitude is 30 times 
larger. However, computing to an amplitude ratio of 
about 9 (growth rate 0.1) with 40 waves, Spalart (1991) 
found no inward propagation up to a Reynolds number R 
= r (W)ln of 640, providing additional evidence to the 
experiments (Wilkinson & Malik 1985). 

Spalart (199 1) evaluated the flow near a rotating disk by 
fitting the entire disk into a square region and using 
Fourier series in the two directions in the plane of the 
wall. The region between the edges of the square and the 
disk was a fringe region. Introducing various linear 
disturbances, the following results were found 

(a) Considering a pure wave with the idea of evaluating 
linear-stability-theory predictions, he determined that the 
stability equations 'including curvature terms were 
accurate (Malik et al. 1981, Kobayashi et al. 1980) and 
the Orr-Sommerfeld equation was not. He also found 
that the vortices followed logarithmic spirals at about 1 1 O 

and the radial wavelength increased with R. 

(b) Considering the wake of a single stationary 
disturbance using the same conditions as Wilkinson & 
Malik (1985) and Mack (1985). the agreement with 
experiment is fair, with theory it is excellent. 

(c) Considering a wave packet localized in all space 
directions and in time to mimic a pulse through a small 
hole under the same conditions as Wilkinson et al. 
(1990), differences with respect to the location of the 
roughly triangular packet with time and the angle from 
the source between the computations and experiments 
were ~ported. Spalart (1991) offered some reasons for 
the differences after a talk with Wikinson. Then, the 
computations showed lower-amplitude precursor waves 
that travelled faster than the bulk of the packet and had 
reverse spirals as the shape of their ridges. The growth 
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of the packet was not appreciably faster than that for the 
stationary disturbances. R = 330 appeared to be a 
minimum-amplitude location. 

(d) Considering random, stationary disturbances to 
mimic random wall roughness, sparse spots were seen 
from about R = 300, organized spirals with a jagged 
inner front h m  330. The 20" angle vortices observed 
by Federov at R = 245 (Reed & Saric 1989) were not 
seen here. Dislocations were observed, helping the flow 
maintain a constant radial wavelength and wave angle 
with increasing radius, thus adapting to the most 
amplified wave at each location. The number of vortices 
appeared to slowly increase with R. 

From all this work it appeared that time-dependent 
disturbances did not grow significantly faster than 
stationary ones. 

103 Nonrotating Geometries 
Spalart (1990) considered the crossflow instability in 
swept Hiemenz flow. This method used Fourier series in 
both the spanwise and streamwise directions and, at the 
upstream and downstream ends of his domain, he used a 
fringe method in which the disturbances were forced to 
damp and the Navier-Stokes equations were not satisfied. 
The following results were found: 

(a) To model natural disturbances, white-noise 
perturbations on the scale of the grid and the time step 
and modulated by an envelope function in y (the product 
of a Gaussian and powers of y to satisfy no-slip) were 
introduced. The initial amplitude was O(l0-4 to 
study linear disturbances. 

(i) For time-dependent input conditions, the 
instability of the attachment line was similar to T-S 
waves in a 2-D boundary layer, with the instability 
threshold being about W,W = 500. Further 
downstream, waves with positive phase velocity in z 
were most amplified and traveling waves dominated. 
However, the vortices were not aligned with the local 
inviscid-flow direction. 

(ii) For time-independent input conditions, the fully 
developed solution was steady and the vortices were 
now almost aligned with the local inviscid-flow 
direction. The pattem was similar to experiments, 
being smoother with fewer dislocations and 
exhibiting a jagged front. Crossflow vortices were 

amplified when the crossflow Reynolds number 
based on the integral of the crossflow component was 
O(30) or based on the maximum crossflow velocity 
and boundary-layer thickness was O(100). Their 
orientation was between the freestream and the wall- 
shear-smss directions. 

(b) Using white-noise, time-independent perturbations of 
larger initial amplitude to study nonlinear effects, 

(i) When a comparison was made between the rms of 
U' with respect to the laminar flow and with respect to 
a spanwise average, a difference was seen which 
revealed a distortion of the spanwise-averaged flow 
due to either the wavefronts being in the x direction 
or to the Reynolds stresses (amplitudes 0(10%)). 

(ii) The nonlinearity was stabilizing: the vortices 
(and the mean-flow distortion) saturated when the 
rms reached a few %. The ms with respect to the 
spanwise mean achieved a level of about 10%. 
independent of the forcing level, in good agreement 
with experiments (Miiller & Bippes 1989). At the 
highest initial amplitude of %lo4, a slight 
unsteadiness was observed. maybe due to a 
secondary instability. 

(c) Considering a single linear wave as input to validate 
linear stability calculation methods (Amal1993), 

(i) Selecting the most unstable wavenumber locally, 
slightly different growth rates were observed for the 
three velocity components. Only a very slight 
difference was observed between the growth rates 
gleaned from the solution of the spatial Orr- 
Sommerfeld equation and those of the Navier-Stokes. 
Curvature and nonparallel effects appeared to be very 
Weak. 

(ii) At a given x, the calculations with random, 
distributed input produced waves appreciably longer 
in z than the pure wave most amplified at that point. 

(iii) Traveling waves (c = 0.15) were more amplified, 
but the growth rate of the stationary waves was only 
about 25% smaller than the maximum. 

(iv) For large x. the spatial growth rate scaled with 
l/x for fixed Wm6/v. 
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(d) Considering a time-independent perturbation, 
localized in x and y to simulate an isolated bump or 
roughness element and of amplitude 10-8, the spreading 
of the packet was asymmetric, new bands added only on 
the downstream side of the wavepacket (Figure 17). The 
edges of the packet were close to the external 
streamlines, while the constant-phase lines were oriented 
between them and the wall streamlines. 

Lin & Reed (1991, 1992, 1993a,b) investigated the 
crossflow instability on an infinite-span. 70" swept wing. 
The model consisted of a 6 1  semi-elliptical nose 
followed by a flat plate. The integration domain was a 
rectangular box located downstream of the leading edge. 
The 3-D unsteady incompressible Navier-Stokes 
equations were discretized by a Fourier-specWfmite- 
difference scheme. For the infinite swept wing, periodic 
boundary conditions were used in the spanwise direction 
(parallel to the leading edge); 6 Fourier modes were 
used. Near the leading edge, low-amplitude, steady 
blowing and suction was introduced on the wall surface 
to provide the initial disturbance for stationary crossflow 
(Figure 18). Results found included. 

(a) Even though the maximum disturbance velocity was 
relatively weak (about 0.16% UJ, the half wavelength 
superharmonic appeared suggesting interaction due to 
nonlinearity. The components in each of the three 
directions appeared to be of the same order of 
magnitude. The maximum of the superharmonic 
disturbance in the crossflow direction was buried deeper 
in the boundary layer than the fundamental and was at 
the height of the first zero crossing of the primary 
disturbance in the same direction. 

(b) The primary disturbance mode in the freestream 
direction was much larger than the superharmonic mode, 
while in the other two directions they were of 
comparable size. This indicated that the primary mode 
was almost totally responsible for the spanwise 
modulation of the total streamwise velocity observed 
experimentally. The primary disturbanceamplitude 
functions of the full Navier-Stokes calculation were 
compared with those predicted by linear stability theory. 
There were two major differences. First, the maxima of 
the disturbances in both the freestream and normal 
directions predicted by linear stability theory were higher 
in the boundary layer than those predicted by the 
simulation. Second, the disturbanceamplitude function 
in the crossflow direction given by the simulation had 

two zero crossings, whereas the linear theory predicted 
only one. As an observation, the primary normal 
disturbance velocity was approximately one fourth as 
large as the crossflow-direction disturbance velocity. 

(c) The streamline pattem for the combined distorted 
mean flow, primary crossflow. and superharmonic is 
shown in Figure 19. Close to the wall there exists 
another set of small vortices rotating in the direction 
opposite to that of the main crossflow vortices. Based on 
this structure. a half-wavelength periodicity can be 
expected. Wall-shear-stress calculations showed a 
relatively minor effect by the half-wavelength 
disturbance. 

(d) Nonlinear distortion producing multiply inflected 
streamwise profiles was observed (Figure 20). This gave 
rise to a high-frequency Rayleigh instability leading to 
breakdown over a short spatial scale, as found by 
Fucimlli & Reed (1991, 1992) who used linear stability 
theory on the distorted profiles. 

(e) Comparing a linearized Navier-Stokes calculation 
with linear stability theory, the growth rates predicted 
were smaller in the leading-edge region for the latter 
approach (Figures 21.22; Lin & Reed 1993a). 

( f )  Using linearized Navier-Stokes. wall curvature was 
found to be stabilizing and streamline curvature 
(nonparallel effects, not in-plane curvature) was 
destabilizing for, the stationary crossflow instability 
(Figure 21; Lin & Reed 1993a). 

(g) This simulation involved a geometry with a change in 
pressure-gradient sign from favorable to adverse. Linear 
theories stabilize at this location whereas the 
computations indicated unstable behavior occurring 
further downstream (Figures 21.22; Lin & Reed 1993a). 

Josh & Streett (1992a,b) simulated the crossflow 
instability in a Falkner-Skan-Cooke flow with a 
favorable streamwise pressure gradient, using the 
numerical ideas of Josh  et al. (1992a). They reported 
good agreement with linear stability theory and the 
experiments of Dagenhart et al. (1990). No further 
information is available in the literature at this point, but 
should be forthcoming. 

Muller et al. (1993) tested a swept flat-plate flow subject 
to freestream pressure grrrdients; no surfacecurvature 
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was included. The integration domain was a rectangular 
box located downstream of the leading edge. The 
equations cast in velocity/vorticity form were discretized 
using fourth-order finite differences in the chordwise and 
normal directions and Fourier series in span. For the 
base flow, the vorticity transport equation was solved by 
a semi-explicit Euler scheme using an artificial time. 
For the disturbance flow, the integration in time was by 
an explicit fourth-order-accurate Runge-Kutta scheme. 
At the outflow, vorticity disturbances were suppressed 
upstream of the boundary and a decay condition was 
applied directly at the boundary for the velocity 
disturbances; no other details were available at the time 
of this AGARD publication (Kloker et al. 1993). Results 
found included: 

(a) For Falkner-Skan-Cooke flow (p = 0.6) at local 
sweep angles of 30" and 45", two low-amplitude 
unsteady disturbance waves and a steady crossflow 
disturbance were introduced at the wall. For the 30" 
case, all three disturbances behaved as predicted by 
linear theory, whereas for the 45" case, some 
discrepancies occurred. 

(b) Simulating the studies of Meyer & Kleiser (1989) 
who modeled the experiments of Muller & Bippes 
(1989), good agreement with the measurements was 
found in the linear range. 

11. SURFACE-GEOMETRY EFFECTS 
The imperfections on a non-smooth surface, even those 
due to manufacturing processes, corrosion, or insects, are 
well-known to affect transition location. In the 
assessment of the influence of steps, roughness, and 
suction holes on instability, spatial DNS should again be 
done because it obviates the need for the parallel-flow 
assumption. These surface conditions are by nature 
nonperiodic in the streamwise direction and locally 
induce large property gradients in the spatial directions 
and upstream influence. 

Elli et al. (1992) used a 2-D stream-functionhorticity 
formulation discretized to be second-order accurate in 
both space and time and solved by a direct matrix solver 
to study a T-S wave over a surface hump. The outflow 
conditions yxx = -cz2y. w, = -a% were applied. A 
strong nonlinear interaction between the T-S wave and 
the leeward separation bubble resulted in periodic 
shedding of "blobs" of vorticity from the bubble. This 
nonlinear interaction coupled with the nonparallel-flow 

effects results in differences between the growth rates of 
the simulation and those of parallel linear stability 
theory. 

Cases of 2-D and 3-D distributed and 3-D isolated 
element problems have not been completed numerically 
(to this author's knowledge); an effort by C.Q. Liu and 
colleagues (personal communication, 1993) is underway, 
but no details have been provided to this author in time 
for the preparation of these notes. 

Computationally, sharp corners pose numerical 
difficulties, in particular, singularities at those corners. 
The singularity stems from the fact that the pressure 
boundary condition, a normal derivative, cannot be 
defined at the comer points. 

For 2-D sharp-cornered elements in the flow, the 
upstream comer provides a stronger singularity than the 
downstream comer. Fasel et al. (1977) studied the 2-D 
flow over the downstream comer of a backward-facing 
step and found that the instability amplified in the 
separation zone required the existence of an unsteady 
base flow and was associated with its periodic vortex 
shedding. Above a critical Reynolds number and 
element height, the base flow became unstable. 

To compare with the work of Fasel et al. (1977), 
Danabamglu (1992) and Danabasoglu et al. (1993) 
considered a 2-D, isolated element (full-step geometry). 
A third-order-accurate low-storage Runge-Kutta method 
was used for the convective terms. The singularities at 
the comer points were treated by the multidomain 
method of Macaraeg & Streett (1986) (see Section 2.5) 
and the computational domain was divided into three 
subdomains, upstream of, downstream of, and above the 
element. The comer points were assigned to the upper 
domain and, thus, the normal direction was defined 
implicitly. At the downstream boundary, they used the 
buffer domain concept of Streett & Macaraeg (1989). 
Results they found included: 

(a) If the element was placed upstream of Branch I, 
there was no effect on instability. 

(b) For both a small- and medium-sized element of 
equal height and length 0.09826* and 0.2456*, 
respectively, based on local displacement thickness and 
placed at Res* = 550 downstream of Branch I, the base 
flow did not deviate significantly from Blasius flow and 
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there was an insignificant effect on the spatial 
development of instability waves. 

(c) For a large element of height 1.016* and length 
6.126*, placed at Res* = 712.8 downstream of Branch I, 
the instability wave was strongly amplified in the 
separation zone downstream of the element. Inviscid 
frequencies were more highly amplified than T-S 
frequencies, suggesting that disturbances growing in the 
separation zone had inviscid character and were 
controlled by the instability of the shear layer at the edge 
of the separation zone. 

(d) At frequencies lower than T-S frequencies, a 
wavelength conversion to T-S -like wavelengths was 
Observed. 

Spalart (1993) revisited swept Hiemenz flow to 
investigate the generation of disturbances by suction 
holes. Instead of using a body-force term to generate the 
crossflow vortices as before, a nonzero normal velocity 
was now applied at the wall in the form of a Gaussian 
distribution. 

(a) For a single spanwise row of holes with suction levels 
order 106 W,, the largest response downstream 
occurred when the row was placed near Branch I (Figure 
23). For row placement just upstream of Branch I, as 
suction level (flowrate) was increased to 10-2 W,, 
saturation was not observed, but a stabilization of the 
vortex disturbance was. For row placement just 
downstream of Branch I and constant flowrate, the 
response was Observed to increase as hole size was 
decreased (until the small-hole regime was reached at 
which point the response was little affected). 

(b) For a periodic array of suction holes with spacing h, 
= &, the response was initially dominated by periodic 
oscillations in phase with the holes and then the vortex 
system created amplified (downstream of Branch I) 
enough to dominate and display the same growth rate as 
before. The response was on the order of 4 or 5 times 
larger than for the single row of holes. For a doubled 
spacing between rows and doubled flowrate, the 
response was enhanced by only 30%, while reducing 
hole-size increased the response by about 80%, slightly 
less than for the single row. Nonlinearity was observed 
for high suction O(lO-3), but neither transition nor 
saturation was observed, only stabilization. 

12. CONTROL OF DISTURBANCES ALREADY IN 
THE BOUNDARY LAYER 
In the evaluation of control devices and schemes, spatial 
DNS should be done because it obviates the need for the 
parallel-flow assumption and allows surface conditions, 
such as local suctionkilowing and heating/cooling, which 
are by nature nonperiodic in the streamwise direction, to 
be applied. 

Bayliss et al. (1985, 1987) solved the 2-D compressible 
Navier-Stokes equations using a fourthader-acmrate 
finite-difference scheme for space, secondader for 
time, and demonstrated that localized temperature 
disturbances could be used to reduce the level of 
growing disturbances in an air boundary layer; the Mach 
number was 0.4. An outgoingcharacteristic condition 
was used at the outflow. 

In their simulations of passive (basic-state modification) 
and active (disturbance-wave cancellation) control in a 
water boundary layer by surface heating, Kral (1988), 
and Kral & Fasel (1989, 1990, 1991, 1993) used a 
combined finite-difference/spece/specaal technique with 
second-order-accurate finite differences in the 
streamwise and normal directions and Fourier modes in 
the span. Fully implicit, second-order-accurate time 
stepping was used and the resulting equations were 
solved by a line-iteration technique. For passive control, 
the wall was heated at uniform temperatures. For active 
control, a heater strip (the length of which was one-half 
the T-S wavelength for most of the work) was located 
downstream of the first disturbance-generator and used 
as an actuatoc a feedback control loop was employed in 
which a sensor located downstream of the actuator was 
used to monitor wall shear-stress fluctuations and a 
phase input to the actuator was determined from this 
information. The following results were found: 

(a) Small disturbances 0(0.05% Ua were introduced by 
localized time-periodic wall heating. The heating strip 
was one-half the T-S wavelength for most of this work 

(i) For passive control, the wall was heated at 
uniform temperatures -2.8". 0". 1.7". 2.8" and 4.4" C 
above freestream 24" C. The disturbances, which 
amplified in the uncontrolled case, were now damped 
with increasing heating levels. 

(ii) For active control, since the two heater strips 
were located near Branch I, the amplitude input to 
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both strips was the same and was of the order of 2" C 
above freestream. The sensor was located four T-S 
wavelengths downstream of the actuator. The 
actuator introduced disturbances 180" out of phase 
with respect to disturbances in the flow and a 
significant reduction in amplitude levels was 
achieved, whereas a strong increase in amplitude was 
observed for the in-phase case. They also found that 
smaller-length heater strips produced larger 
disturbances for an equivalent heat input. 

(b) To study the early stages of the nonlinear regime of 
fundamental breakdown, disturbances were introduced 
by localized time-periodic wall suction and blowing. 
The blowing/suction strip had the length of a T-S 
wavelength: 

(i) For passive control of fundamental breakdown by 
uniform wall heating of 4.4" and 8.3" C above 
freestream 24" C, a strong reduction in the high 3-D 
growth rates was observed. 

(ii) For active control of fundamental breakdown, 
two cases were considered. The two input strips 
were located one-half of a T-S wavelength aparL 
The sensor was located one T-S wavelength 
downstream of the actuator. First, control of the 2-D 
wave was attempted, then control of only the 3-D 
component was tried. Phase adjustments were made 
using a transfer parameter based on the work of 
Ditttich & F a d  (1988). The 3-D control input 
(matching the amplitude of the 3-D disturbances in 
the flow) provided a slightly more stabilizing 
influence than the corresponding 2-D input. Very 
high heating levels were required to bring down the 
2-D, though. 

Danabasoglu (1992) and Danabasoglu et al. (1991b) 
considered periodic suction and blowing. The slot 
effectiveness was optimized when its length was 18% of 
the T-S wavelength and its location was between 1.6 and 
2.2 wavelengths downstream of the inflow plane. 
Optimal attenuation was achieved when the control-wave 
amplitude was about twice the amplitude of the normal 
component of disturbances at the channel center. This 
technique was very effective in reducing T-S amplitudes 
as well as 3-D nonlinear disturbances. The result was 
85%-90% attenuation. They observed a substantial 
reduction in the Reynolds stress because of phase 
destruction between U' and v'. 

Muller et al. (1992) tested the effect of passive suction 
on subharmonic breakdown in a Falkner-Skan-type 
boundary layer with strong adverse pressure gradient (G 
= -0.18, near separation). As a test of the numerical 
simulations, comparisons were first made (Bestek et al. 
1989b) with the tripledeck predictions of Reed & 
Nayfeh (1986) and the experiments of Reynolds & Saric 
(1986) and Saric & Reed (1986) on a flat plate; good 
agreement was achieved. For the pressure-gradient case, 
then, early suction was found to considerably delay 
transition. [This idea was first predicted by Reed & 
Nayfeh (1986) using a simple theoretical optimization 
scheme for the flat plate; controling disturbances while 
they are still small and linear is the most effective 
approach for transition delay.] A simulation of the basic 
flow over a NACA 64,-A-215 airfoil with distributed 
suction compared well and sets the stage for further 
disturbance-behavior predictions by simulation. 

Active control of the acoustic pressure in the farfield 
resulting from the growth and decay of a wavepacket in 
the 2-D compressible boundary layer over a 
concavelconvex surface was investigated by Maestrello 
& El-Hady (1991) using fourth-order-accurate finite 
differencing in space and second order in time. 
Radiation boundary conditions were applied at the 
outflow. The upstream Mach number was 0.4. The 
resulting sound radiation was computed using the 
linearized Euler equations with the pressure from the 
Navier-Stokes solution as a time-dependent boundary 
condition. The acoustic farfield exhibited a directivity 
that pointed upstream. A fuedcontrol algorithm was 
devised where the attenuation signal was synthesized by 
a filter that actively adapted itself to the amplitude-time 
response of the outgoing acoustic wave. 

13. NATURAL RECEPTIVITY 
The state-of-the-art in transition prediction involves the 
use of linear stability theory (e.g. Amal 1993). an 
amplitude-ratio method. But, these free or self-excited 
oscillations are generally initiated by some extemally 
forced disturbances such as sound or freestream 
turbulence. The role of receptivity, not accounted for in 
linear stability theory, is key to the overall process as it 
defines the initial-disturbance amplitude (that is, Ad. 
Transition to turbulence will never be successfully 
understood or predicted without answering how 
freestream acoustic signals and turbulence enter the 
boundary layer and ultimately generate unstable T-S 
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waves. Clearly then, the study of receptivity promises 
significant advance in practical transition-prediction 
methods. 

In this Section. computational efforts to determine the 
process by which longer-wavelength extemal 
disturbances lead to instabilities in the boundary layer 
are reviewed. Theoretical investigations based on high- 
Reynolds-number asymptotics have identified that the 
conversion of long-wavelength freestream disturbances 
to shorter-wavelength instability waves takes place in 
regions where the mean flow locally exhibits rapid 
variations in the streamwise direction (Goldstein 1983, 
1985; Kerschen 1990, 1991). Such regions include the 
leading edge, roughness, suction strips, discontinuities in 
surface slope and curvature, etc.. anything that can 
scatter long-wavelength waves into shorter components 
that can match to instability waves in the boundary layer. 

The complete receptivity question requires consideration 
of a combination of all the effects, including, for 
example, roughness, geometry, associated pressure 
gradients (both favorable and adverse), vibrations, 
sound, and freestream turbulence, and it is here that 
computations by spatial DNS excel. A variety of 
different geometric conditions and freestream 
disturbances can be implemented with this technique and 
the response of the boundary layer quantified and 
catalogued. 

13.1 Leading-Edge Effects 
With the spatial computational method, finite curvature 
can be included in the leading-edge region--a feature that 
was left out of some early unsuccessful receptivity 
models. Use of an infintely thin plate (zero thickness or 
computationally a straight line) to study leading-edge 
effects, although popular, is strongly discouraged. The 
attachment-line or stagnation region is a critical source 
of receptivity as large streamwise gradients occur there, 
and an infinitely thin plate features infinite vorticity 
there (per the simple Blasius solution). Figure 24 
demonstrates this clearly as the aspect ratio of the elliptic 
nose on a flat plate is sharpened from 3 (blunt) to 9 to 40 
(very thin) and the vorticity tends to become singular. 
No computational simulation can resolve infinite 
vorticity. By stipulating the plate to have finite 
curvature at the leading edge, the singularity there is 
removed and a new length scale is introduced. 

Experimentally, the most popular receptivity model has 

been the flat plate with an elliptic leading edge. Thus it 
is reasonable that computational models consider the 
same geometry. However, the curvature at the juncture 
between the ellipse and the flat plate is discontinuous 
and provides a source of receptivity (Goldstein & 
Hultgren 1987). Lin et al. (1992) introduced a new 
leading-edge geometry based on a super-ellipse. The 
shape of this modified super-ellipse (MSE) is given by 

m(x) = 2 + [x/(AR L)]2 and n = 2 (36) 

where L is the half-thickness of the plate and AR is the 
aspect ratio of the "elliptic" nose, For a usual super- 
ellipse, both m and n are constants. These super-ellipses 
will have the advantage of continuous curvature (zero) at 
the juncture with the flat plate as long as m > 2 at x/L = 
AR. The MSE, with m(x) given above, has the further 
advantage of having a nose radius and geometry (hence a 
pressure distribution) close to that of an ordinary ellipse 
with m = 2 and n = 2 (Figure 25). 

Use of a C-grid rather than an H-grid is recommended to 
avoid singularities in the metric terms in the sensitive 
nose region (Figure 26). Again, it is important to include 
and resolve the attachment-line region accurately. 

13.1.1 Receptivity to Freestream Sound 
For low-speed flows, freestream-sound wavelength is 
typically one or two orders of magnitude larger that 
instability wavelengths in the boundary layer. 
Receptivity is defined to be the amplitude at Branch I 
normalized with the freestream-sound amplitude. 

To review previous numerical efforts, Murdock (1980, 
1981) studied the receptivity of an incompressible 
boundary layer on both a flat plate with zero thickness 
and a parabolic body (favorable pressure gradient 
everywhere); he considered the boundary-layer response 
due to a plane sound wave parallel to the freestream 
direction. For the flat plate, his integration domain did 
not include the leading edge and he therefore had to 
impose an inflow boundary condition obtained by 
solving the unsteady boundary-layer equations. His 
numerical results were sensitive to the upstream- 
boundary location relative to the leading edge (see the 
first paragraph of Section 13.1). For a parabolic body, a 
sharper leading edge (smaller nose radius) was found to 
be more receptive, a result similar to that found 
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theoretically by Hammerton & Kerschen (1991) for the 
parabolic body. Gatski & Grosch (1987) solved the full 
incompressible Navier-Stokes equations for flow over an 
infinitely thin, semi-infinite flat plate and found no clear 
development of T-S waves (again see the first paragraph 
of Section 13.1). 

Lin et al. (1991,1992, 1993) simulated the receptivity of 
the laminar boundary layer on a flat plate by solving the 
full Navier-Stokes equations in general curvilinear 
coordinates by a second-order finite-difference method 
with vorticity and stream function as dependent 
variables. They used a C-type orthogonal grid and 
included the finite-thickness leading edge and curvature. 
Geometries tested included elliptic. polynomial- 
smoothed elliptic, and MSE leading edges of different 
aspect ratios (with smaller aspect ratio corresponding to 
a blunter nose). Various sound-like oscillations of the 
freestream streamwise velocity were applied along the 
boundary of the computational domain and allowed to 
impinge on the body. Problem parameters under 
investigation included disturbance amplitude and 
frequency, as well as leading-edge radius and geometry. 
They found the following: 

(a) T-S waves appearing in the boundary layer could be 
linked to sound present in the freestream. 

(b) Receptivity occurred in the leading-edge region 
where rapid streamwise adjustments of the basic flow 
occurred. Variations in curvature, adjustment of the 
growing boundary layer, discontinuities in surface 
geometry, and local pressure gradients there introduce 
length scales to diffract long freestream disturbances. 

(c) The magnitude of receptivity and the disturbance 
response depended very strongly on geometry. As 
examples: 

(i) For plane frieestream sound waves, T-S -wave 
amplitude at Branch I decreased as the elliptic nose 
was sharpened (Figure 27). 

(ii) When the discontinuity in curvature at the 
ellipse/flat-plate juncture was smoothed by a 
polynomial, receptivity was cut in half. 

(iii) The disturbance originated from the location of 
the maximum in adverse pressure gradient. 

(d) The receptivity to plane freestream sound appeared to 
be linear with freestream-disturbance amplitude up to 
levels of about 5%U, (Figure 28). Thus a linear Navier- 
Stokes solution could be used up to these levels. 

13.13 Vorticity 
The characteristic length scale for freestream spanwise 
vorticity is the convective wavelength UJm which is 
approximately 3 times that of the amplified T-S wave at 
that frequency. 

To review previous computational efforts, Kachanov et 
al. (1978) solved the incompressible flow over an 
infinitely thin flat plate, using the Navier-Stokes 
equations linearized for small disturbances, and 
considered both a transverse acoustic wave across the 
leading edge and a vortex street passing far above the 
plate surface. In the latter case, no evidence of T-S 
waves was found. 

Buter & Reed (19%,b, 1993a,b) simulated the 
receptivity of the laminar boundary layer on a flat plate 
by solving the full Navier-Stokes equations in general 
curvilinear coordinates by a second-order finite 
difference method with vorticity and stream function as 
dependent variables. They used a C-type orthogonal grid 
and included the finite-thickness Beading edge and 
curvature. Geometries tested included an aspect-ratio-6 
elliptic and polynomial-smoothed elliptic leading edge. 
A simple model of timeperiodic hestream spanwise 
vorticity was introduced at the upstream computational 
boundary. This signal was decomposed into a symmetric 
and asymmetric streamwise velocity component with 
respect to the stagnation streamline (Figures 6, 29). 
Then the computations were performed with these 
individual components specified as boundary conditions. 
For small disturbances, the results could then be linearly 
superposed. Moreover, the effect of a transverse 
velocity component at the leading edge could be 
ascerrained as the asymmetric-velocity case had this 
feature while the symmetric-velocity did not. Problem 
parameters under investigation included disturbance 
amplitude and orientation, as well as nose geometry. 
They found the following: 

(a) As the disturbance convected past the body, it was 
ingested into the upper part of the boundary layer, 
decaying exponentially toward the wall. This was 
consistent with the findings of Kerschen (1989) and 
Parekh et al. (1991). 
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(b) Different wavelengths were evident in the boundary- 
layer response. Signals at the T-S wavelength were 
dominant near the wall, while toward the edge of the 
boundary layer, disturbances of the freestream 
convective wavelength were observed (Figure 30). This 
was consistent with the experimental observations of 
Kendall(l99 1). 

(c) T-S waves appearing in the boundary layer could be 
linked to freestream vorticity acting near the basic-state 
stagnation streamline (Figure 31). Clear evidence of the 
T-S wavelength appeared aft of the location of the 
maximum surface pressure gradient. 

(d) For the particular geometric and flow conditions 
considered in this study, receptivity to vorticity was 
found to be smaller than receptivity to sound by a factor 
of approximately three. 

(e) Modifications to the geometry which increased the 
surface pressure gradient along the nose increased 
receptivity. 

(f) For both the symmetric and asymmetric freestream 
velocity perturbations, the T-S response was linear with 
forcing over the range of amplitudes considered; 
symmetric: up to 4.2% U, and asymmetric: up to 2.1 % 
U,. (Figure32) 

(g) A supeharmonic component of the disturbance 
motion was observed at all forcing levels for the 
asymmetric forcing. [See also Grosch & Salwen 
(1983).] This was initially observed in the stagnation 
region where the interaction of the asymmetric gust with 
the basic flow induced a large transverse velocity 
component which interacted with the adverse pressure 
gradient upstream of the nose to transfer disturbance 
energy to the superharmonic frequency (Figure 33). 
Depending upon geometry, flow conditions, and 
disturbance frequency and amplitude then, it is possible 
that this nonlinearity observed in the nose region could 
impact transition behavior. It is therefore unlikely that 
the linear response found in (f) for the asymmetric case 
will persist to the same level of freestream forcing as that 
observed for the symmetric case. 

133 Roughness 
Spalart (1993) studied the receptivity of small 2-D 
roughness using Fourier series in both the streamwise 

and spanwise directions and a fringe region attached to 
the domain. His flow conditions duplicated those of the 
tape experiments of Saric et al. (1991) and the theory of 
Crouch (1992). The hestream was represented by 

U,(t) = U, (1 + E cos ut). E cc 1 (37) 

The sharp comers of the tape could not be input exactly, 
so the steps were smoothed by narrow error functions. 
The boundary condition was also transferred to y = 0 by 
Taylor expansion. A nonzero slip velocity was used to 
simulate the roughness, and a Stokes wave was input for 
the oscillatory component. For all conditions 
considered, the computations, theory, and experiments 
all agreed. 

Kobayashi et al. (1993) investigated the receptivity of 
small (8%6* high) elements to freestream sound and 
found that the amplitude of the resulting disturbances in 
the boundary layer could be controlled by the 
configuration of the elements. For a single element, 
when the streamwise length of the element was n 
(integer) times the wavelength of the expected T-S wave, 
the T-S-wave amplitude was very very weak, when the 
length was (n + 1/2) times the wavelength, the T-S-wave 
amplitude was strongest. When a second element was 
included, if the distance between the two elements was n 
times the wavelength, the T-S wave was highly 
magnified; if the distance was (n + 1/2) times the 
wavelength, the T-S wave was highly damped. 

133 Observation 
For each configuration under consideration, the complete 
integrated picture of geometry and associated pressure 
gradients (both favorable and adverse) must be included 
in any meaningful evaluation of receptivity, and it is here 
that computations by spatial DNS can excel. A variety 
of different freestream disturbances can be implemented 
with this technique and the response of the boundary 
layer quantified and catalogued. 

These results provide the link between the freestream 
and the initial boundary-layer response and can provide 
the upstream conditions €or further simulations marching 
through the transition process toward turbulence. In this 
way, more realistic predictions and modeling of the 
turbulent flowfield downstream would be possible. 

14. CONCLUSIONS 
Ongoing efforts in spatial computations have been 
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vigorous and have recently realized successes in the 
improvement of numerical methods to reduce required 
computer resoulrces and in the prediction'of more 
complicated physical processes and the, explanation of 
different mechanisms at work in the experiments. The 
downstream boundary condition also seems to be more 
under control now. 

Spatial simulations are still too expensive to use for 
routine design [0(103) CPU hours on a CRAW and at 
present we cannot provide a completely resolved 
solution all the way through transition to turbulence even 
on a flat plate. However, an important and exciting role 
for the simulation is in the development and calibration 
of simpler models. The abundance of information 
provided is invaluable and complements any 
experimental effort, 

Challenges for simulations include: 

a) Solutions for complex 3-D geometries including the 
complete transition to turbulent flow, bypasses including 
3-D distributed roughness, and better understanding and 
specification of the freestream environment. 

b) Simulations of the Corke combination-resonance 
experiments; the Kendall, Parekh, and Saric receptivity 
experiments; the Amal, Bippes, and Saric 3-D boundary- 
layer experiments; and the Reshotko nonuniform basic- 
state experiments; for example. [See Saric (1993).] 

c) Simulations for the high Reynolds numbers of flight, 

d) Use of parallel machines and algorithms developed for 
more efficient and accurate solutions. 
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I 
disdrbance suition 

strip strip 

Figure 1. The basic set-up for a spatial 
simulation on a flat plate. (From Muller 
et al. 1992) 

Figure 2. Staggered grid showing points 
where velocity and pressure are 
computed. (From Liu et al. 1992) 

Figure 3. Semi-coarsening multigrid 
method involving grids that were 
coarsened in the y-direction only. (-From 
Liu et al. 1992) 
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Figure 4. Simulation of plane-channel 
flow using 2-D T-S wave, random noise, 
and streamwise vortices as inflow: a) 
simulation without vortices predicts H- 
type, b) mean-flow measurements of 
Nishioka et al. (1975) for different 
spanwise locations, c) modelling 
experiments with streamwise vortices, d) 
simulation with vortices predicts K-type 
as in experiments. (From Singer et al. 
1989) 
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Figure 5. Disturbances introduced along 
wall. (From Kral & Fasel 1991) 

(a) Symmetric disturbance 

-- I 

b) Asymmetric disturbance 

Figure 6. Disturbances can be introduced 
along the boundaries in the freestream 
along and/or upstream of the body. For 
receptivity studies oscillatory sound and 
vorticity disturbances are prescribed. Here, 
the upstream condition for a street of 
freestream spanwise vortices is depicted. 
(From Buter & Reed 1993) 

I 

Figure 7. Streett & Macaraeg (1989/1990) 
developed the idea of a buffer domain. 
a) Here a region was appended to the 
downstream boundary to handle the 
outflow. b) The function applied in the 
buffer domain. (From Danabasoglu 1992) 
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Figure 8. Joslin et al. applied thc buffer- 
domain technique and showed that a 
buffer region of only three T-S 
wavelengths long was sufficient for 
damping. a) Computations after 3 and8 
periods of forcing show disturbance 
development and a comparison with 
hear stability theory. Buffer domain is 3 
T-S wavelengths. b) Computations for 
buffer domains of 1 and 3 T-S 
wavelengths show error of too short a 
buffer. (From Josh et al. 1992a) 
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Figure 9. For aaachment-line simulations. 
a) domain shown was symmetric in x. 
including x=O. b) Function applied in the 
buffer domain. (From Spalart 1989) 
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I2 I :  

Figure 10. Comparison between 
computations and experiments of 
Kachanov et al. (1985) at peak location 
especially noting good agreement at y =  
2.5 mm where phases are locked. a) 
Amplitude distributions for various wave 
componenu. b) phase. (From Rist 1991) 
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Figure 11. Comparison betweenDNS of 
Fasel et al. (1990) and PSE. (From 
Benolotti et al. 1992) 

U 

Figure 12. Oblique-wave breakdown in 
supersonic flow. (From Bestek et al. 
1992a.b) 
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Figure 13. Comparison of DNS- 
computed onset of transition with 
experiments. (From Rai & Moin 1991) 

"3 

F = 20 x lfl 

Figure 14. Comparison between DNS 
and linear stability theory for a laminar 
separation bubble. (From Elli and 
VanDam 1991) 

Figure IS. Comparison of fundamental 
breakdown a) under adverse conditions 
and in b) zero-pressure-gradient flow. 
(From Klokcr & Bcstek 1592) 
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K 
Figure 16. Attachment-line boundary- 
layer crihcal Reynolds numbers R2 (linear 
instability; dashed line with symbols) and 
R I  (relaminarimtion; symbols alone). K 
is the suction parameter (-for suction). 
(From Spalart 1989) 
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J P 

Figure 17. Wavepacket in swept 
Hiemenz flow. Dashed line is a wall 
streamline: solid line. is the direction of 
local inviscid flow. (From Spatart 1990) 
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Figure 19. DNS streamline pattern for 
Crossflow instability. (From Lin & Reed 
1993b) 

Figure 18. Configuration for DNS on a 
swept wing. (From Lin & Reed 1993a) 
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FigurC 20. Nonlinear distotdon due to 
the presence of stationary crossflow 
vortices where a) low momentum fluid is 
brought up from the wall and high 
momentum fluid is pushed down thus 
producing b) multiply inflected 
streamwise profiles. (From Lm & Reed 
1993b. Fuciare.lli & Reed 1991, 1992). 
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643 

Figure 21. The inclusion of streamline 
curvature in DNS is destabilizing. 
Amplification factors for streamline 
curvature included (LNS) and streamline 
cwature omitted (WOW). (From Lin & 
Reed 19933 

xc  (cm) 

Elgure 22. In comparing with Figure 21. 
at change in sign of pressure gradient. 
stability theory (04) stabilizes, DNS 
does nor (From Lin & Reed 1993a) 
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Figure. 23. Effect of placing row of 
suction holes at diffcrent streamwise 
locations. Maximum disturbance 
downstream when row of holes is placed 
near Branch I (x=257). (From Spalart 
1993) 

I 1 

I I5 

Figure 25. Comparison of leading-edgc 
geometries for modiied super ellipses m 
= m (x), m = 3, & 4. and an m = 2 
ellipse all for nose aspect ratio 6. (From 
Lin et al. 1992) 

C 

Figure 24. Effect of sharpening the 
leading edge from an aspect ratio of 3 
to 40 on steady-state wall vorticity. 
(From Lin et al. 1992) 

Figure 26. Recommended C-grid for 
leading-edge receptivity studies. (From 
Lin et al. 1992) 

b 
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Figure 27. T-S disrurbance amplitudes 
for leading-edge aspect ratio 3 (blunt). 6, 
and 9 (sharp). For plane sound waves, 
sharper leading edge is less receptive. 
(From Lin et al. 1992) 

i 

Figure. 28. Receptivity IO plane sound 
waves is linear up to freestream 
amplitudes 0 (5%U,). (From Lm et al. 
1992) 
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Figure 29. Instantaneous streamlines in 
the leading-edge region for a) symmetric 
upsueam forcing, b) asymme!ric upstream 
forcing. (From Buter & Reed 1993) 



6-46 

n’ 
0 .002  9 SYSI.. 

0.001 

0.000 

-0.001 

t -0.002 

I I . . . , ,  
10 20 30 I O x  50 60 IO 

Figure 30. Receptivity to freesweam 
vorticity produces a signal in the 
boundary layer of convective wavelength 
(toward edge of boundary layer) and one 
of shortcr T-S wavelength (toward wall). 
(From Buter & Reed 1993) 
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Figure 31. Comparison of T-S 
-wavelength disturbance from DNS with 
linear stability theory. a) Amplitude 
distribution. b) wavenumber. (Fmm Bum 
& Reed 1993) 
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Figure 32. Linearity of response with 
frecsntam amplitude. (From Buter & 
Reed 1993) 
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Figure 33. Appearance of Supemarmonic 

forcing. (Fmm Buter & Reed 1993) 
upsfream of leading edge for asymmetric 
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MODELING THE TRANSITION REGION 

Bart A. Singer 
Research Scientist 

High Technology Corporation 
Mail Stop 156, NASA Langley Research Center 

Hampton, VA 23681 
U.S.A. 

STATEMENT OF PURPOSE 

My goal is to  introduce you to a spectrum of ap- 
proaches used to model the transition region, make 
you aware of the challenges in such a task,  and pro- 
vide some tools to help you make decisions as to 
the most appropriate way to address your individ- 
ual problems. 

OPINIONS OF THE EXPERTS 

We will initiate the learning process with a quick 
look a t  how various experts of transition and turbu- 
lence modeling responded to  my requests for their 
personal ideas about the future of transition-region 
modeling. I have edited their responses (as indicated 
by the [...I%) only to the extent necessary to preserve 
anonymity and clarify acronyms. I hope that these 
notes will provide you with the knowledge to intel- 
ligently evaluate these opinions and to confidently 
reach your own conclusions. 

“For next couple of years I see that k, - 6 models 
[...] will be used for practical calculations. Perhaps 
slowly Reynolds stress models will take over, but 
very little has so far been done with these in ‘the 
area of transition modeling. I believe that the fu- 
ture belongs to large-eddy simulations, and I expect 
that in 5 to 10 years’ time transition calculations 
will be done by such simulations also for practical 
purposes.” 

“For engineering prediction procedures in the gas- 
turbine industry (i.e., for flows with high free-stream 
turbulence intensity) I recommend to put more ef- 
forts into second-moment closure (Reynolds stress 
modeling). For aerodynamic applications (i.e., low 
free-stream turbulence intensities) I am afraid one 
is left with even more empirical transition correla- 
tions.” 

“I would expect Reynolds stress approaches to be 
the simplest level that can usefully tackle transition 
on aircraft in subsonic or hypersonic flows (though 
current schemes are almost certainly inadequate for 
the latter task). They will need some help in getting 
started - possibly some kind of library built up from 
separate DNS [direct numerical simulation] studies. 

On gas-turbine blades, two-equation schemes may 
suffice, particularly if one makes use of the available 
strain and vorticity invariants to render the scheme 
more appropriately sensitive to curvature and irro- 
tational deformations of the mean velocity field.” 

“Low-Re RST [Reynolds stress transport] modeling 
will be vital for real predictions of transition - pos- 
sibly linked to intermittency or other treatments 
for Tu  < 1% - at least a t  subsonic conditions in 
both external and internal environments. Simpler 
models (i.e., k - c) with additional refinements may 
be needed for unstructured Navier-Stokes solutions 
with adaptive meshes for complex geometries. Yet 
simpler derivative models - perhaps based on John- 
son and King-type nonequilibrium approaches and 
Grundmann et al. ideas may be the limit for real 
(hypersonic) aircraft computations.” 

I 

1 INTRODUCTION 

The calculation of engineering flows undergoing 
laminar-turbulent transition presents special prob- 
lems. Mean-flow quantities obey neither the fully 
laminar nor the fully turbulent correlations. In ad- 
dition, local maxima in skin friction, wall tempera- 
ture, and heat transfer often occur near the end of 
the transition region. Traditionally, modeling this 
region has been important for the design of turbine 
blades, where the transition region is long in rela- 
tion to the chord length of the blade. More recently, 
the need for better transition-region models has been 
recognized by designers of hypersonic vehicles where 
the high Mach number, the low Reynolds number, 
and the low-disturbance flight environment empha- 
size the importance of the transition region. Need- 
less to say, a model that might work well for the tran- 
sitional flows typically found in gas turbines will not 
necessarily work well for the external surface of a hy- 
personic vehicle. In Section 2, some of the important 
flow features that control the transition region will 
be discussed. In Section 3, different approaches to 
the modeling problem will be summarized and cata- 
loged. Fully turbulent flow models will be discussed 
in detail in Section 4; models specifically designed 
for transitional flow. in Section 5: and the evalua- 

Presented at an AGARD-VKI Special Course on ‘Progress in Transition Modelling’, March-April 1993. 
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tion of models, in Section 6. Finally, in Section 7, 
the major points will be summarized and then I will 
take the opportunity to  express my own opinions. 

NOMENCLATURE 

length scale used in near-wall 
exponential damping 

constant for damping turbulent 
transport length scale 

normalized length scale used in 
near-wall exponential damping 

- 
= - d d / ( 2 k ) ,  structure coefficient 

= (U:$ - i b i j k ) / k ,  anisotropic 
part of Reynolds stress tensor 

- 

coefficient used in setting initial 
dissipation-rate profile 

empirical parameters 

= pglcu/( +pV2),  skin-friction coefficient 

turbulent-stress diffusion correlation 

length-scale coefficient 

specific heat a t  constant pressure 

diffusion coefficient for turbulent stress 

parameters used in modeling of 
dissipation 

coefficient in eddy viscosity 

coefficient in production term in 
dissipation-rate equatioh 

coefficient in destruction term in 
dissipation-rate equation 

c1, c2, cy, cy parameters used in modeling of IIij 

D material derivative 

D€ turbulent diffusion of 6 

E empirical source term used in the 
equation for e 

F fudge factor used to make a tensor 
contract correctly 

low Reynolds number damping function 
of dissipation 

low Reynolds number damping function 
in eddy viscosity 

low Reynolds number function in 
production term in dissipation-rate 
equation 

low Reynolds number function in 
destruction term in dissipation-rate 
equation 

body force 

filter function for large-eddy simulation 

specific enthalpy 

- 1 7  - zuiz l i ,  turbulent kinetic energy per 
unit mass 

thermal conductivity 

length of transition region 

- - %Otm/v, pressure-gradient 
parameter a t  xt2 

smallest resolved stresses in large-eddy 
simulation 

turbulent dissipation length scale 

turbulent transport length scale 

length scales for zero-equation, one- 
equation, and two-equation models 

Mach number 

subgrid-scale model for anisotropic part 
of Tij 

subgrid-scale model for anisotropic part 
of Tij 

exponent in eN transition-prediction 
method 

nominal nondimensional spot-formation 
rate 

adjusted nondimensional spot-formation 
rate 

wall-normal component of unit vector in 
j direction 

f d  low Reynolds number damping function 
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pk 

Pi j 

P, production of turbulent dissipation 

P pressure 

P' fluctuating pressure 

Pk fluctuating total pressure 

P+ = -peUe/(peu:)  9, nondimensional 

production of turbulent kinetic energy 

stress production rate tensor 

pressure gradient 

9 = hpU2,  dynamic pressure 

i heat flux 

RT 

Rk, &, , Rp 

= k 2 / ( c v ) ,  turbulent Reynolds number 

constants in low Reynolds number 
version of k - w model 

= y k ' / 2 / v ,  turbulent Reynolds number 
based on y 

Reynolds number based on streamwise 
distance 

Reynolds number based on length L 

Reynolds number at end of transition 

Reynolds number at start of transition 

Reynolds number based on x location 
of the start of transition 

Reynolds number based on momentum 
thickness 

Reynolds number based on momentum 
thickness at the start of transition 

unit Reynolds number 

= (Taw - T e ) / ( T ~  - T e ) ,  recovery factor 

= JW 
- 1 BU' - z ( ~  + %), strain rate 

= i /  b c P ( T w  - Te)], Stanton number 

temperature 

total temperature 

Zj 

Tu 

t 

U 

U i  

U7  

Ut  

U :  

U' 

X 

XTO 

X i  

XtO 

Y 

Y+ 

a 

a, a* 

P 

PI p' 

Y 

7 t  

& 

Si j 

6' 

€ 

€ 

f i  j 

subgrid-scale stress on test filter 

= Jm/Ue x 100, turbulence 
intensity (in percent) 

time 

mean streamwise velocity 

velocity in the ith direction 

= ~ p ~ l w / p l  friction velocity 

velocity fluctuation in the streamwise 
direction 

velocity fluctuation in the i th direction 

velocity fluctuation in the wall-normal 
direction 

coordinate vector 

streamwise position a t  end of transition 

coordinate in the ith direction 

streamwise position at start of transition 

= 2 2 ,  wall-normal coordinate 

= y u , / v ,  wall-normal coordinate 
normalized by viscous scales 

angle of pitch 

functions used in k - w model 

angle of yaw 

functions used in k - w model 

turbulent intermittency 

transition function 

filter width associated with subgrid-scale 
models 

= 1 if i = j, 0 otherwise 

displacement thickness 

turbulent energy-dissipation rate 

modified dissipation rate 

dissipation-rate tensor 
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e momentum thickness 

IC 

x 

von Karman constant (a 0.41) 

distance between points where 7 = 0.25 
and 7 = 0.75 

A9 = $&F?/v, pressure-gradient parameter 

P dynamic-viscosity coefficient 

Peff effective dynamic-viscosity coefficient 

Pt turbulent dynamic-viscosity coefficient 

U = p/p ,  kinematic-viscosity coefficient 

vt = pt/p,  turbulent kinematic-viscosity 
coefficient 

n i j  pressure-strain correlation tensor 

IIi j l ,  IIijz, IIzl, IIg2 parts of the modeled 

P 

gk 

Qc 

QW 

7- 

7-i j 

x1 

cp 

0, 

W 

0’ 

0” 

6 
- 
0 

pressure-strain correlation 

density 

Prandtl number for diffusion of k 

Prandtl number for diffusion of e 

Prandtl number for diffusion of w 

= l/w, turbulent time scale 

= - i i i i ij  , subgrid-scale stress 

correlating parameter for ONERA/CERT 
transition model 

viscous-dissipation function 

turbulent destruction of dissipation in 
6 equation 

= c / ( p k ) ,  a turbulence quantity 
proportional to the dissipation rate 
per unit kinetic energy 

deviation from Reynolds average 

deviation from mass-weighted average 

mass-averaged quantity or LES test- 
filtered quantity 

Reynolds-averaged quantity or LES grid- 
filtered auantitv 

Subscripts: 

aw adiabatic wall quantity 

D a damped quantity, usually because of 
wall proximity 

e boundary-layer edge quantity 

i ,  j, k, I ,  m tensor indices (summation over 
repeated indices is implied) 

lam a laminar-flow quantity 

max maximum 

sgs subgrid-scale quantity 

T total 

t turbulent 

to value at start of turbulent boundary 
layer 

value at point of “subtransition” t2  

W wall quantity 

00 free-stream quantity (upstream of shock 
if applicable) 

Acronyms: 

ERCOFTAC Europeon Research Community on 

DNS 

LES 

RANS 

RST 

RNG 

SGS 

SIG 

TS 

Flow Turbulence and Combustion 

direct numerical simulation 

large-eddy simulation 

Reynolds-averaged Navier-Stokes 

Reynolds stress transport 

renormalization group 

subgrid scale 

special interest group 

Tollmien-Schlichting 
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2 THE DOMAIN OF DEPENDENCE- 
FLOW FEATURES THAT AFFECT 
TRANSITION 

The location and length of the transition region is 
sensitive to a number of different flow features. Al- 
though the following summary is by no means com- 
plete, it describes the sort of phenomena that may 
require consideration in modeling the transition re- 
gion. 

2.1 Pressure Gradients 

Adverse and favorable pressure gradients affect both 
the onset of transition and the length of the transi- 
tion region. Large, favorable pressure gradients may 
even relaminarize an already turbulent flow [l]. Fa- 
vorable pressure gradients in a laminar flow lead 
to a delayed onset of transition and a more ex- 
tensive transition region (see [2]). The results of 
linear stability theory can explain the delayed on- 
set; Narasimha, Subramanian, and Badri Narayanan 
[3] suggest that these results can also explain the 
greater extent of the transition zone. Transition in 
attached boundary layers with adverse pressure gra- 
dients starts earlier, extends for a shorter distance, 
and is more two dimensional than transition in zero- 
pressure-gradient flows [4]. The formation of a lam- 
inar separation bubble in the flow raises the possi- 
bility of a free-shear layer instability that leads to 
transition. 

2.2 Compressibility 

Compressibility effects are important in several 
ways. The Mach number influences the mean flow 
of a boundary layer and the nature of the stability 
equations. At Mach numbers greater than approx- 
imately 2, an inviscid instability can have a signif- 
icant effect during transition. This instability has 
its critical layer far from the wall; hence, the typ- 
ical sequence of events observed for incompressible 
flows may not occur. In addition, as the fluctuation 
Mach number increases above 0.3, the resulting tur- 
bulence [5] becomes significantly different from that 
of the subsonic case. 

2.3 F’ree-Stream Disturbances 

F’ree-stream turbulence (vorticity), entropy (tem- 
perature) , and acoustic (pressure) disturbances are 
present in all flows to varying extents. In subsonic 
wind tunnels with turbulence generating grids, most 
of the disturbance is vortical (i.e., turbulent) in na- 
ture. In quiet subsonic (Tu < 0.1%) and in tran- 
sonic and supersonic wind tunnels, most of the free- 
stream disturbances are acoustic [SI. The type of 
free-stream disturbances in practical applications is 

likely to be quite dependent on the particular appli- 
cation. Bushnell [7] notes that subsonic powered air- 
craft are highly susceptible to acoustic disturbances 
radiated from the engine and airframe, while par- 
ticulates can be a source of vortical disturbances at 
altitudes up to 24 km. The turbine blades in a gas- 
turbine engine probably experience free-stream dis- 
turbances of all three types. 

2.4 Surface Roughness 

All surfaces have some degree of roughness. Joints 
and fasteners act as large, discrete roughness el- 
ements, while multiple scratches, insect debris, 
and material inhomogeneities all contribute to dis- 
tributed roughness. The effects of the surface imper- 
fections can vary dramatically [8] depending upon 
the characteristics of the roughness and the bound- 
ary layer at the location of the roughness. Large 
roughness elements can be a source of turbulence 
via a bypass mechanism. The bypass can occur at 
the roughness element or further downstream. The 
roughness can also act to enhance the primary in- 
stabilities or as a source of receptivity for these dis- 
turbances. 

2.5 Streamline Curvature 

The Gortler instability that develops in regions of 
concave wall curvature is fundamentally different 
from the usual viscous instabilities that initiate tran- 
sition on flat plates [9]. Instead of streamwise trav- 
eling waves, the Gortler instability manifests itself 
as pairs of counterrotating vortices. These vortices 
distort the time-averaged, streamwise-velocity pro- 
file long before the flow can be considered turbulent. 
Important differences in the physics of the transition 
process are possible in this case. 

2.6 Three-Dimensional Mean Flows 

Three-dimensional boundary layers are subject to in- 
viscid crossflow instabilities that result in both sta- 
tionary and traveling vortices in the flow. These in- 
stabilities are generally important near the leading 
edges of swept wings and on bodies of revolution at 
angles of attack [lo]. As with the Gortler vortices, 
the stationary vortices that are excited by the cross- 
flow instability can lead to significant distortion of 
the time-averaged flow quantities upstream of where 
the flow would be considered turbulent. 

2.7 Unsteady Mean Flows 

Flows on compressor and turbine blades are subject 
to the periodic impingement of turbulent wakes shed 
from the upstream blade row. This impingement 
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causes a turbulent “strip” to form across the span 
of the blade [l]. This strip of turbulence propagates 
downstream along the blade a t  a velocity less than 
that of the wake. Regions of wake-induced tran- 
sition typically are separated by a region in which 
a nominally steady, normal transition takes place. 
Hence, multiple modes of transition can be present 
simultaneously on the same surface. 

2.8 Surface Heating and Cooling 

The effects of surface heating and cooling on 
laminar-turbulent transition are varied. For sub- 
sonic flows, the effects of heating and cooling are a 
consequence of the temperature dependence of vis- 
cosity and of the effect of viscosity on the mean flow 
profile [ll]. Uniform heating in water boundary lay- 
ers tends to stabilize the flow by decreasing the vis- 
cosity near the wall; in air, uniform heating tends 
to destabilize the flow. However, Masad and Nayfeh 
[12] show that a heating strip placed somewhat up- 
stream of Branch I of the neutral stability curve can 
actually help stabilize an air boundary layer, pre- 
sumably because the boundary layer that is down- 
stream of the heating strip “sees” a relatively cooler 
wall. 

The heating and cooling phenomena are further 
complicated for supersonic flow. In supersonic flow, 
cold walls (the typical situation for a reentry ve- 
hicle) generally stabilize the first instability mode 
(the mode that continues analytically from the most 
unstable subsonic mode). However, at  Mach num- 
bers somewhat greater than 2, cold walls destabi- 
lize the higher modes (Mack modes [13]). Prelim- 
inary results (Masad, personal communication) in- 
dicate that the heating strips that are upstream of 
the Branch I neutral curves produce trends that are 
similar to those obtained with global cooling for the 
respective modes. 

For gas-turbine applications, the wall heating and 
cooling issue is probably of secondary importance. 
Experiments with high levels of free-stream tur- 
bulence (Tu > 1.6%) in a subsonic flow indicate 
that wall cooling affects neither the location nor the 
length of transition [14]. 

2.9 Mass I ~ e c t i o n  or Suction 

Mass injection is common on turbine blades, provid- 
ing a protective blanket of relatively cool air around 
the blade. Fluid is typically injected near the nose 
of the blade, where strong, favorable pressure gradi- 
ents are present. Mayle [l] reports that under these 
conditions, neither a laminar boundary layer nor a 
truly turbulent boundary layer exists, except per- 
haps much further downstream. In the presence of 
strong, favorable pressure gradients, the locally ex- 
cited turbulent regions near the injection slots can 

relaminarize and undergo a normal transition fur- 
ther downstream. 

The reverse process of wall suction is being used 
to help stabilize boundary layers in quiet flows and 
hence delay the onset of transition [15]. Optimiza- 
tion often involves the use of wall suction near 
Branch I of the neutral stability curve [12, 16, 171. 
Suction typically is not applied in the transition re- 
gion, so information is availableonly on the the onset 
of transition. 

2.10 Separated Flows 

Separated flows occur in adverse pressure gradients 
where the momentum of the fluid in the boundary 
layer is insufficient to  overcome the pressure gradi- 
ent. Boundary-layer separation is more common for 
laminar flows (which do not easily transport mo- 
mentum across the boundary layer) than for tur- 
bulent flows (which do transport large amounts of 
momentum across the boundary layer). Typically, a 
region of laminar separated flow will undergo tran- 
sition as a free-shear layer and then reattach as a 
turbulent flow. The length of the separation region 
can be either short or long; the short bubbles have 
only a local effect on flow, while the long bubbles 
interact extensively with the exterior flow and sig- 
nificantly modify the pressure distribution on the 
surface. Short bubbles may burst into long bubbles 
and possibly result in stall [l]. The limited data indi- 
cate that the transition lengths of both the long and 
short bubbles are essentially the same, with the dif- 
ference in the bubble length mainly due to the length 
of the unstable laminar shear layer [l]. Some experts 
have theorized that the long bubbles undergo a pri- 
mary instability while the short bubbles experience 
a bypass transition. 

3 MODEL CLASSIFICATIONS 

3.1 General 

Models for transitional flows can be categorized in 
a variety of ways (e.g., by the numerical technique, 
by the type of turbulence model, or by the kind of 
transitional flow modifications). Because the suc- 
cess or failure of any model for the transitional flow 
regime is strongly coupled to the scheme used to 
calculate the incipient turbulent flow, a classifica- 
tion matrix can help distinguish between aspects of 
the model that are related to the turbulent flow cal- 
culation method and those aspects that are specific 
to the transition region. In talde 1,  approaches for 
calculating turbulent flows are listed in the left col- 
umn. For direct numerical simulation (DNS), all 
relevant scales of motion are numerically resolved; 
the only modeling involved is that associated with 
the derivation of the Navier-Stokes equations and 
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I Linear combination I Algebraic I Differential I 
Direct numerical simulation I X I I x  I 
Large-eddy simulation 
Reynolds stress transport 
Two-equation transport 
One-equation transport 
Zero-equation transport 
Integral methods 

X 

X 

X 

X 

Table 1: Possible combinations of turbulence models (rows) with transition-region models (columns). 

the boundary conditions used. In large-eddy sim- 
ulation (LES), the large scales of motion are com- 
puted and the small scales are modeled. Four types 
of transport-equation models are listed, followed by 
integral methods. The higher order turbulence mod- 
els appear near the top of the matrix; the lower order 
models are near the bottom. The other columns in- 
dicate the type of transition-region model as classi- 
fied by Dey and Narasimha [18]. An z in the column 
indicates that a particular category of transition- 
region model is compatible with the corresponding 
turbulence model. 

In the remainder of this section, the general fea- 
tures of each class of turbulence and transition- 
region model will be discussed. Later sections will 
include more detail. 

3.2 Turbulence Models 

3.2.1 Direct Numerical Simulation and Large-Eddy 
Simulation 

Both the DNS and LES approaches require enor- 
mous amounts of computing resources, so these ap- 
proaches are usually used on a supercomputer. The 
DNS approach, which involves no explicit turbulence 
modeling, is entirely a research tool that enables 
scientists to better understand various aspects of 
the physics of turbulence and can be used to guide 
the development of turbulence models. In LES, the 
small scales of turbulence, which are assumed to be 
more universal in nature, are modeled; the large, 
energy-containing scales that are more flow specific 
are explicitly calculated. The models used for the 
small scales are called subgrid-scale (SGS) models. 
Unlike other types of turbulence models discussed 
below, the resultant equations for LES describe a 
fully time-dependent flow; the modeling only blurs 
the turbulent structures so that the small scales do 
not need to be calculated. A potential exists for the 
practical use of LES in the near future, although the 
high cost will restrict its use to  cases where lower 
order models are not expected to give satisfactory 
results. 

3.2.2 Statistical Turbulence Models 

Presently, statistical turbulence models are the most 
widely used turbulence-modeling schemes. Flow 
quantities are decomposed into mean and fluctuating 
parts and then substituted into the equations of mo- 
tion. These equations are averaged to produce a set 
of equations for the mean motion. Osborne Reynolds 
pioneered this approach [19] by temporally averag- 
ing the equations for incompressible flow; the resul- 
tant equations are known as the Reynolds-averaged 
Navier-Stokes (RANS) equations. These equations 
involve the mean flow quantities as well as correla- 
tions of the fluctuating quantities. The correlations 
appear in the equations of mean motion in the same 
way as the viscous stress terms appear; hence, these 
correlations are known as the Reynolds stresses. The 
various classes of models differ in how these correla- 
tions are approximated. 

Reynolds stress transport (RST) models involve 
transport equations for each of the six independent 
Reynolds stress components. This class of models is 
the most complex of the statistical turbulence mod- 
els, and the use of these models for engineering appli- 
cations is not yet commonplace, However, because 
the Reynolds stresses can independently respond to 
various flow conditions, this class of models can po- 
tentially be applied to a large variety of flows. This 
potential generality motivates much of the current 
research on these models. 

Eddy-viscosity models include a number of classes 
of models, all of which approximate the effect of the 
turbulence on the mean motion by modifying the 
coefficient of viscosity. The effective viscosity coef- 
ficient that is used in the computation of the flow 
field is the sum of the molecular viscosity p and the 
turbulent viscosity p:. The different classes of eddy- 
viscosity models are distinguished by the number of 
additional differential equations that are solved to 
determine p t .  Dimensional analysis suggests that p :  
is the product of the density, a velocity scale, and 
a length scale. The local mean density is almost 
always used, leaving the velocity and length scale 
still to be determined. Two-equation models solve 
differential equations to determine these two scales. 
One-equation models solve a differential equation for 
the velocity scale and use algebraic relations to de- 
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termine the length scale. Zereequation models use 
algebraic relations to  determine both the velocity 
and length scales. More detail on all of these model 
classes will be given in Section 4. 

9.2.9 In2 egral Methods 

In integral methods, an ordinary differential equa- 
tion is solved for the momentum thickness 0 in terms 
of the skin-friction coefficient Cj , the displacement 
thickness 6*, the boundary-layer edge velocity, and 
body curvature. For flows with heat transfer, an- 
other equation is required that involves the Stanton 
number St, the enthalpy thickness, the free-stream 
and wall temperatures, and the'body geometry. Ap- 
proximate relationships between the variables are 
substituted into the equations. The equations are in- 
tegrated in the downstream direction. These meth- 
ods are computationally quite efficient, but are ac- 
curate only for those flows in which the assumed 
relationships are appropriate. Of the 20 integral 
methods that competed in the 1968 Stanford Con- 
ference [20, 211, only four received an evaluation of 
"good" after they were tested for 16 different tur- 
bulent flows. In spite of their limited generality, in- 
tegral methods provide good skin-friction and heat- 
transfer predictions for well-studied flows of engi- 
neering interest. See White [22] for more details. 

3.3 Transition-Region Models 

3.9.1 Linear-Combination Models 

Linear-combination models are based on the 'as- 
sumption that the transitional flow is composed of 
intermittent spots of turbulence in an otherwise fully 
laminar flow. Under this assumption, the time- 
averaged flow field is a linear combination of the 
laminar flow and a fully turbulent flow that origi- 
nates where transition starts. The relative amounts 
of laminar and turbulent flow in the linear combina- 
tion are governed by the intermittency 7, which is 
defined as the fraction of time that the flow is tur- 
bulent. The most difficult aspect of this approach is 
the determination of an appropriate distribution for 
the intermittency. An important feature of this type 
of model is that i t  can be coupled with any method 
of calculating the laminar and turbulent flows. The 
basic assumption of the model (i.e., the coexistence 
of fully laminar and fully turbulent states) has been 
questioned by some investigators who claim that the 
transition region, at least in some flows, is more com- 
plicated than a simple mixture of laminar and tur- 
bulent flows. 

3.3.2 Algebraic Models 

Algebraic models are designed to  be incorporated 
into turbulence models that use an eddy-viscosity 
assumption. They involve a modification of the ef- 
fective viscosity so that 

P e a  = P +  7 t P t  (1) 
where ~t is a transition function equal to  zero be- 
fore the start of transition and equal t o  l at the 
conclusion of transition. Different models use var- 
ious functions to  represent 7:. Some models have 
7t approximate the flow intermittency 7 (see [23]); 
in other models [24] 7t is greater than 1 in parts 
of the transition region and so cannot represent the 
true intermittency. The use of algebraic models is 
convenient because these models involve very minor 
modifications to  existing eddy-viscosity models. 

3.3.3 Differential Models 

Differential models address the issue of transition in 
the fundamental differential equations. The transi- 
tion phenomena are often addressed simultaneously 
with other low Reynolds number modifications used 
in many of the turbulence models that  use transport 
equations. 

4 FULLY TURBULENT FLOW MODELS 

In this section models for fully turbulent flow will 
be discussed. The particular models have been cho- 
sen because either they clearly illustrate important 
points about a group of models or they have been 
incorporated into a transitional flow model that is 
discussed in the next section. 

Standard Cartesian tensorial notation is used; re- 
peated indices imply a summation. Tensor indices 
are restricted to  the letters i ,  j ,  k, I ,  and m. All 
other subscripts clarify variable meanings. Where 
specific variable directions are needed, the subscript 
1 indicates the streamwise direction; the subscript 2, 
the wall-normal direction; and the subscript 3, the 
spanwise direction. 

4:l Basic Equations 

For a Newtonian fluid, when the Stokes hypothesis is 
assumed, the Navier-Stokes equations can be written 

a P  = pgi - - 
at a x j  Bxi 

a(pui )  + a(puiuj)  

subject to  conservation of mass 

(3) 
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and conservation of energy 

Dh Dp a 
P E  = + ( k t h E )  + a  (4) 

where ui is the velocity; p is the pressure; gi 
is a body force; p is the coefficient of viscosity; 
6i j  is the Kroneker-delta; h is the specific en- 
thalpy; kth is the thermal conductivity; and iP = 
( a u i / a x j ) p  [aui laxj  + auj/axi - 2 / 3  (6ijaui/axr)] 
is the viscous dissipation function. For the remain- 
der of this work, the body force will be neglected, 
although it could be retained if it were important in 
a particular application. 

There are two common ways to decompose the flow 
variables, depending upon whether the flow must be 
treated as compressible. For incompressible flow, the 
standard Reynolds decomposition is 

f = f + f '  ( 5 )  

where f is the flow quantity, f is the average, and 
f' is the fluctuation. The average can be either 
a temporal average or an ensemble average. With 
Reynolds averaging, the average of a fluctuating 
quantity is zero; hence, 

- 
f' = 0 (6 )  

The other common way to decompose the flow field 
is through the use of massweighted averages such 
that 

where - 
f 3 j +  f" (7) 

(8) 

pf" = 0 (9) 

f" # 0 (10) 

f-: - P f  
P 

- Note that 

- but that 

To keep the presentation of the modeling concepts 
unencumbered by algebraic messiness, unless specif- 
ically stated otherwise, the models will be discussed 
in their incompressible, isenthalpic form. Hence, the 
Reynolds-averaged equations can be written as 

aii, - = o  
a x  k 

- 
The Reynolds stress is easily identified as - p i $ .  
Especially with an incompressible flow, mass-specific 

quantities are commonly used; hence, the term 
"Reynolds stress tensor" - is often used to refer to 
the velocity correlation -U:.;. This convention is 
used in this report so that, for incompressible flow, 
the turbulent kinetic energy is defined as 

1- k 3 -u!u! 
2 "  

and the true dissipation rate of k is 

The symbol c is often defined as 

and the additional term associated with the dissi- 
pation rate v(aui/azi) (au$/az i )  is combined with 
viscous work terms in the kinetic energy equation to 
form the kinetic energy diffusion term ua2k /dx iax i ,  
as is done here. Although c is commonly called the 
turbulent dissipation, Hinze [25] points out that this 
is the true dissipation only in homogeneous turbu- 
lence. For compressible flows, the dissipation is con- 
siderably more complicated. The additional com- 
plexity will not be addressed in this paper. 

With the above background information, some sim- 
ple turbulence models will be examined. 

4.2 Eddy-Viscosity Turbulence Models 

In eddy-viscosity models, the Reynolds stress tensor 
is approximated as 

where 

(17) 

is the mean-flow strain rate and the last term on the 
right is needed for consistency with the definition of 
k .  

4.2.1 Algebraic or Zero-Equation Models 

In zero-equation turbulence models, an algebraic re- 
lation is used to determine the eddy viscosity. A 
mixing-length hypothesis suggests that the eddy vis- 
cosity take a form like: 

Pt - 4  
P 
- = Vt = 1; (SijSij)  

where Io is a length scale obtained from an algebraic 
formula. The length scale represents the distance 
traveled by a hypothetical lump of fluid before that 
lump transfers its momentum to another lump of 
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fluid. This level of modeling implies that the mean 
motion is unaffected by the turbulence intensity k .  
Two common zero-equation models are the models 
of Cebeci and Smith [26] and Baldwin and Lomax 
[27]. The Cebeci-Smith model generally works well 
in subsonic, equilibrium turbulent boundary layers. 
Many modifications to the model have extended the 
useful range of the model to a large variety of flows. 
The Baldwin-Lomax model was specifically designed 
to handle transonic and supersonic separated flows 
over airfoils. Both are two-layer models. In the 
Baldwin-Lomax model, the mean vorticity magni- 
tude is used instead of the mean strain rate, although 
for two-dimensional boundary layers this substitu- 
tion makes little difference. Major differences be- 
tween the models exist in their treatments of the 
outer layer. As an example of a zero-equation model, 
consider the variation of the Cebeci-Smith model de- 
scribed in [28] .  In the inner layer, 

where K is the von Karman constant (M 0.41), y is 
the vertical distance from the surface, and A is a 
damping coefficient such that 

The friction velocity is us ,  and 

is a nondimensional pressuregradient parameter. 
The subscript e denotes a quantity evaluated at the 
boundary-layer edge. The mixing length 10 is pro- 
portional to the distance from the wall. Close to 
the wall, the forces of molecular viscosity and the 
impermeability of the wall significantly reduce the 
turbulent shear stress and, through equations (16) 
and ( 1 8 ) ,  the mixing length. The near-wall damp- 
ing of the length scale is an important feature of 
many models; the complicated forms taken by some 
damping functions indicate efforts by modelers to 
account for various effects. Here, in addition to a 
van Driest damping, adjustments have been made 
to account for mean-flow pressure gradients. In the 
outer region of the boundary layer pt is given by 

pt = 0.0168 fl  l l w ( u e  - u)dyl (22) 

when the momentum-thickness Reynolds number 
Re6 is greater than 5000. The quantity 7 is an edge 
intermittency factor that smoothly reduces the eddy 
viscosity to zero outside the boundary layer. An 
Repdependent correction to the value of 0.0168 is 
applied when Reo < 5000. The switch from inner 
to outer expression for eddy viscosity occurs at the 
smallest value of y at which the two expressions are 
equal. A typical distribution for the eddy viscosity, 

normalized by the molecular viscosity, is illustrated 
in figure 1. Note the discontinuous slope where the 
inner and outer models match. 

* O O c  

150 - 
- 

100 - 
Pt'P - 

50 - 

0 .5 1 1.5 

Figure 1: Typical profile of turbulent eddy viscosity 
through boundary layer. 

4.2.2 One-Equation Models 

In a oneequation model, a transport equation is 
solved for the turbulent kinetic energy. The velocity 
scale in the eddy viscosity is the square root of the 
turbulent kinetic energy, so 

pt = put = c,jjk*ll (23) 

where 11 comes from an algebraic formula. For in- 
compressible flow, the exact transport equation for 
k is 

d k  -diii = -u!u! - - f d k  - + i i i -  at axi ' J d X j  

(24) -- a (-u..w+- i -  +v- a2k axi 2 k k i ") P d x j  a x ,  

Unfortunately, some terms on the right side of equa- 
tion (24) are not known and must be modeled. 
The turbulent transport is modeled by a gradient- 
diffusion hypothesis such that 

The dissipation term is also modeled, typically in a 
form 

C ' k ;  
11 
- 

Two distinct one-equation approaches are particu- 
larly relevant to transitional flows. 
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The Norris and Reynolds Approach: The Norris 
and Reynolds [29] model was developed in the early 
1970’s and then largely left unused until Rodi and 
his co-workers [30] a t  the University of Karlsruhe 
began using the model as part of a two-layer model. 
More details of the two-layer model will be discussed 
in the context of two-equation models. 

The version of the Norris and Reynolds model that 
is used by the Karlsruhe group [30] is derived from 
the basic definitions for eddy viscosity (equ. (23)) 
and turbulent kinetic energy (equ. (24)) with the 
gradient-diffusion approximation for the pressure- 
velocity and triple-velocity correlations (equ. (25)). 
For consistency with the log layer, the constant c, 
in equation (23) is the square of twice the structure 
parameter 2a = -u’u‘/k. For turbulent boundary 
layers in local equilibrium, experiments suggest that 
2a = 0.3; hence, c, = 0.09. The constant Uk in 
equation (25) is 1.0. The length scale 11 varies lin- 
early in the log-law region of the boundary layer (i.e., 
11 = cry). As in the Cebeci-Smith model, a near-wall 
(or perhaps more accurately, a low Reynolds num- 
ber) damping is applied to the length scale. Different 
damping functions are used for pt and c, so that 

- 

pt = pvt = c,pk41, (27) 

is the eddy viscosity and 

k t  
I, 

€ = -  

is the dissipation, where 

1 , = 1 1  1-exp  --- [ ( 31 (29) 

and 
11 

I ,  = (1+g) 
are the damped length scales. 
Reynolds number 

The wall-normal 

often appears in low Reynolds number damping 
functions. For conformity with the log-law layer, 
cr = KC,, where IC is the von Karman constant. 
The Karlsruhe group chooses A, = 50.5 and A+ = 
25. Rodi I311 points out that the I ,  distribution is 
not in agreement with the DNS data very near the 
wall; however, this disagreement is unlikely to cause 
difficulties in computing quantities of engineering in- 
terest. Unlike ,many more complicated models, this 
model performs well under adverse pressure gradi- 
ents [32]. 

-314 

The McDonald and Fish Route: In the early 1 9 7 0 ’ ~ ~  
McDonald and Fish [33] modified the one-equation 

model of McDonald and Camarata [34]. In both 
works the turbulent kinetic energy was integrated 
across the boundary layer; this integration elimi- 
nated the need to model the pressure-velocity and 
triple-velocity correlations and simplified the solu- 
tion procedure. Algebraic models were developed for 
the remaining correlations. The structure parameter 
a was tuned for transitional flow. The model simu- 
lated the transition process in a variety of cases; the 
best comparisons to specific experiments occurred 
when the values used by the authors for free-stream 
turbulence and wall roughness differed from those 
values given by the experimenters. Shamroth and 
McDonald [35] made some adjustments to  adapt the 
model for use in hypersonic boundary layers. Some- 
times the agreement with experimental data was 
good and sometimes not. The modern importance of 
this model is largely due to  the recent resurrections 
of various aspects of the methodology. 

Mavrantonakis and Grundmann [36] use many of 
the same closure assumptions as McDonald and 
Fish [33]; however, the differential (rather than in- 
tegrated) form of the k equation is employed. The 
typical gradient-diffusion model (equation (25) with 
61. = 1) is used for the pressure-velocity and triple- 
velocity correlations. When the definition of the 
structure coefficient is used, the eddy viscosity is 

where the subscript D indicates streamwise damp- 
ing. This use is consistent with equation (23) if 
11 = lpct/tc and cl and c,, are defined the same way 
as they were defined in the Norris and Reynolds ap- 
proach. 

The mixing-length variation across the boundary 
layer is adapted from McDonald and Camarata [34] 
as 

& (/,,)e tanh [“I [l.O-exp (-$-)I (33) 
6 - 6  (1, )e 

where the last expression in the brackets damps the 
length scale in the sublayer. Here y+ = y u , / v  where 
ur is the friction velocity and 

(34) 

The streamwise evolution of the length scale at 
the boundary-layer edge is taken from Deyhle and 
Grundmann [37] as 

This expression must be solved iteratively. 

Unlike other models that will be considered, e in this 
case represents the true dissipation rate of I C ,  which 
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for incompressible flow can be written as 

In other models, the second term is combined with 
viscous work terms to  form va2k /bx idx i .  For this 
particular model (and for other models in which e is 
defined this way), the turbulent kinetic energy equa- 
tion must be written 

The underlined term in equation (37) must also be 
modeled. Deyhle and Grundmann [37] account for 
this extra term, although the term is omitted in the 
more recent work of Mavrantonakis and Grundmann 
[36]. In either case, the two terms that make up 6 

are modeled separately as 

where 
f, = 1 - exp (-0.011894) (40) 

is a low Reynolds number damping of the dissipa- 
tion, nj is the wall-normal unit vector, and 1 , ~  is the 
streamwise damped dissipation length scale. The 
nondimensional dissipation length scale is the same 
as that used by McDonald and Camarata [34], such 
that 

1, - = 0.1 tanh 5 
Intuitively, the term v d 2 m / & k a X i  in the dissipa- 
tion should be modeled the same way as the under- 
lined term in equation (37); however, Deyhle and 
Grundmann [37] model the two terms differently. 
Interestingly, Mavrantonakis and Grundmann [36] 
have traced some discrepancies in their skin-friction 
predictions to  the dissipation rate, although they 
have not associated the problem with the inconsis- 
tency in their turbulent kinetic energy equation. 

The transition process is largely accounted for by the 
streamwise damping functions. The damped struc- 
ture constant is 

a g  = [ 1.0-exp ( - c z g ) ]  a (42) 

and the damped dissipation length is 

1 , ~  = [ 1.0 - exp (-clJq] I ,  (43) 

where c1 and c2 depend on the free-stream turbu- 
lence level. 

The model has been tested for flat plate and adverse- 
pressure-gradient boundary layers with Tu  % 1.2% 
with a high degree of success; howeyer, the re- 
sults were not as encouraging for a three-dimensional 
boundary-layer case. A one-equation model is an ef- 
ficient design tool, but this particular model needs 
further development with a more solid foundation 
for the dissipation rate. 

4.2.3 Two-Equation Models 

In two-equation models, transport equations are 
solved for both the velocity and length scales used 
to form the eddy viscosity. As in the one-equation 
model, the turbulent kinetic energy is used almost 
universally to obtain the velocity scale. A number 
of different approaches exist to determine the length 
scale. The most popular approach is to develop a 
transport equation for the dissipation E ,  because e 
appears explicitly in the k equation anyway. Various 
forms of the k - e model will be discussed below. An 
alternative approach involves a transport equation 
for the turbulent time scale T so that the turbulent 
length scale is proportional to k 1 I 2 r .  Speziale, Abid, 
and Anderson [38] have recently developed such a 
model; however, the model has been tested on only a 
small group of flows. Yet another choice is to develop 
a transport equation for w ,  which is proportional to 
the dissipation rate per unit kinetic energy. Efforts 
to develop k - e and k - w models that are suitable 
for transition are underway; this section will focus 
on some details of these models for fully turbulent 
flow. 

k - e Models: In this approach 

(44) 

and the eddy viscosity can be written as 

1 k 2  
(45) pt = P v ~  = p ~ ~ k . 2 1 2  = Pcp fp- 

€ 

The function f, has been included in anticipation of 
the need for a low Reynolds number damping func- 
tion, as in the one-equation model. The exact equa- 
tion for e for incompressible flow is 

where the production of dissipation is 
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the turbulent diffusion of dissipation is 

and the turbulent destruction of dissipation is 

The last three terms of the E equation need to be 
modeled. In the k equation, the turbulent diffu- 
sion of kinetic energy is approximated by a gradient- 
diffusion model. The same can be done for the tur- 
bulent diffusion of dissipation, such that V, is ap- 
proximated as 

where uc is a constant. 

The production of dissipation is modeled as 

where c1 is a constant, and f1 is a damping func- 
tion. To obtain this form, the production of dissipa- 
tion was assumed to be proportional to the produc- 
tion of turbulent kinetic energy. Recently, Speziale 
[39] showed that the same expression for P, can 
be obtained by the less stringent assumption that 
the production of dissipation is governed by the 
level of anisotropy in the Reynolds stress tensor 
and the mean-velocity gradients. The leading order 
term in a Taylor-series expansion for small turbulent 
anisotropies and short turbulent time scales leads to 
equation (51). 

Dimensional analysis suggests that the destruction 
of dissipation should be modeled as 

where c2 is a constant, and f 2  is another damping 
function. Without any damping functions, this ex- 
pression is singular at a solid surface because IC (but 
not E )  goes to zero. 

The value of the dissipation a t  a solid surface is 
2 

Ely=o = v [(ay+ e) a”’),] (- =2v(g) ay y=o y=o 

(53) 
which is difficult to handle numerically because the 
boundary condition depends on the solution to the 

k equation. Several investigators get around this 
numerical difficulty by splitting the dissipation (i.e. 
E = Z+ D where Z satisfies a homogeneous condition 
at the wall and D is a function that equals the wall 
value of the dissipation and goes to zero away from 
the wall). Additionally, an empirical source term E 
is sometimes added to the dissipation equation to 
increase the dissipation in certain areas of the flow. 

When all of the pieces are put together, the standard 
incompressible k - E model equations are 

with: 

and 

In a comprehensive overview of the early k - E mod- 
els, Launder and Spalding [40] presented what have 
become fairly standard values for the various con- 
stants: c,, = 0.09, c1 = 1.44, c2 = 1.92, Uk = 1.0, 
and uc = 1.3. The constant c,, was determined by 
the requirement for a constant stress region; c1, by 
the value of the von Karman constant; c2, by com- 
parison to  experimental results of the decay of grid 
turbulence; and u k  and U,, by computer optimiza- 
tion. Launder and Spalding [40] avoid low Reynolds 
number, near-wall problems by not actually inte- 
grating the equations to the wall. Rather, Launder 
and Spalding assume a functional form of the solu- 
tion in the near-wall region and match that with the 
solution at some point sufficiently far from the wall 
where the near-wall effects are negligible. 

Jones and Launder [41] addressed the low Reynolds 
number and near-wall difficulties by using damp- 
ing functions to multiply the standard values of c,, 
(which multiplies the eddy viscosity) and c2 (which 
multiplies the singular term in the E equation). Jones 
and Launder chose 

and 
f 2  = [1.0 - 0.3exp (-%)I (59) 
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where the turbulent Reynolds number is RT = 
k2 / (Zv ) .  They split the dissipation E = Z +  D and 
used 

2 

D = 2v (z) 
as well as a source term 

In the computed transition problem, transition oc- 
curred too abruptly at a Reynolds number that was 
too low. A minor variation of the Jones and Launder 
model was developed by Launder and Sharma [42], 
in which the damping function f,, was changed to 

This change improved the performance of the model 
dramatically. 

Lam and Bremhorst [43] developed a different set 
of wall functions to  deal with low Reynolds number 
effects in the k - E model. Their expression, 

f,, = [I - exp (-0.01654,)12 (1 + """> 
was found by Patel, Rodi, and Scheuerer [44] to  be 
a good approximation in the viscous region; how- 
ever, the choice of f2 = l - exp(-R$) did not 
lead to the proper exponent for the final stages of 
decay of isotropic turbulence. The function fi = 
1 + (0.05/f,)3 increased the dissipation and hence 
decreased the peak value of k in the near-wall re- 
gion. The wall-boundary condition on the dissipa- 
tion was taken from the k equation at the boundary 
(i.e., clY=o = v ( O 2 k / a y 2 )  lY=o). Patel, Rodi, and 
Scheuerer [44] found that 

yielded almost identical results to those obtained 
with the use of the more complicated boundary con- 
ditions. Rodi and Scheuerer [17, 451 used this sim- 
plified boundary condition in their transitional flow 
calculations and obtained reasonably good agree- 
ment with experimental measurements. However, 
like Jones and Launder [41], they found that the 
transition region was often too short. 

In their two-layer model, Rodi and his coworkers 
[30, 31, 46, 47, 481 only use the k - E model away 
from the wall region to avoid some of the near-wall 
problems associated with the k - 6 model. Near the 
wall, the one-equation model of Norris and Reynolds 
[29] is used. This approach reduces the need for high 
resolution very near the wall, but is more empirical 
because the length-scale distribution must be pre- 
scribed algebraically. In addition, the two models 

must be matched a t  some distance from the wall. 
More details of this model will be described later 
when transitional flow modifications are discussed. 

k-w Models: As seen above, the E equation has two 
important difficulties: the lack o f  natural boundary 
conditions for at the wall and the singularity of the 
r 2 / k  term at the wall. Opportunities to resolve these 
problems are possible when the equation is recast in 
a different form. 

Wilcox [49] reviews the history of k. - w models from 
1942 until 1991. For the model that is discussed 
here, Wilcox [50] specifically assigns 

where p' is a proportionality coefficient. The mod- 
eled forms of the k equation and w equation are then 
written 

with 
a'k 

vi = - 
W 

The coefficients 61 and U, are both set equal to 2. 
In the high Reynolds number version of the model, 
a = 5/9, a* = 1, p* = 9/100, and /3 = 3/40. Ac- 
cording to Wilcox [49], even though the asymptotic 
behavior as y + 0 is not correct (21" - y4 rather 
than - y"), this model predicts the mean- 
flow profiles for adverse-pressiire-gradient flows bet- 
ter than k - E models. Wilcox [49] believes that the 
proper behavior in the defect layer is more impor- 
tant than in the sublayer. Additional modifications 
for transitional flow will be discussed later. 

Summary of Two-Equation Turbulence Models: A 
limited sample of the rich variety of two-equation 
turbulence models is offered above. Much of the 
diversity in these models is generated by the low 
Reynolds number forms of k - E models. To sort 
through the numerous possibilities, Patel, Rodi, and 
Scheuerer [44] evaluated eight different two-equation 
low Reynolds number turbulence models. The de- 
sired mathematical properties of the models, as well 
as their actual performance on four carefully chosen 
test cases, were discussed. 

The low Reynolds number functions f,,, f i ,  f2 ,  D, 
and E are incorporated into the modeled equations 
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for different reasons. The reduction in the shear 
stress by the function f, as the wall is approached 
is the result of two independent phenomena: the di- 
rect action of molecular viscosity and the near-wall 
influence on the fluctuating pressure. The second 
phenomenon is actually independent of viscosity and 
should not be correlated with RT, 4, or y+. How- 
ever, because the separation of the two effects in the 
resulting shear stress is difficult, the effects are usu- 
ally modeled together. Experimental evidence sug- 
gests that f,, should asymptote to unity by y+ = 60, 
although all models tested asymptoted beyond this 
point. The functions fi and f2 control, respectively, 
the near-wall changes in the production and destruc- 
tion of E. The presence of fl increases E in the vicin- 
ity of the wall. The additional function E is used 
for a similar purpose. The presence of f2 is occa- 
sionally required to stabilize the numerical solution 
of the equation as k 0, in which case f2 oc y2 
near the wall. The use of an alternative dissipation 
function C = E - D, where D # 0 (as in the Jones 
and Launder model), sometimes eliminates this dif- 
ficulty (typically at the cost of introducing an accu- 
racy problem right near the wall, because ? usually 
varies much more rapidly than E in the wall region). 
The function f2 is based on an experimentally ob- 
served change in the decay law of isotropic turbu- 
lence from k oc x-1 .25  to k oc x-2.5 as the turbulence 
intensity RT decreases. The effect of f2 should be 
restricted to low RT (typically RT < 15). 

The computations performed by Patel, Rodi, and 
Scheuerer [44] revealed that some models did not 
produce results consistent with experiments even for 
the zero-pressure-gradient test case. An analysis of 
the near-wall behavior of several turbulence quanti- 
ties suggested that the constants and damping func- 
tions used in those models (Hassid-Poreh [51], Hoff- 
man [52], Dutoya-Michard [53], and Reynolds [54]) 
restricted their generality. The models of Launder 
and Sharma [42], Chien [55], Lam and Bremhorst 
[43], and Wilcox and Rubesin [56] performed much 
better, although even these needed improvement. 
Patel, Rodi, and Scheuerer suggested that 

1. The damping function f, be chosen to agree 
with available experimental data and its effects 
restricted to the sublayer and buffer zones. 

2. The functions fl and f2 in the dissipation-rate 
equation should be mathematically consistent 
with the required near-wall behavior. 

3. All functions and constants should be fine-tuned 
to reproduce the basic features of wall-bounded 
shear flows in a variety of pressure gradients. 

Finally, Patel, Rodi, and Scheuerer [44] note that 
modifications to the high Reynolds number versions 
of most models will be required to handle adverse- 
pressure-gradient flows. 

4.3 Reynolds Stress Transport Turbulence 
Models 

Most two-equation models have trouble with stagna- 
tion flows because the turbulent energy production 
is dominated by the normal, rather than the shear 
stresses, and the normal stresses are typically not 
calculated properly with an isotropic eddy-viscosity 
model. In addition, two-equation models do not con- 
sider the effects of curvature and rotation (and body 
forces in general) on the turbulence structure, which 
creates the need for a higher level of modeling. 

The Reynolds stress transport (RST) models are 
also known as Reynolds stress closures, second-order 
closures, and second-moment closures. The term 
Reynolds stress transport will be used here. These 
models do not assume an eddy viscosity, but rather 
use transport equations for all of the terms of the 
Reynolds stress tensor. For incompressible flows 

where the production of turbulent stress is 

the pressure-strain correlation is 

the dissipation-rate correlation is 

and the turbulent-stress-diffusion correlation is 
- -  

c i j k  u:usu; + p ' U i 6 j k  + p ' v s 6 i k  (73) 

As an example of an RST closure, the model pre- 
sented by Savill [57] will be considered. The model 
contains many features of the model developed by 
Kebede, Launder, and Younis [58]. As is often done, 
a gradient-diffusion hypothesis is used to model the 
turbulent diffusion of turbulent stress 

(74) 

Note that this choice is not symmetric with respect 
to an interchange of either i or j with k. Launder 
and Shima [59] use the same approximation for this 
term and point out that the choice is made for com- 
putational convenience rather than accuracy. Be- 
cause of the relative unimportance of diffusive trans- 
port, Launder and Shima [59] maintain that the er- 
rors are unlikely to have a significant effect. The 
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modeled dissipation-rate correlation is 

2 
€ij = : 6 i j ~ ( l  - f a )  

€ - -  - 
+faF; ( U:.: + uiuknknj + uiuinkni 

- 6ij G n  k n 1) (75) 

where 1 

1 
fa = - 

l + %  

is a function that goes to one with low turbulence 
Reynolds numbers and goes to  zero with high tur- 
bulence Reynolds numbers. The function 

F =  - (77) 
1 

1 + 2.5$ 

ensures that the tensor contracts properly. The 
long expression, multipled by fa F, yields the proper 
limiting behavior as the wall is approached. The 
pressure-strain correlation is modeled with four 
terms: 

Uij = nij1+ U;1 + Uij2 + n;2 (78) 

Here, 

where - ai, = (uiu'. - 2/36ij k ) / k  is the anisotropic 
part of the Reynofds stress and 

nij1 = -clcaij (79) 
- 

Ujj2 = -c2 (Pij - 

models the fully turbulent portion of the pressure 
strain. The wall functions U!1 and Ug2 are only 
important near solid boundaries, where they redis- 
tribute velocity fluctuations from those normal to 
the wall to those parallel to the wall. These func- 
tions are modeled as 

and 

ut2 = cy (nk,znI:n,~i - Znjkznknj 3 

- -II. 2 'k2 n n .  ' ) f (82) 
3 

where the near-wall damping function is f = 
k 3 / 2 / ( ~ ~ 2 )  with 1 2  equal to the distance to the wall. 
The recommended constants are c1 = 1.8, c2 = 0.6, 
cy = 0.5, and cy = 0.3. The dissipation-rate equa- 
tion used is 

with 

z = € - 2 V ( $ )  ($) (84) 

and wall damping functions 

f1 = max [' (2.0 - -) , 1 ]  (85) 
CCl 

f2  = min [ 1 - 2 exp ($) ,201 (86) 

An additional source term for dissipation is included. 
This source term accounts for the third term on the 
right side of equation (47) and takes the form 

where the damping function fp is the same as that 
used in the Launder and Sharma [42] near-wall k - E  

model: 

The constants used are cL = 0.15, ccl = 1.275, 
cz2 = 1.8, and cc3 = 0.25. Some constants and 
functions have been developed with thought to  the 
physics, or a t  least the statistics, of turbulent flows; 
however, many are ad hoc and have been opti- 
mized by comparisons of mean-flow features of com- 
puter calculations with specific experimental results. 
Therefore, the generality of the model is somewhat 
questionable. However, this model performs well for 
transitional flows and is discussed in Section 6. 

4.4 Large-Eddy Simulation 

In large-eddy simulation, the large-scale quantities 
are defined by a filtering operation 

f = f + f '  (89) 

where 
- 
f ( x ,  t )  = / f (x* , t ) G ( x ,  x* )dx*  (90) 

The integral is extended over the entire spatial do- 
main, and G is a filter function. Unlike the RANS 
equations, the overbar here represents the time- 
dependent ,large scales of motion rather than a time 
average or an ensemble mean. Primed quantities de- 
note a SGS component of the flow. For the incom- 
pressible isenthalpic case, the filter applied to the 
Navier-Stokes equations (equ. (2)) and the continu- 
ity equation (equ. (3)) yields the filtered equations 

(91) 
dui d(Ujiij) d p  dTij 1 a2uj + -- -+-- - -- - - 
dt d ~ :  j d ~ i  dxj Re dxj dxi 
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and where G is the grid filter, and 

j (x)  = J f(X’)6(X, x’)dx’ (97) 

where e is the test filter. All integrations are per- 
formed over the entire computational domain. The 
test filter corresponds to  a coarser mesh than the 
grid filter. The combination filter G = 6G also can 
be applied to the original equations of motion. This 
application results in an equation similar to the one 
that describes the large eddies; however, the overbar 
terms now have an additional tilde on top and the 
SGS stress is now written as 

(98) 
- - -  zj = uiuj - uicj 

The smallest of the resolved stresses are represented 

L.. - E?. - 6.6;. ‘I - ‘UJ I J (99) 

(100) 

by 

which can also be written as 
L.. - T. 

IJ - ij - Tij 

When a Smagorinsky model is used for both T j j  and 
rjj, the anisotropic parts of T,, and rjj are 

6.. = 2 t  = 
zj - (T)Tkk M Mjj = -2CaA SSjj (101) 

and 
Tjj - ( 3 ) T k k  6i j M mij = -2c,A2S$j (102) 

yhere A and h are the filter widths associated with 
G and G, respectively. When equation (100) is . con- 
tracted with sij and the modeled expressions are 
used, 

diii - = o  
dxi 

where a reference length and velocity have been used 
to nondimensionalize all quantities and produce the 
Reynolds number. The SGS stress 

is not known and must be modeled. Note that 
although the large-eddy equations of motion look 
much like the Reynolds-averaged equations, the 
meaning is different. In the Reynolds-averaged equa- 
tions, the computed mean quantities are a time aver- 
age or an ensemble average. In either case, all of the 
turbulent motion is buried in the Reynolds stress. 
However, in LES, the averages are spatial averages 
where the modeled parts are those motions that oc- 
cur on scales that are too small to be resolved on the 
grid. In a properly performed LES, all important 
temporal variations in the flow are explicitly calcu- 
lated, this includes the evolution of the turbulent 
motion (i.e., the large eddies). Traditional thinking 
assumes that the SGS features simply transfer en- 
ergy to higher wave numbers where the energy can 
be dissipated. A common approach is to employ an 
eddy-viscosity model for the small scales so that the 
modeled SGS stress can be written as 

where k,, is the SGS kinetic energy and si, is the 
large-scale strain-rate tensor. A Smagorinsky [60] 
model is typically used for the eddy viscosity to  yield 

ut = C,A2S (95) 

where S = Jm, A is a length scale which is the 
geometric mean of the grid spacings in the three co- 
ordinate directions, and C, is the square of the usual 
Smagorinsky coefficient. Although C, has tradition- 
ally been taken as a constant, no necessity exists for 
it to be constant, nor must it be positive everywhere 
as was the original Smagorinsky constant. In fact, 
recent DNS work done by Piomelli, Cabot, Moin, 
and Lee [61] suggests that energy transfer from the 
subgrid scales to the large scales occurs at nearly as 
many grid points as does energy transfer from the 
large scales to  the subgrid scales. Of course, for any 
statistically steady turbulent flow, the net energy 
transfer must be from the large scales to the subgrid 
scales; however, the energy transfer can also be in 
the opposite direction. This phenomenon is known 
as backscatter. Germano, Piomelli, Moin and Cabot 
I621 used this insight to  develop the “dynamic sub- 
grid scale model” for LES. In this model, two filter- 
ing operators are used: 

(96) 
- 
f ( x )  = J f(X’)C(X, x’)dx‘ 

is obtained, which can be solved for the Smagorin- 
sky coefficient C,. However, because the quantity 
in parentheses can become zero, in practice C, is 
assumed to be a function only of the wall-normal 
distance and time. Planar averages are used for the 
terms in the parentheses. This model has been used 
with some success in both fully turbulent and tran- 
sitional flows. 

The model has been extended to  compressible flow 
by Moin, Squires, Cabot, and Lee [63]. The density 
must be included in the stress tensors, and an SGS 
heat-flux vector 

(104) 
- 1  

q k  = pukT - (:)pukpT 

is modeled in much the same way as the SGS stress. 

Another formulation of the model has been proposed 
by Lilly [64] in which the tensor Li, is contracted 
with Mij instead of .!&. A positive-definite expres- 
sion is ensured for the poorly behaved term in equa- 
tion (103); however, tests show that despite its pos- 
itive definiteness, the term remains ill-behaved. As 
a result, spatial averages are still employed. 

P 
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5 TRANSITION-REGION MODELS 

5.1 Linear- Combination Transi tion-Region 
Models 

In a linear-combination transition-region model, es- 
timates of turbulent flow-field quantities are linearly 
combined with estimates of the corresponding lami- 
nar flow-field quantities. The proportion of each of 
these estimates is determined by the intermittency 
of the flow. For example, 

Ui  = (1 - 7) (Ui)lam + 7 ( U i ) :  (105) 
where the subscripts lam and t indicate the estimate 
for the laminar and turbulent flows, respectively. 

This kind of transition model can be traced to Em- 
mons [65] and his classic work on turbulent spots. 
Dhawan and Narasimha [66] later discovered that 
the intermittency distribution in constant-pressure 
transitional boundary layers could be correlated by 
the expression 

7 = 1 -exp [ -0.411 (2-:t0)2] - (106) 

where A is the streamwise distance between the 
points at  which 7 = 0.25 and 7 = 0.75, and xtO is 
the location where the intermittency first becomes 
nonzero. However, the values of zt0 and A varied 
within individual experiments so that the correla- 
tion alone could not be used to predict transition. 
Chen and Thyson [67] proposed a different intermit- 
tency distribution to account for pressure gradient 
and compressibility effects, although Narasimha [68] 
later claimed that this formulation was not well sup- 
ported by experimental data. Instead, Narasimha 
[69] and Dey and Narasimha [70] proposed that 
subtransitions, or breaks in the usual Dhawan and 
Narasimha [66] correlation exist in flows with strong 
pressure gradients. Dey and Narasimha [18] used the 
subtransition concept to correlate flows with pres- 
sure gradients by combining two sets of transition 
start and end locations. 

To develop a useful model, both 210 and A must be 
known. In the linear-combination model proposed 
by Dey and Narasimha [18] the starting location of 
transition must be determined by some other means 
(e.g., an eN method) and empirical correlations must 
be used to determine A .  (See also reference [71] for 
a concise summary and additional references.) 

The point z t 0  is the origin of the turbulent boundary 
layer. The unknown distance A is obtained from 

where U is the kinematic viscosity at the edge of 
the boundary layer, Ue(2:2) is the boundary-layer- 
edge velocity a t  2 t 2 ,  and Reo is the Reynolds num- 
ber based on laminar momentum thickness at  the 

point 212 .  For mild pressure gradients, 212 = t t ~ .  

For stronger pressure gradients, ~ $ 2  must be deter- 
mined from the intermittency distribution. Because 
no correlation exists for finding 2 t 2 ,  2:2 = 210 is used 
to predict the intermittency distribution with this 
model. The factor N2 is a nondimensional turbulent- 
spot formation rate and is determined from the cor- 
relation 

or 

NZ = No(M, q )  - 323.OL:2 (Liz < 0) (109) 

where NO = 0.7 x for incompressible flows 
with a free-stream turbulence level Tu greater than 
0.2%, and Ltz is a pressure-gradient parameter that 
is equal to dU,/dx Ofam/u. Both the free-stream ve- 
locity gradient dU, /dx  and the laminar momentum 
thickness elam are measured at 2 : ~ .  For compress- 
ible flows, the Mach number correction to NO given 
by Narasimha [68] is used. Very low free-stream tur- 
bulence levels require a modified value of N O .  The 
modification 

No = -1.453 x log(Tu) - 1.61 x 
(Tu c 0.2%) (110) 

results when a curve is fitted to  the data in fig- 
ure 5.10 of Dey and Narasimha [18]. 

5.2 Algebraic Transition-Region Models 

In algebraic models, the mean flow is calculated from 
a set of averaged equations in which the effective 
viscosity peff is equal to the sum of the molecular 
viscosity p and the product of a transition function 
7: and a turbulent eddy viscosity p t ,  such that 

Peff = P + 7: pi 

The turbulent eddy viscosity pt may be determined 
from any type of turbulent eddy-viscosity model. 
The transition function 7t is not the intermittency 
of the flow , but an empirically determined expression 
that indicates the appropriate fraction of the fully 
turbulent eddy viscosity. For purposes here, assume 
that the appropriate starting location for transition 
has been determined by some other means. The 
model must determine the value of 7:. One model, 
developed at  ONERA/CERT, uses a correlating pa- 
rameter that depends on the momentum thickness 
of the flow and the Mach number at the edge of the 
boundary layer [72, 73, 241. Specifically, 

(111) 

-- e 1+0.005M: 
eto 

1 + O.O2M," (112) x l =  

where O:O is the momentum thickness at  the point 
where the model is started. The expression for 7: is 
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piecewise continuous in the streamwise direction and 
is constant across the boundary layer. The algebraic 
expressions for yt that have been used in recent tests 
of this model [28, 74, 751 are given by Arnal (private 
communication). 

For 0 < XI 5 0.25, 

y: = 1 - exp { -4.5 [XI (1 + 0.02M:) - 0.005M:]2} 

For 0.25 < XI 5 0.75, 
(113) 

7t = 18.628~: - 55.388~: 
+52.369~: - 16 .501~1+  1.893 (114) 

- 
- 
- 
- 
- 
- 
- 

For 0.75 < XI I 3, 

yt = 1.25 - 0.25sin[n(0.444~1 - 0.833)] (115) 

Note that the transition function exceeds unity for 
part of the region so cannot represent the true inter- 
mittency of the flow. 

Data of low-speed flows with zero and mildly ad- 
verse pressure gradients were used to develop the 
ONERA/CERT model. This model works quite 
well in predicting the length of the transition re- 
gion for these flows [28, 741. As with all linear- 
combination and algebraic transition-region models, 
no absolute criterion exists for determining the loca- 
tion at which the model is initiated. For comparison 
with experimental data, Singer, Dinavahi, and Iyer 
[28] and Singer, Dinavahi and Zang [74] initiated 
the transition-region model at an z-Reynolds num- 
ber approximately equal to  91% of the z-Reynolds 
number that corresponds to a local minimum in a 
surface quantity (e.g., skin friction or heat flux). The 
choice of this z-Reynolds number was based on pos- 
t e r i o r i  optimization in the case of Singer, Dinavahi, 
and Zang [74] and based on a suggestion by Dey and 
Narasimha [18] for the Singer, Dinavahi, and Iyer re- 
port [28]. Although this guideline for the initiation 
position generally leads to  reasonable answers, it is 
not foolproof. In figure 2 the ONERA/CERT model 
is used with three different starting locations, and 
the results are compared to the experimental find- 
ings of Kimmel (personal communication) for the 
flow over a cold-wall cone at a Mach number of 8. 
The 91% guideline corresponds to Rto = 2.3 x lo6. 
The model's performance here is not encouraging; 
however, if the third and fifth experimental data 
points were in error (a reasonable assumption), then 
the curve with Rio = 3.0 x lo6 would be appropri- 
ate. Note that in this curve, the maximum Stanton 
number has been reduced, and the model and experi- 
mental results agree better. Finally, when the model 
is started further downstream with Rto = 3.6 x lo6, 
the resulting curve is the closest to the experimental 

data in the transition zone. In a practical appli- 
cation of the model, the experimental data would 
not be available to  optimize the starting location. 
Singer, Dinavahi, and Zang [74] show that an eN 
approach with 9 < N < 10 provides appropriate 
starting locations for supersonic flight-test data, al- 
though the margin of error is large (perhaps from 15 
to 20% discrepancies in the optimal choice of Rto). 
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Figure 2: Streamwise variation of Stanton number 
for cold cone in Mach 8 flow. The ONERA/CERT 
model was used with different starting positions. Ex- 
perimental data from Kimmel (personal communica- 
tions). 

A serious problem with the ONERA/CERT model 
occurs with strong favorable pressure gradients, 
where the momentum thickness decreases with 
streamwise distance. In these cases, the model can 
fail to transition properly. For example, consider fig- 
ure 3, which is plotted with data from reference [28] 
and digitized data from reference [46]. This flow 
involved a strong favorable pressure gradient with 
a free-stream turbulence level of about 2%. (See 
Blair and Werle [76] for experimental details.) The 
chain-dashed line illustrates the Stanton number dis- 
tribution for this flow when the two-layer model of 
Fujisawa, Rodi, and Schonung [46] is used. This 
model will be discussed later. The dashed line (con- 
cealed by the solid line in the laminar region) repre- 
sents the results from the linear-combination model 
of Dey and Narasimha. (See previous subsection.) 
The solid line is the Stanton number computed with 
the ONERA/CERT algebraic model. The lami- 
nar momentum thickness in this flow began to de- 
crease slightly upstream of the Stanton number min- 
imum. Although the transition model was initi- 
ated, the decreasing laminar momentum thickness 
prevented any turbulent eddy viscosity from being 
added; hence, the calculated flow remained laminar 
throughout the test section. 
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Figure 3: Streamwise variation of Stanton number 
for heated plate in strong favorable pressure gradi- 
ent. Experimental data from Blair and Werle [76]. 

5.3 Differential Transition-Region Models 

Turbulence models have been used to model the 
transition region for several decades. Donaldson [77] 
solved a form of RST equations (he solved for three 
normal stresses and T , ~ )  for transitional flows. He 
computed the onset and evolution of transitional 
flow and performed many computations that demon- 
strated the effects of various model constants, start- 
ing locations, and initial profiles; however, he did 
not present comparisons with specific experiments. 

Launder and Spalding [40] reported the results of 
some k - 6 calculations by Priddin [78] in which 
the transitional flow over a turbine blade at various 
levels of free-stream turbulence was accurately cal- 
culated. Launder and Spalding [40] suggested that 
“the low Reynolds number form of the IC - 6 model 
has its own built-in ‘transition criterion.’ ” 

A somewhat different view has evolved since then. 
The transport equations associated with turbulence 
models allow for the transport of free-stream tur- 
bulence into a laminar boundary layer. When the 
level of free-stream turbulence is sufficiently high, 
the rate of diffusion of this free-stream turbulence 
into the boundary layer can exceed its dissipation 
rate. At some point, the turbulence model produc- 
tion mechanisms respond to the free-stream turbu- 
lence that has diffused into the boundary layer in the 
same way these mechanisms would respond to gen- 
uine turbulence; a pseudotransition process occurs, 
and the end result is a turbulent boundary layer. 

The pseudotransition process is sensitive to a num- 
ber of details in the calculations, particularly the 
starting profiles of various quantities (k and 6 ,  where 
appropriate, or the Reynolds stresses for RST mod- 
els) and the streamwise position where the models 
are started. Detailed studies of the physical pro- 

cesses of transition amid high levels of free-stream 
turbulence have not yet established the relationship 
of the pseudotransition in the models to  the true 
physical processes. The suggestion that the models 
simulate the physical transition process (even in the 
case of high free-stream turbulence) is premature, 
if not completely incorrect. The fact that reason- 
able results are obtained in some cases from models 
that are not explicitly designed for transitional flow 
is largely fortuitous. 

Schmidt and Patankar [79] performed extensive tests 
with the k - c models of Jones and Launder [41] 
and Lam and Bremhorst [43] to determine the suit- 
ability of the models for simulating boundary-layer 
transition. Schmidt and Patankar [79] contend that 
low Reynolds number k - 6 models can reproduce 
some qualitative aspects of boundary-layer transi- 
tion because of the weak correspondence between a 
developing laminar boundary layer and the viscous 
sublayer, the transitional flow region and the buffer 
layer, and the fully turbulent boundary layer and 
the “law of the wall” region. After the models were 
tested, the authors concluded that 

1. The predicted starting location of transition is 
moderately sensitive to initial profiles for k and 
6 and the location a t  which the calculations be- 
gin. This sensitivity will be discussed in more 
detail later. 

2. Basic qualitative aspects of transition are cor- 
rect (i.e., the higher the turbulence level, the 
earlier transition begins); however, when the 
calculations start early so that sensitivity to  the 
starting location and profiles decreases, tran- 
sition is consistently predicted unrealistically 
early. 

3. The transition lengths are significantly shorter 
than those found in experiments. 

These conclusions are consistent with the findings 
of other modelers [80, 451. In addition to the prob- 
lems identified thus far, Rodi [30] indicates that the 
models only undergo transition with high (> 1%) 
free-stream turbulence levels. The low free-stream 
turbulence case must be dealt with in a different 
way. 

This subsection covers models in which the transport 
equations have been altered to specifically account 
for the transition process. Most of these modifica- 
tions are empirical; hence, they can be applied only 
to the regime for which the empirical correlations 
have been formulated. 

One set of experiments performed by Abu-Ghannam 
and Shaw [81] in incompressible flow with pressure 
gradients and free-stream turbulence is commonly 
used to calibrate the models. Abu-Ghannam and 
Shaw [81] correlated the beginning and ending tran- 
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sition Reynolds numbers for many flows and pre- 
sented these correlations: 

Reg, = 163 + exp F (As )  1 - - [ ( Gau,)] (117) 

for the start of transition and 

Rege = 540+ 183.5 (RL x - 1.5) (1  - 1.4 - A@) 

for the end of transition. In these expressions, Xg = 
( 0 2 / v ) d U e / d z ,  and RL is a length Reynolds number 
given by 

(118) 

RL = 16.8(Re,S)0.8 (119) 
where Rers is the 2-Reynolds number of the start of 
transition. The function F(X0) is given by 

F(Xg) = 6.91 + 12.75X.g + 63.64Xi 

and 

' 

(A, 5 0) 
(120) 

(As  > 0) 
(121) 

F(X6) = 6.91 + 2.48Xg - 12.27Xi 

The beginning and ending Reynolds numbers from 
the Abu-Ghannam and Shaw [81] experiments were 
determined by measurements with a single, fixed 
probe and varying free-stream conditions. 

5.9.1 The Two-Layer k - E Model 

Section 4 briefly described the two-layer approach of 
nodi [31] in which a standard k - E model was used 
for the bulk of the flow, and a version of the Nor- 
ris and Reynolds [29] one-equation model was used 
for the near-wall region. The parameter A+,  which 
is used in the damping of the turbulence transport 
length scale, is used to control the transition process. 
Thus, 

13 

R Reg - RegS A+ = A t  + (300 - A t )  
2 Ress 

(i22) 
Here A t  is the fully turbulent value and Reg, is 
the momentum-thickness Reynolds number at  the 
start of transition (as determined by the correlation 
of Abu-Ghannam and Shaw [Sl]). The transitional 
value of A+ only is used when Reos < Reg < 2Re6,. 
For the limited number of cases checked, the agree- 
ment is satisfactory. 

Fujisawa, Rodi, and Schonung [46] modify the form 
of A+ so that the empirical relation includes both 
the beginning and ending transition Reynolds num- 
bers. 

A+ = At+(300 - A t )  [l - sin (2 R Re8e Reo - - ReoJ 

(123) 
where ReoJ and Reoe are the Reynolds numbers as- 
sociated with the start and end of transition (as de- 
termined by the Abu-Ghannam and Shaw [81] cor- 
relations). Fujisawa, Rodi, and Schonung [4G] also 

use a different matching condition. The one- and 
two-equation models match where 

The computed results compare reasonably well with 
the results from several experiments, even with those 
from the strong acceleration case of Blair and Werle. 
[76] (See figure 3.) This particular result is surpris- 
ing because A+ is based on momentum thickness and 
the laminar momentum thickness decreases near the 
minimum Stanton number in the experiments. A 
careful review of this result reveals that, for this 
case, the good agreement is accidental; the Abu- 
Ghannam and Shaw correlation predicts the onset of 
transition upstream of the minimum Stanton num- 
ber (Reg x 300 from correlation; Reo x 365 at 
minimum Stanton number). This fortuitous occur- 
rence initiates the turbulence model sufficiently far 
upstream where the momentum thickness is still in- 
creasing. Enough turbulence is generated that the 
momentum thickness never decreases. In some other 
case, the gods of transition and turbulence might not 
smile so brightly; this model has as much potential 
for failure as the ONERA/CERT model. 

Rodi, Liu, and Schonung [48], and more recently 
Cho, Liu, Rodi, and Schonung [47], have adapted 
versions of the two-layer model for application to 
wake-induced unsteady flow by using the model in 
a Lagrangean wa.y. Unsteady boundary conditions 
that correspond to the wake-perturbed flow field are 
used at  the upstream end of the domain. Fluid ele- 
ments near the boundary-layer edge are tracked and 
the local growth of Reg is monitored and compared 
with the theoretical Re, for the pressure-gradient 
and free-stream turbulence parameters in that lo- 
cation at  that time. When Reg first exceeds the 
local ReS, that value of Re, is frozen and used in 
the determination of A+ for all downstream loca- 
tions of that fluid element. With this model, the 
predicted flow quantities agree well with experiment 
over most of the surface. However, discrepancies oc- 
cur with the turbulence intensities near the lead- 
ing edge of the turbine blades because the boundary 
layer is quite thin in this area. This discrepancy at  
the leading edge does not result in problems further 
downstream. 

5.3.2 Schmidt and Patankar k - E Mode l  

Based on the knowledge gained from their compara- 
tive study, Schmidt and Patankar [82] discuss a k - E  

model that gives reasonably accurate indications of 
the starting point and extent of transition in a num- 
ber of flows. Their modifications fit into the general 
scheme of low Reynolds number k - c models and 
satisfy two additional requirements: 
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1. A well-defined region exists where starting pro- 
files can be specified with minimal sensitivity. 

2. The transition predictions determined starting 
and ending locations that agree well with the 
Abu-Ghannam and Shaw [81] correlations. 

Schmidt and Patankar's [82] specific modifications 
are tailored to the Lam and Bremhorst [43] low 
Reynolds number form of the k - model. Instead 
of modeling - the turbulent kinetic-energy production 
term Pk = pu!u'. (aiii/axj) with the standard eddy- 
viscosity approximation, Schmidt and Patankar [82] 
also constrain how fast the production term can 
grow and, consequently, the rate a t  which transition 
proceeds. Without understanding the detailed pro- 
cesses, they are able to meet their second objective 
with an empirical formulation where 

' J.  

in which B1 and B2 are empirical parameters. They 
require that Pk = 0 where the momentum-thickness 
Reynolds number is below a critical value. Of course, 
the applicability of the model is limited to those 
cases for which their value of the critical momen- 
tum thickness is appropriate, although even with no 
production of k inside the boundary layer, kinetic 
energy can be convected into the boundary layer 
from the free stream. Schmidt and Patankar also 
modify the eddy-viscosity damping function f,, so 
that it never exceeds unity (it never should). This 
change allows the k - model to simulate transition 
with free-stream turbulence levels less than 1%. The 
coefficients B1 and B2 are determined by numerical 
optimization over a wide range of turbulence inten- 
sities from 0.5% to 10%. 

Schmidt and Patankar's [82] new model is insensitive 
to the starting location when the initial 2-Reynolds 
number is less than 1000. For these initial starting 
locations, the solution is also insensitive to the start- 
ing profiles. The calculation results are compared 
with the results of 16 separate experiments that 
were performed by three different experimenters for 
a variety of free-stream turbulence levels and pres- 
sure gradients. For the high free-stream turbulence 
cases of Blair and Werle [76], Schmidt and Patankar 
[82] predicted transition somewhat earlier than actu- 
ally occurred in the experiments. The model agrees 
much better with the data of Rued [83]. Satisfactory 
agreement is also obtained with the turbine-blade 
experiments of Daniels [84]. Because this model, like 
the Rodi models [31, 46, 48, 471, is triggered by an 
Reo condition, it can also fail if the laminar momen- 
tum thickness decreases before the turbulence model 
takes effect. 

5.9.9 Wilcox k - w Model 

Wilcox [85] modified his k - w model to account for 
low Reynolds number and transitional-flow effects. 
As with Schmidt and Patankar [79, 821, the modifi- 
cations delay the onset of transition and extend the 
length of the transition region. In Wilcox's model, 
the constants in the standard version of the k - w 
model are functions of the turbulent Reynolds num- 
ber RT = k / ( w v ) .  In the high Reynolds number 
version, a* = 1; the newer version uses' 

with a; = p/3 and Rk = 6. As the turbulent 
Reynolds number gets large, a* goes to its high 
Reynolds number value. Similarly, a, which was 
equal to 5/9, now goes asymptotically to that value; 
however, for lower turbulent Reynolds numbers, a is 

where R, = 2.7. The constant /3 retains its value of 
3/40 while 

with Rp = 8. The three constants Rp, R,, and Rk 
control the rate at  which the closure coefficients ap- 
proach their high Reynolds number values. Their 
values are the result of computer optimization and 
comparison with turbulent sublayer statistics. The 
model has been tested for transitional flow of an in- 
compressible fluid over a flat plate. The starting 
locations of transition as a function of free-stream 
turbulence intensity agree reasonably well with the 
data of Dryden [86], although some sensitivity to the 
free-stream value of w exists. The extent of the tran- 
sition region as a function of the starting location of 
transition gives a satisfactory match with Dhawan 
and Narasimha's data [66]. The free-stream value 
of w apparently does not affect the transition-region 
length. 

5.3.4 LES Models for Transition 

Piomelli and Zang [87] and Zang and Piomelli [88] 
tested several SGS models for LES of transitional 
flow. They found that the standard Smagorin- 
sky type of model was overly dissipative, but that 
transitional phenomena could be adequately cap- 
tured using an intermittency function which varied 
as ( H I  - H ) / ( H /  - H t ) .  Here, H is the shape fac- 
tor and the subscripts 1 and t refer the laminar and 
fully turbulent values, respect.ively. Another SGS 
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model that is based on renormalization group the- 
ory was also used. The SGS stresses were essentially 
zero in the linear and early nonlinear stages of tran- 
sition. The model captured most of the physical 
features of transition, but the quantitative results 
were very grid dependent. The formulation of the 
dynamic Smagorinsky SGS model by Germano et 
al. [62], which was described earlier was also used. 
This model, which allows for backscatter, gave the 
best predictions of mean-flow quantities of the tran- 
sitional flow. 

Quite recently, El-Hady, Zang, and Piomelli [89] per- 
formed LES calculations of a Mach 4.5 transitional 
boundary layer along a hollow cylinder using both 
the Germano et al. [62] and Lilly [64] formulationsof 
the dynamic Smagorinsky SGS model. This work is 
ongoing, but preliminary results indicate that both 
formulations work well. Comparisons with the re- 
sults of the direct numerical simulations performed 
by Pruett and Zang [go] on the same geometry in- 
dicate that the version of the dynamic Smagorinsky 
model suggested by Lilly [64] is somewhat more ac- 
curate than the original version by Germano et  al. 
[621* 

5.9.5 Questions Regarding Model Initiation 

As noted earlier, linear-combination and algebraic 
models are sensitive to the choice of transition start- 
ing location. A similar problem arises with dif- 
ferential transition-region models, although, in this 
case, the problem involves the specification of initial 
turbulence profiles. In the past, variations in the 
starting locations and initial profiles for the turbu- 
lent statistics were not well documented. The same 
model could produce vastly different results for the 
same basic flow conditions; the differences were de- 
pendent upon the details of the initial conditions. 
Rodi and Scheuerer [45, 801 reduced the confusion 
by introducing initial profile functions that satisfied 
some basic constraints on k and E. According to  
Rodi and Scheuerer [80] , the profile for k vanishes at 
the wall, increases quadratically with distance from 
the wall, and asymptotes to  the free-stream value. 
Their expression that meets this criteria is 

2 

k = k e  (E) 
Fewer constraints must be imposed on the E profile. 
In the free stream, E must go to its free-stream value; 
Rodi and Scheuerer [45, 801 argue that the length 
scale k3I2 /c  inside the boundary layer should not 
exceed the length scale in the free stream. They as- 
sume that the initial dissipation rate is proportional 
to the production rate of k so that 

E = a l k  (g) 

where (11 is a function of the free-stream turbulence 
level. Rodi and Scheuerer’s [45,80] calculations start 
with Reo < 100, where they claim that the flow 
is still stable and laminar. Schmidt and Patankar 
[79, 821 use similar profiles, although they take a1 
to be constant (a1 = 0.1). Schmidt and Patankar 
[79, 821 also begin their calculations earlier; their re- 
sults were insensitive to the initial profiles of k and 
E when Reo 5 25. Abid [91] reports that predictions 
are independent of starting profiles for most k - E 

models when Re,  < 1000. Abid [91] indicated that 
the Launder and Sharma model [42] had the more 
stringent starting requirement ( R e ,  < 100) in order 
to be independent of initial profiles. For flow over a 
flat plate, these Re,  values correspond to Reo = 21 
and Reo = 6.6, respectively. In all studies that re- 
port different sensitivities, the results are more sen- 
sitive to the initial E profiles than to the initial k 
profiles. Starting profiles for RST models have not 
been extensively explored; however, Savill [92] in- 
dicated that his results do not depend strongly on 
the normal stress distribution, but are sensitive to 
the assumed E profile. The effects of starting con- 
ditions have not been explored with LES models. 
However, the sensitivity of the transition process to 
the initial disturbance field has been documented 
with DNS [93, 941; hence this sensitivity will likely 
to be a problem for LES. 

5.4 Unconventional Approaches 

In this subsection, I will outline some novel ideas 
that have been proposed, but are not currently in 
vogue. Some of these ideas, for good reasons, will 
probably never be useful; others, with some work, 
could hold some promise in the future. 

The renormalization group (RNG) theory of Yakhot 
and Orszag [95] suggested that many different lev- 
els of turbulence models, and even transition mod- 
els, could be obtained in a straightforward manner. 
Unfortunately, the algebraic RNG model for transi- 
tion simulation that was studied by Lund [96] pro- 
duced discontinuities in the turbulent eddy viscos- 
ity. Although the qualitative behavior of the model 
was correct, oscillations in the solutions cast doubts 
about the reliability of the model for flows more 
tomplex than flat-plate boundary layers. The RNG- 
based SGS model for LES performed somewhat bet- 
ter [97], largely because the model was inactive for 
much of the calculation. In more recent calculations, 
the results are very grid sensitive [88]. This bleak 
picture for RNG-based models may change in the 
future. Smith and Reynolds [98] found an algebraic 
error in the derivation of the skewness and identi- 
fied several problems in the derivation of the energy- 
dissipation-rate equation. Future models with alter- 
native derivations may prove more useful than their 
predecessors. 
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Young, Warren, Harris, and Hassan [99] modeled 
transition for the incompressible flow over a flat 
plate with low levels of free-stream turbulence. They 
explicitly included the effects of Tollmien-Schlichting 
(TS) waves by modifying the eddy-viscosity length 
scale. The new length scale incorporates TS wave- 
length information for a fraction (1 - 7) of the time. 
Unfortunately, in the true physical scenario, no true 
TS waves remain in the flow when 7 # 0, although 
relics of their length scale may still exist. Young et 
al. also adjusted the equations to account for the 
large scales in the flow that were neither laminar 
nor turbulent. Both of these corrections had little 
effect on the shear stress, but had a large effect on 
the turbulent intensities. 

Vancoillie and Dick [loo] developed an incomplete 
model in which the effects of the intermittency of 
turbulent spots were incorporated directly into the 
k and 6 equations. Conditional averaging was used 
so that the laminar and turbulent portions of the 
flow could be time-averaged (or ensemble-averaged) 
separately; the number of continuity and momen- 
tum equations to be solved was doubled, at  least 
in the transitional-flow regime. Gradients of the 
intermittency appeared in the equations. Dhawan 
and Narasimha’s [66] intermittency distribution was 
used, and the starting and ending locations of tran- 
sition were assumed known. To date, this method 
has limited practical value. Vancoillie and Dick 
[loo] computed boundary layers that corresponded 
to the experiments of Schubauer and Klebanoff [loll, 
Juillen and Arnal [102], and Blair and Werle [76]. 
The results showed good agreement with experi- 
ment, particularly when the transition region was 
long when compared with the length of the bound- 
ary layer. Where the transition region was short, 
as in the case of strong adverse pressure gradients, 
Vancoillie and Dick’s [loo] method did not perform 
well as it did for zero-pressure gradients. 

6 EVALUATION OF TRANSITION MOD- 
ELS 

An appropriate transition model should be easy to 
use, computationally inexpensive, and likely to 
provide accurate results for all conceivable tran- 
sitional flow situations. The degree of emphasis 
placed each of the words in bold-faced type is largely 
an individual choice. After these choices have been 
made, adequate information about the possible mod- 
els must be obtained. The remainder of this section 
explores sources of information for selecting a model 
when the priorities have been established. 

6.1 A Systematic Method 

Singer and Dinavahi [75] proposed a strategy for 
testing transitional flow models. Because they were 

model users rather than developers, Singer and Di- 
navahi [75] avoided a priori biases regarding whether 
the models would run successfully. Rather, they 
identified the test problems and emphasized the pro- 
cedure for handling diverse flow types with multiple 
examples. Specifically, they suggested 

1. identify the major flow types for which the 
model will be used, 

2. find appropriate experiments that illustrate the 
important physics, and 

3. compare the model predictions with the exper- 
imental data. 

For example, Singer and Dinavahi [75] considered 
the requirements for a transition-region model to 
calculate flows over high-speed aerodynamic vehi- 
cles. An easy and inexpensive algebraic turbu- 
lence model was used, which limited them to linear- 
combination and algebraic transition-region models. 
Singer and Dinavahi [75] selected a form of the Dey 
and Narasimha model [18] (linear-combination) and 
a model developed a t  ONERA/CERT [72, 73, 241 
(algebraic). 

They assumed that some other method could be 
used to determine the start of transition; the model 
needed to predict only the flow in the transition re- 
gion. Seven types of transitional flows were iden- 
tified that could conceivably be important for a 
high-speed aerodynamic vehicle. These test flows 
included two-dimensional incompressible constant- 
pressure boundary layers; boundary layers with pres- 
sure gradients; supersonic flows; flows with free- 
stream turbulence; flows with rough surfaces; flows 
with streamline curvature; and three-dimensional 
boundary layers. This list might seem extensive; 
however, it is by no means complete. A gas-turbine 
application would probably include transition in a 
boundary layer with mass injection and possibly 
transition in separation bubbles. A combustor appli- 
cation would require chemically reacting flows and 
free-shear layers. The list could continue; however, 
Singer and Dinavahi [75] emphasize the responsibil- 
ity of the user to identify the relevant physical phe- 
nomena that will influence the transition process for 
the specific application. 

In the next step, experiments that illustrated tran- 
sition in the selected situations were chosen. Nu- 
merous criteria for the choice of experimental data 
were discussed. For example, some quantity that 
can be related to both the beginning and the end 
of transition must be measured. Ideally, measure- 
ments throughout the transition region were desired; 
however, the locations of the beginning and end of 
transition (determined by some well-defined criteria) 
were acceptable. Singer and Dinavahi [75] stressed 
simple geometries for two reasons: to minimize ex- 
traneous effects that might influence the transition 
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process and to avoid the numerical difficulties associ- 
ated with constructing complicated grids and solving 
the relevant equations on those grids. Finally, Singer 
and Dinavahi [75] noted that transition experiments 
are often sensitive to flow details that are not ex- 
plicitly measured, such as very small scale surface 
roughness near the leading edge and the free-stream 
turbulence length scale and spectrum. The uncer- 
tainty in these quantities is typically not reflected in 
the experimental uncertainty of the measurements. 
Singer and Dinavahi [75] also urged the use of mul- 
tiple experiments for the same flow type, preferably 
performed in different facilities. The larger the data 
set, the less likely that overly general conclusions 
will be drawn. Unfortunately, they did not always 
follow their own advice; some flow types were not 
represented by a suitable diversity of experiments. 
This problem is being addressed with an extension 
to the database. 

The models were used to predict the mean-flow in 
the test cases. When the intermittency was pro- 
vided by the experimenters, an extrapolation of 
J- log (1 - 7) to zero provided the point at which 
the models were initiated. When intermittency was 
not provided (the usual case), the models were ini- 
tiated at a streamwise position that corresponded 
to 91% of the distance to the local minimum of 
some mean-flow property (e.g., skin-friction coeffi- 
cient, Stanton number, surface pitot-tube pressure, 
etc.). The use of strict criteria for the starting posi- 
tions of the models eliminated the subjective adjust- 
ments that many modelers have used to make their 
results correspond better. (For example, see refer- 
ence [33], where the surface roughness was varied to 
better fit the data; reference [35], where free-stream 
turbulence levels were varied; and reference [103], 
where the starting location of transition was opti- 
mized on a case-by-case basis. Many other cases ex- 
ist in which a similar optimization is suspected; the 
authors of the above references were careful enough 
to report what was done.) 

A total of 24 test cases were run; the results were 
reported in reference [28] and were made available 
electronically to other modelers. 

The extensive testing illustrated some important 
points. 

1. The ONERA/CERT model can fail to predict 
any transition for a strong favorable-pressure- 
gradient case. (See fig. 3.) This failure to pre- 
dict transition has been traced to the fact that 
the momentum thickness in the laminar bound- 
ary layer begins to decrease just before the 
model is initiated. Any model of the transition 
region that depends on an essentially monotonic 
increase of the momentum thickness through 
the transition zone (e.g., the transitional-flow 
correction to the two-layer model developed at 
Karlsruhe) is subject to this problem. 

2. Linear-combination models cannot be used on 
flows for which the laminar flow would have sep- 
arated, even if the transitional flow remains at- 
tached, because the laminar flow through the 
transition region is required to construct the ap- 
propriate linear combination. 

3. The initiation of a turbulent boundary layer 
with zero boundary-layer thickness (as is re- 
quired by linear-combination models) along a 
three-dimensional front that is not perpendic- 
ular to the streamlines is difficult. Without a 
clean method for performing this computation, 
linear-combination models in strongly three- 
dimensional flows are not practical. 

4. Not surprisingly, the transitional-flow results 
depend on the turbulence model used. 

5. Appropriate methods for initiating the 
transitional-flow model should be developed. 

6. High levels of free-stream turbulence can influ- 
ence the laminar flow before a transition-region 
model is initiated. This influence may not be a 
problem for models that solve a transport equa- 
tion for the turbulence; however, algebraic and 
linear-combination models do not show any ef- 
fect of the free-stream turbulence before transi- 
tion begins. 

After the testing was completed, Singer and Di- 
navahi [75] felt that a single transition-region model 
was not appropriate for all flows considered and sug- 
gested a “conglomerate model” that employs several 
submodels (or different coefficients for the same ba- 
sic model). Each of these submodels would be opti- 
mized for a particular category of flows and selected 
by an experienced user (or perhaps an expert-system 
program). 

6.2 The T3 Test-Case Project 

The Europeon Research Community on Flow Tur- 
bulence and Combustion (ERCOFTAC) Special In- 
terest Group (SIG) on transition and retransition 
has established a program for the assessment of tur- 
bulence models for engineering applications. The 
project is coordinated by Dr. A. M. Savill, a Rolls- 
Royce Senior Research Associate in the Engineering 
Department of the University of Cambridge in Eng- 
land. Savill outlines the program and summarizes 
the early results in reference [92]. More recent re- 
sults have been reported in references [104] and [57]. 

Test cases T3A-, T3A, T3B, and T3C correspond to 
experiments performed at the Rolls Royce Applied 
Science Laboratory by Roach and Brierley [104, 1051 
to investigate the effects of isotropic free-stream 
turbulence on transition in zero-pressure-gradient 
boundary layers (cases T3A-, T3A, T3B) and in 
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a favorable-to-adverse pressure-gradient boundary 
layer (case T3C). As additional experiments are per- 
formed, the number of test cases will be increased. 
(Unpublished data by Niew and Gaster of Cam- 
bridge University are being used to specify a case of 
transition following laminar separation [104].) Stow, 
Birch, Price, Roach, Brierley, and Cholerton of Rolls 
Royce (See reference [104].) prepare the specifica- 
tions for the test cases. Typical test case speci- 
fications include velocity, turbulent kinetic energy, 
and dissipation-length-scale distributions in the free 
stream. The more recent experiments also include 
boundary-layer profiles of streamwise mean and per- 
turbation velocities at a specified streamwise loca- 
tion on the flat plate. Suggested dissipation profiles 
are also provided. Participants in the program are 
requested to provide plots of the skin-friction coeffi- 
cient Cj and the shape factor H against log Re, and 

The first report [92] includes 16 different sets of re- 
sults, which were provided by nine research groups. 
No standard for numerical accuracy was imposed; 
each research group provided results that they felt 
were adequately resolved. In spite of the inclusion 
of a suggested Reynolds stress profile in the origi- 
nal specification, some investigators used a different 
profile instead of or in addition to  the specified one. 
The conclusions indicate that the initial Reynolds 
stress profiles are not particularly important to the 
results; the results are more sensitive to  the initial 
dissipation-rate profiles. Computation times were 
not always reported, but the available data suggest 
that these times varied from a few minutes on a VAX 
or IBM mainframe (typical of parabolic schemes) to 
hundreds of hours on a CRAY X-MP for a DNS. 
Only cases T3A and T3B were included in the ini- 
tial report. Some highlights from the results are dis- 
cussed below. 

A DNS performed by Yang and Voke [lo61 closely 
matched the experimental data for skin friction and 
shape factor even though the grid resolution (255 x 
32 x 16) was extremely coarse for a turbulence cal- 
culation. The LES performed by Mortenssen, Eriks- 
son, and Albraten [lo71 using a standard Smagorin- 
sky model without special transitional-flow treat- 
ment did not undergo transition. However, the re- 
cent dynamic-scale Smagorinsky models described 
in Subsection 5.3.4 were not tested for this flow; 
these models may predict mean-flow properties as 
well as the DNS. Savill [lo81 used an RST model 
with various low Reynolds number closures. Only 
the Launder-Sharma low Reynolds number closure 
(see Subsection 4.3) underwent transition in both 
test cases; in both cases, this closure performed 
well. For two-equation models, those that used the 
Launder-Sharma low Reynolds number closure per- 
formed better than other models. Although this clo- 
sure is asymptotically correct for 6 and in tur- 
bulent flows, the fact that it depends primarily on 

RT = k 2 / ( w )  is probably more important because 
RT does not depend directly on the the distance 
from the wall (unlike R, or y+). Other models that 
perform well in fully turbulent flow might do better 
for transitional flow if they were reformulated with 
RT rather than Ry dependencies. The k - 6 models 
were surprisingly insensitive to  the initial k profile, 
but were very sensitive to the initial E. distributions. 
In most two-equation models, the skin-friction peak 
was not correctly predicted and the transition length 
was too short. Many of these observations were con- 
currently observed by Schmidt and Patankar [79]. 
Unfortunately, the Schmidt and Patankar model [82] 
was not included in the assessment program. 

Subsequent reports of this program have included 
additional results from original contributors and new 
participants. The number of flow cases has also in- 
creased. The new T3C case with a favorable-to- 
adverse pressure gradient is certainly important to 
the gas-turbine industry, although from a modeling 
viewpoint an examination of separate favorable- and 
adverse-pressure-gradient cases may have been more 
enlightening. 

The lack of strict deadlines in the program has al- 
lowed for continuous input from the participants. 
Unfortunately, this lack of deadlines also means that 
a complete, well-documented synthesis of the data 
is difficult to obtain. Similarly, case specifications 
can only be obtained from Dr. Savill or from the 
other participants. As some of these difficulties are 
overcome, this program promises to become a great 
source of information on the performance of various 
transition models, particularly in those flows that 
are relevant to the gas-turbine industry. 

6.3 All Data Are NOT Equal-Some Notes 
on the Use of Experimental Data 

Transitional-flow data have often presented the re- 
search community with paradoxes and apparent in- 
consistencies. Most of the time, the problem is not a 
glaring mistake, but a surprisingly strong influence 
by some flow quantity (usually not measured) on the 
flow. In this subsection, I discuss a personal expe- 
rience with seemingly disparate data taken from a 
much acclaimed experiment. 

The ONERA/CERT algebraic transition-region 
model was to be evaluated for supersonic flow over 
a cone in very low-disturbance environments. I se- 
lected eight cases from the flight experiments of 
Fisher and Dougherty [log]; four of these cases had 
edge Mach numbers from 1.44 to 1.47. For these 
four cases, I was interested in testing for strong 
unit Reynolds number effects in the flight experi- 
ments. Pate [110] illustrated strong unit Reynolds 
number effects in noisy wind tunnels and even in 
some ballistic-range data. Would these effects also 
be noticeable in flight tests? By luck, I found two 



7-27 

cases from this group that had nearly identical unit 
Reynolds numbers. The predicted results for the two 
cases were essentially the same. The experimental 
results showed something different. 

Detailed data from Flight 339 at time 13:13 and 
Flight 335 a t  13:53 as reported in reference [log] 
are shown in table 2. The notation in the table is 
the same as that used in reference [log]; the nom- 
inal mean flow is characterized by the Mach num- 
ber at the edge of the boundary layer M e ,  the unit 
Reynolds number Rel,  the total temperature TT, 
and the dynamic pressure qm. For all of these 
quantities, the differences between the two cases are 
less than 5%. The free-stream turbulence is de- 
scribed by the ratio of the root-mean-square total- 
pressure fluctuations @ to the dynamic pressure. 
Here, the difference between the two cases is about 
7.5%. The pitch a and yaw p angles (in degrees) 
differ in the two cases. The two cases also differ 
in how closely the wall temperature approximated 
the adiabatic wall condition T,/T,, = 1.0. The 
Reynolds number a t  the start of transition Relo and 
the Reynolds number a t  the end of transition ReTo 
correspond to  the axial distance along the cone a t  
which minimum and maximum surface pitot pres- 
sures were measured. The transition Reynolds num- 
bers reported were already corrected (through em- 
pirical correlations) to account for the small devia- 
tions from adiabatic wall temperatures and nonzero 
incidence angles. Even without the corrections, the 
small differences measured in the two flight environ- 
ments in no way suggest the difference of nearly 
a factor of 2 in the length of the transition re- 
gion (ReTo - Reto), particularly when both cases 
start transition at nearly the same Reynolds num- 
ber. Which data point should be used to calibrate 
a model? Which should be used to report results? 
Singer, Dinavahi, and Zang [74] found that the ON- 
ERA/CERT model performed well for the second 
case and poorly for the first case. If the experiment 
did not measure (or did not report) one of these 
data points, how much faith can be put in the other 
point? 

The Fisher and Dougherty flight experiments are 
considered high-quality work and remain an excel- 
lent source of data. With a traditional measure of 
transition-region length ReTolReto, the ratios for 
the two cases are 1.12 and 1.22. The factor-of-2 dif- 
ference in the length of the transition region does 
not appear so dramatic here, in particular because 
ratios from 1.1 to more than 2.0 have been found on 
the same cone in a variety of wind tunnels with the 
use of the same instrumentation and approximately 
the same Mach number (See figure 26 in reference 
[ l l l ] . ) .  The point is that a single case is not a suffi- 
cient basis for either model calibration or evaluation. 
Many more test cases are needed to assess the con- 
sistency of data and to  determine the ability of the 
model to predict trends. 

7 SUMMARY AND AUTHOR’S VIEWS 

This report began with experts’ opinions of 
transitional-flow modeling. To understand model- 
ing problems, various flow features that influence 
the transition process were discussed such as pres- 
sure gradients, compressibility, free-stream turbu- 
lence, surface roughness, streamline curvature, and 
mean-flow three-dimensionality. Various types of 
transition-region models were examined in table 1; 
rows of table 1 showed the level of modeling used 
for the turbulent flow and columns showed the level 
of modeling for the transition region. Different ap- 
proaches to transition-region modeling require the 
use of different turbulence models. In later sections 
some of the different models were explored in detail. 
The eddy-viscosity models involved the calculation 
of a turbulent eddy viscosity that is added to the 
molecular viscosity to calculate the mean flow. De- 
termination of the eddy viscosity requires algebraic 
relationships or the solution of additional transport 
equations for various turbulence quantities (e.g., tur- 
bulent kinetic energy and turbulent length scale); 
these solutions are then combined to form an eddy 
viscosity. The RST models require the solution of 
separate equations for each of the turbulent stresses. 
In the LES approach, the SGS stresses must be mod- 
eled and the large-scale turbulent motions are com- 
puted. Modifications to these models to account for 
transitional flow often require additional empirical 
input. Finally, model assessment and the use of ex- 
perimental data were discussed in the previous sec- 
tion. Throughout the text, I have tried to  give a 
balanced view of the issues. The reader should now 
have sufficient knowledge to  make his or her own 
judgments, so I will take this opportunity to  offer 
my own opinions regarding transition-region mod- 
els. 

The simplest type of model that can simulate the 
mean-flow properties of a flow throughout the tran- 
sition region for a reasonably large class of flows is 
LES. Only LES (after DNS) can track the tempo- 
ral evolution of flow disturbances and preserves the 
frequency content of the free-stream disturbances, 
which is vital to the transitional process. No model 
that averages away this information truly simulates 
transition. Obviously, the LES approach is not a 
viable option for most scientists and engineers who 
need to know something about a particular transi- 
tional flow. What would I do in this case? 

As rule of thumb, I restrict the level of transition- 
region model to no higher than needed to adequately 
describe the fully turbulent flow. The argument 
that higher order models include more physics of 
the flow and so should provide more reliable re- 
sults is inappropriate for most transitional flows. 
Because transitional-flow physics is time-dependent, 
Reynolds averaging can smear the critical aspects of 
the physics. The only situations in which the transi- 
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Flight 
339 
335 

Me Re1 TT TW/Taw goo dP$/9Oo a P Reto R ~ T O  
1.44 11.04 317.3 1.023 34.14 2.30 x -0.07 -0.08 7.20 8.06 
1.46 10.94 324.3 1.041 35.58 2.49 x -0.10 -0.07 7.57 9.23 

Table 2: Two flight cases from Fisher and Dougherty [log]. The unit Reynolds number Re1 is in units of 
l /m,  the total temperature TT is in degrees Kelvin, the dynamic pressure goo is in units of KN/m2, and 
the pitch a and yaw p angles are in degrees. All of the Reynolds numbers Rel, Reto, and ReTo have been 
multiplied by 

tional flow results may be improved (more than the 
fully turbulent results) by the use of higher order 
models are those that have high levels of free-stream 
turbulence because the free-stream turbulence can 
influence the laminar flow. In these cases, algebraic 
turbulence models might do well in the fully turbu- 
lent regime; however, a model that transports the 
turbulence into the boundary layer can improve the 
results for the nominally laminar flow before transi- 
tion begins in earnest. 

Turbulence models that are specifically modified 
to handle transitional flows can provide better re- 
sults than models without any modification. Simply 
rewriting low Reynolds number closures in terms of 
RT instead of & or y+ is unlikely to produce high 
quality models for transitional flows. This approach 
might work well in many cases; however, it also will 
not work well in many cases. N o  guidelines exist 
to help the user distinguish between these cases a 
priori. I prefer to use models that have been closed 
with empirical information from transitional flows 
similar to  those that will be computed. A variety of 
different closures, based on experiments for different 
kinds of transitional flow (similar to the conglomer- 
ate model mentioned in reference [75]), can be used 
wisely to great benefit. If a flow must be computed 
for which no relevant experimental information ex- 
ists, then much larger errors should be expected. 

Perhaps the most important lesson is never to be- 
lieve a transitional flow prediction simply because it 
came out of a computer. If the answers do not con- 
form with notions of how similar flows behave, then 
question what went into the calculation and exam- 
ine the expected accuracy of the result. I hope that 
this work has provided the necessary knowledge to 
facilitate the asking of the right questions. 
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